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Abstract. A reduced set of magnetohydrodynamic equilibrium equations for high-
beta tokamaks is derived from the fluid moment equations for collisionless, magnetized
plasmas. Effects of toroidal and poloidal flow comparable to the poloidal sound
velocity, two-fluid, ion finite Larmor radius (FLR), pressure anisotropy and parallel
heat fluxes are incorporated into the Grad-Shafranov equation by means of asymptotic
expansions in terms of the inverse aspect ratio of a torus. The two-fluid effects induce
the diamagnetic flows, which result in asymmetry of the equilibria with respect to
the sign of the F x B flow. The gyrovisosity and other FLR effects cause the so-
called gyroviscous cancellation of the convection due to the ion diamagnetic flow. The
qualitative difference between the equilibria with and without the parallel heat fluxes is
shown to stem from characteristics of the sound waves. Higher order terms of quantities
like the pressures and the stream functions show the shift of their isosurfaces from the
magnetic surfaces due to effects of flow, two-fluid and pressure anisotropy. The reduced
form of the diamagnetic current associated with pressure anisotropy is also obtained.
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1. Introduction

Magnetohydrodynamic (MHD) equilibria with flow describe macroscopic structure of
plasma flows in steady state. Equilibrium models are needed for rigorous stability
analysis or nonlinear simulation as initial states. The MHD equations for equilibria
with flow reduce to the so-called generalized Grad-Shafranov (GS) equation and the
Bernoulli law in axisymmetric systems [1, 2]. Recently, this MHD model for flowing
equilibria has been extended to include the hot ion effects such as the ion gyroviscosity
and other finite Larmor radius (FLR) effects that are relevant to fusion plasmas as
well as two-fluid effects [3, 4, 5]. Those small-scale effects cannot be neglected at
the sharp boundary of a well-confined region in magnetically confined plasmas where
high-beta is achieved by shear-flow suppression of instability and turbulent transport,
while the ion FLR terms had been neglected in previous models of two-fluid equilibria
6, 7, 8, 9]. The fluid formalism of magnetized plasmas suggests that the difference
between the dynamics parallel and perpendicular to the magnetic field brings the Chew-
Goldberger-Low (CGL) anisotropic pressure [10] to the pressure tensor as well as the
gyroviscosity. Strong pressure anisotropy is found in plasma flows externally driven by
the neutral beam injection (NBI). The equations for the anisotropic pressures derived
in the formalism include the heat fluxes. The system of fluid moment equations for
collisionless, magnetized plasmas needs a closure condition to truncate higher-rank fluid
moments. In the equilibrium model with flow comparable to the poloidal-sound velocity
[4], the parallel heat fluxes, a third order fluid moment, are neglected for simplicity to
obtain a closed set of equations with the isotropic, adiabatic pressures for ions and
electrons, while they are ordered out in the model with flow comparable to the poloidal
Alfvén velocity [3]. In [11], two-fluid equilibria with cold ions and anisotropic pressures
for massless electrons are studied. The parallel heat flux equations for massless electrons
do not contain parallel heat fluxes and they become the equations for anisotropic
electron pressures. The parallel heat fluxes for ions should be retained for more accurate
equilibrium models with hot ions.

In this paper we present the formulation for the effects of flow, two-fluid, ion FLR,
pressure anisotropy and parallel heat fluxes on equilibria of a high-beta toroidal plasma
in the framework of reduced magnetohydrodynamics (MHD) [12, 13], based on the
fluid moment equations for collisionless, magnetized plasmas derived from the Vlasov
equation [14, 15, 16]. We consider toroidal and poloidal flows comparable to the poloidal
sound velocity. Such poloidal-sonic flow is of interest because a transition of equilibrium
occurs between sub- and super-poloidal-sonic flow [17, 18, 19, 20, 21, 22, 23] and also
because the poloidal-sound velocity is smaller than other characteristic velocities like
the sound, Alfvén and poloidal-Alfvén velocities in tokamak plasmas and, therefore,
more accessible to flows in experiments. We introduce pressure anisotropy and the
parallel heat fluxes that were not taken into account in our previous formulation [4].
By means of asymptotic expansions, we drive a reduced set of equilibrium equations
for high-beta tokamaks. The gyrovisosity and other FLR effects cause the so-called
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gyroviscous cancellation of the convection due to the ion diamagnetic flow induced by
the two-fluid effects in the equilibrium equations of momentum balance, pressure and
heat fluxes, which is consistent with the FLR fluid theories of [24] and [25]. We obtain
the GS-type equations for the first and second order magnetic flux functions. The
equations are written in a unified form of the single-fluid, two-fluid (Hall) and FLR
two-fluid models with the isotropic and anisotropic pressures with and without the
ion parallel heat fluxes. The first-order GS equation is identical to that of the static,
single-fluid equilibria. The second-order GS equation includes terms representing the
effects of flow, two-fluid, ion FLR and pressure anisotropy. In spite of its complexity,
the second-order GS equation is a linear, elliptic partial differential equation and, thus,
is easy to solve; the numerical solutions of these equilibria will be shown elsewhere.
However, the equations have singularity that arises because higher order terms not
negligible in its vicinity are ordered out in the asymptotic expansions. One has to choose
the profiles of free functions that do not include the vicinity of singularity where the
poloidal velocity equals the phase velocities of sound waves, and get regular solutions.
The parallel heat fluxes induce the characteristic velocities of two additional ion sound
waves [26], compared to the adiabatic pressure model. It is noted that the kinetic effect,
the Landau damping, may resolve this singularity [27], which is left for future work. The
impact of the ion diamagnetic flow on the shock formation of trans-poloidal-sonic flow
was examined for low-beta tokamaks [28]. The present models show the modifications
of regular single-fluid equilibrium solutions in the elliptic regions due to small-scale
effects, and can capture the following features neglected in [28]: the modification of
the magnetic structure due to the flow and FLR effects, and the shift of isosurfaces of
the ion stream function from the magnetic surfaces due to the two-fluid effects while
isotropic pressure isosurfaces shift from them due to flow even in the single-fluid model
[3, 20]. Pressure anisotropy is identified by measuring the perpendicular (diamagnetic)
current in experiment. We also obtain the reduced form of the diamagnetic current.

This paper is organized as follows. In section 2, we introduce the basic steady state
equations for two-fluid MHD with hot ion effects, pressure anisotropy and the parallel
heat fluxes, and the orderings for the reduced models. In section 3, we derive the reduced
set of equations for equilibria with flow velocity comparable to the poloidal sound
velocity by means of asymptotic expansions. In section 4, we discuss the modification
of the flowing equilibria by the non-ideal effects mentioned above. A summary is shown
in section 5.

2. Fluid moment equations in steady state

The equations for two-fluid equilibria with hot ions and pressure anisotropy are obtained
from fluid moment equations for collisionless, magnetized plasmas [14, 15, 16]. The
equations of continuity and momentum balance are

V- (nv) =0, (1)
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. Ps|| — PsL v
where n is the density, v &~ v; is the ion flow velocity, m; is the ion mass, B is the
magnetic field, pyg 1y are the parallel and perpendicular pressures, s = i, e is for ions
and electrons respectively, II7" is the ion gyroviscous tensor, and B = |B|. The electron
mass m. is neglected because m. < m;. The electron gyroviscosity is also neglected.

The flow velocity is decomposed into the parallel and perpendicular components,
vV = U”b +vVv (3)
where b = B/B. The current density j is

The momentum balance equation for massless electrons gives the generalized Ohm’s
law,
)\ el|l — Ve
E+vxB="2|jxB-Vp, - BV (X _Plp)| (5)
ne B?

where E is the electric field that satisfies Faraday’s law,

V xE =0. (6)
From (2) and (5), the momentum balance equation for ions is
Di| — PiL

32

We have introduced the artificial indices Ay and \; that label the two-fluid, ion FLR
terms respectively: (g, \;) = (0,0) for single-fluid (ideal) MHD, (1,0) for two-fluid
MHD with zero ion Larmor radius (Hall MHD) and (1, 1) for two-fluid MHD with ion
FLR.

In the fluid formalism of collisionless magnetized plasmas, the gyroviscosity and

A
E+vxB= n—z {Vpu +B-V ( B> +mnv - Vv+\;V - Hf”} . (7)

other ion FLR effects are incorporated by means of asymptotic expansions in terms of
the small parameter § ~ p;/L, where p; is the ion Larmor radius and L is the macroscopic
scale length. We assume the slow dynamics (drift) ordering,

2 gv 2
U~ Ui, MMV~ HHZ H ~ 0 Dies  Qie ™ UDje ™ 5Uthipi,ea

where v and v,; are the flow and ion thermal velocities respectively, g; . is the ion and
electron heat fluxes respectively. The ion FLR terms are much simplified in the reduced
models for large-aspect-ratio, high-beta tokamaks [12] after relating § to the inverse
aspect ratio expansion parameter € = a/Ry < 1, where a and Ry are the characteristic
scale length of the minor and major radii respectively. The following reduced MHD
orderings for high-beta tokamaks with strong pressure anisotropy are applied,

Bp ~ ‘C’:B(J? Ps{|,L} ~ }psH _sz_| ~E (Bg/,uo) ) ’vH’ ~ 1/R07 ‘VL‘ ~ 1/&
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5

We derive a reduced set of two-fluid equations for axisymmetric equilibria with flow

comparable to the poloidal sound velocity. The poloidal-sonic flow v ~ (B,,/By) v can

be described by the reduced model with the relations

d~eand a~ L.

While the poloidal-Alfvénic flow analysis follows the standard orderings of reduced MHD

for high-beta tokamaks [29, 30, 3], the poloidal-sonic flow analysis does not and higher-

order terms must be taken into account. In the following equations, we keep only terms

required to the orders considered. The ion gyroviscous force V - IIY" is expanded as

written in Appendix A. The equations for the perpendicular and parallel pressures for

ions and electrons are

v-Vpii +2pi V-v—pib-(b-Vv)+ AV - (%Tnb)
+AiV - qir1 +2Mq;p1 - (b-Vb) ~0,
1

1
§V -V + §piW -v+pyb-(b-Vv)+ )\ V- (qu”b)

+AV - aipL — 2AiQipL - (b~ Vb) ~ 0,
Ve - VpeJ_ + 2peJ_v * Ve — peJ_b ’ (b ’ vve) +V- (QeTHb)
—i—)\lV cQeT L + 2)\iquJ_ . (b . Vb) ~ 0,

1 1
§V6 - Vpe + ipenv Ve +peb-(b-Vv,) +V- (qu”b)

+AV - depl —2Xi4ep1 - (b Vb) >~ 0,

(8)

(9)

(10)

(11)

where v, = v—(Ag/ne) j is the electron flow velocity, and the perpendicular and parallel

heat fluxes, q,; and g, respectively, are defined as follows,

dsl = dsB1L T QsTL (s =1,e),

m 2
sl = 75/ (vl = vs)) ™ (ViL = Vs1) fud®VE,

ms
qQs7L = b / (U;J_ - UsJ-)Q (V;J_ — V1) fsd?’vls,

Ay = (¢sm) +asry) b (s =1se),

m;

dsT|| = 7 / (U;L_USJ_)2 (U;” - USH) fsdgvls,

meg 3
4sB| = 7/(7);” - UsH) fstV's-

The perpendicular heat fluxes are given by

1 Ds|| s (s — Ps1)
§P5LV <7> + " (b-Vb)|,

1b><

qspL =~
e, B

(12)

(13)

(14)
(15)

(16)

(17)

(18)
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1Bb X [2psLV (%ﬁj)] . (19)

qs71L =
S

We have introduced another index A;; where 0 and 1 represent the presence and absence
of the ion parallel heat flux respectively. The case where )\;; = 0 corresponds to the
CGL double adiabatic pressure case [10]. The parallel heat flux cannot be neglected
when g ~ gs1 ~ psv. The equations for ion and electron parallel heat fluxes obtained
in [16] are written in the present orderings as

Ai Ai
Vollvt —F=Vpir Xb | g | +arV- | v+ —FVpiLxb
neB neB

Py, PiL\  PiL (pz'|| —pu) ) -
0 v( - ) g b VB0, (20)
. N, LBy g (P o
v [<V+neBVPu><b> qu.] bV () ~ 0, (21)
B -V (pe/n) ~0, (22)
B -V [(pe)/per — 1) B] 0. (23)

We have closed (20) - (23) by evaluating the fourth-rank moments with the shifted bi-
Maxwellian distribution function. Hence, the Landau damping and other kinetic effects
which arise from the non-Maxwellian part of distribution function are neglected. Since
the equations for parallel electron heat flux for massless electrons (22) and (23) do not
include parallel heat fluxes, these are the equations for electron pressure [11] and the
heat fluxes are, conversely, obtained from the electron pressure equations (10) and (11).

3. Derivation of reduced equations

We derive a reduced set of equilibrium equations from the equations shown in section
2 by extending the previous formulations [3, 4]. Here we consider the corresponding
toroidal axisymmetric equilibria, where, in cylindrical coordinates (R,p,Z), the
magnetic field B, the current density j and the electric field E can be written as

B = Vi(R, Z) x Vo + I(R, Z)Vo, (24)
j=VIxVp— A"V, (25)
E= V&R, Z), (26)

where A* = R?V - [R7?V]. The projection of the momentum balance equation (2) along
V), B and the poloidal magnetic field B, = V1 x Vy yields

o RPNV - (mnv - Vv + NV - 1) + |V PA* + IV - VI

R V- [Vpﬂ + BV (%B)} —0, (27)

s=t,e
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B - (minv - Vv 4+ ANV -I1°) + {pin + per, ¥}

+Y B- {B.v (]%B)} —0, (28)

(Vi x V) - (mnv - Vv + NV - T + (/g BRI, ¥} + {pis + pes, ¥}
+ 3 (Ve x V) - {B-V (]%B)} — 0, (29)

where {a, b} = (Va x Vb) - V. The asymptotic expansions are defined in terms of the
inverse aspect ratio € = a/Ry < 1. The variables are expanded as

Y=+ +...,
I=Lh+hLH+L+13+...,
Ds|| = Ps|1 T Psj2 T Ps||3 + - -+,
DsL = Psi1 T Psi2 +Psiz+ ...,
n=ng+n+...,

O=0 +Dy+ ...

R = Ry+x,

where Iy = ByRy. It is noted that we need only the leading order quantities of the
parallel flow velocity v) and the parallel heat fluxes gyr and ¢,p.
The leading order of the momentum balance (2) yields

By
il1+ Pel1 + I, = const. 30
Dil1 T Pell 10Ry 1 (30)
The perpendicular velocity is obtained from the ion momentum balance equation (7) as
ExB AH Di|| — DiL
vV, X~ B — n€B2 |:vsz_ + B-V (TB x B. (31)
The leading order of (31) reads
w_ (G 4 My, v 32
\al BO < 1+ eng Pil1 X 2 ( )

which shows that the leading order of the perpendicular flow consists of the £ x B and
the ion diamagnetic flows. Its divergence is

AuRo .
T eB, {ng",pis1}. (33)

The perpendicular (diamagnetic) heat fluxes and their divergences to the leading order

(V- V)(l) =

are

(1) Psi1lo o (P11
=-2 V vV 34
As71 ¢. By ( - ) X V@, (34)



Equilibria of Toroidal Plasmas with Toroidal and Poloidal Flow 8

L _ _lpsnRov DPs|n v 35
Ry
v. L _ _2Ps¢1 . 36
s €sBon3 {n07 b J_1}7 ( )
1 psjRo 1 Ry
V.q =_Z= X - silts Ps 37
9B 3 e, By {no, ps11} + 5 e.Bony {Psj1s Ps11 ) (37)

The leading order of the equation of continuity (1) is

—(Ro/Bo){no, ®1} =0, (38)
which yields

ng = no(Pq). (39)

Substituting (33), (36), (37) and (39) into (8) and (9), we obtain the leading order ion
pressure equations

L 2R @) (s, 1) =0, (10)
L 2 0] (o 00) =0, (1)
eng
from which we choose to obtain
pit1 = pir1 (1), (42)
Pijr = P (P1). (43)
The leading order of the projection of the ion momentum balance (7) along B yields
[1 - e)\_;ﬂm(q’l)} {®@1, 1} =0, (44)
from which we choose to obtain
O = Py(1). (45)
Then, we obtain the following relations,
no = no(1r), (46)
Pijr = pz‘||1(¢1), (47)
pit1 = pir1 (Y1), (48)
The leading order of the electron pressure equations are
g {pej1, 1} =0, (49)
pe||1{peu, wl} =0, (50)

which yield
Pejjt = Peljt (Y1), (51)
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Per1 = Per1(¥1), (52)
From (30), (48) and (52), we obtain
Il - [1('@[11) (53)
The second-order of the generalized Ohm’s law (5) is
)\H T
{(132 - ‘I),1¢2 - e_no |:pe2 Peul% + (R ) (pe”l peJ_l):| Mﬂl} = 0. (54)
The second order equations for the electron pressures are
{no(]?e||2 - p/e||11/12) - peHl(nl - ”61/12)7 wl} =0, (55)
e X e
{peu — P12 — Pelt (n1 — ngiba) + (R_) Pelt (pejn — peu)ﬂ/h} =0, (56)
No Dejn
The ion gyroviscous force (A.1) reduces to
.
V. Hf”:—% (RoVeo x Viby) - Vv — ¥ (xu + Xq) - (57)
€Dg
The first order of the ion flow velocity now reads
Ry A

The second order of the ion flow Velomty appears in convective terms as

2. Vi = ZE {@2 + )\—H [puz (Rio) (Pi||1 —pz'u)} ) 1/)1} :

The first order of the divergence of the ion flow velocity vanishes,

(v-v)® =o. (60)

—~

59)

The second order of the divergence of the ion flow velocity is

Ry (v A
(V- V>(2) == { H + i (pzj_lnl nePiL2)

By | Ro
=) e+ 25 () ) — ; i , . 61
(Ro) [ 1+ 2eng (2%\\1 +pu1) 2eng 1 (p I — pu)] ¢1} (61)
Similarly, the first and second order of the divergence of the perpendicular heat fluxes
read
V- quL =V qSB)L =0, (62)
@ _ _ T / / Psiy ,
(V- aspL)” = 2e.110Bo {P5L1ps2—pslpsm+n—0 (nopsi2 — Psi1m)
2x , , Ps|17%
- (ﬁo) Psiin [21751 — P11 — e | (R (63)

2R, 1 21 n,
2) _ 0PsL1 / N r 4
(V quL) e.10Bo {no (nopsu psLlnl) (Ro> (psn nopsu> ) ¢1} : (6 )
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The parallel momentum balance equation (28) yields

Mg — N
{mmoRo (CI>,1 + —Hen pgu) Gl
0

-y {]%2 — Ptz + ( ) (Psi — psu)] ,wl} =0, (65)

S’Le

which is the Bernoulli law in the present system. The first order of the equation of
continuity (1) is

no

{(I),l(nl — ngtha) — (P2 — P11y) — Ryl
A
+ (Rio)no {2@’1 R (20 +p2|1)} ,¢1} _o. .

From (8) - (11), the equations for the second-order quantities of the pressures are
obtained as

A i 1
{ (Cbll + 2 h:eno n—zpul) (Pire — P 11%2) — Py 11 (Do — Plaho)

AH — A p/'upul Pil1 )\z||
-2 ! ny — n, — V| — —;
eng g ( ! o¢2> Ry I e

Ry

x , 2y , ngy
+ Ro 3pit1 Py + — |PilL1 (szl +pu1) +(Pi1 — n—opiu (pz'\u — piu)

i n’ n,
oo 40— s — | phy = 2p; =0 67
—i—enop 11 [ (qu nop J.l) (szl nop 1)] } >¢1} ; (67)

1 Mg — N
{5 (‘1’,1 + e—nopéu> (pif2 — Pijat2)

1)\H_>\z ’ TL6 ’
-3 — (pinl n_oszl (pir2 — Pi11¥2)

/

Pij1
2

(Py — Do)
3pi A

LAy — N Diyapi
_1Ag Pi11Pi|n (n1 — niby) — V| — 5 4B
9 eng no 2R0 RO

T Ay
(3 for o220

1 >\H n6 / ’
) en Pz||1 0Pz'||1 (pi||1 - Pul) +Ppi|1 (piHl - pm)
)\i / n’o / / o 0 68
+— | iy — —>pip | (pap +pix) i Py — Pisa) | ot =0, (683)
€Nyg No
A —A\in
{ (‘Dﬁ —2 p— n—opeu) (Pera = Pei1¥2) — Pei(Pg — Piehy)

AH — Ni Do 1Pelt / Pel1 der||
nL—n — V| — —
- e (n1 — ngy2) R T R

(Ro) {—3per1®)

+2
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)\H TL,
+— {—Peu (ngl + P — péul) + (p/eu - 2—0]0@1) (pein —peu)]
eng No
by n;
4—(p.,; — —p. ¢ =0 69
+ eng (peJ_l nop J_l) p J_l} 7¢1} ) ( )
1 . A — N, ,
{5 (q)l - emo Peir | (Pej2 — pe||1w2)
LAy — A / n6 / p/@||1 /
- — —Pe el2 — — by — P
+2 er (Pe||1 nop | (Per2 — Ply1¥2) 9 (D2 112)

LAg — N PliiPen , 3De|1 deB||
2 €Ny o (nl n0w2> 2R0 Yl R(]

xr
— (=) {—2pn @
(RO){ le 1

1A ng
Foen, { ( o~ n_ﬁpeul) (Pein = pesr) =pein [3 (Plyn + #iaa) + 2peya] }

)\i n,
+ |:(p/e||1 - n_2p61> (peHl +peu) +Pen (p/eHl - p/eJ.l):| } >¢1} = 0. (70)

€Ny

Equations (69) and (70) are used to obtain the electron parallel heat fluxes. The
equations for ion parallel heat fluxes (21) and (20) yields

g — A
{ ((I)Il + e—nop;“) 4iB||

3 pip
2 mmoRo

e =l = 22 = )| 1 b =0 )

AH— N Pix Pil1
{ (q)/1 + Wp;u) qiT| — ” Pil2 — pﬁﬂ/fz - n (nl - nng)

mino Ry 0
T \Dil1 (piHl - pul)
— = =0. 72
(%) PPy, (72)

In (71) and (72), the contribution of ion diamagnetic flow is cancelled due to the ion
FLR effects, which agrees with the reduced equations for parallel heat flux obtained in
[24] and [25]. The first order of the poloidal momentum balance (29) is

T

B
Dit2 + Pei2 + /Lofozo Iy — (R_o) Z (Dot — Ps11) = g (V1) (73)

where g, is an arbitrary function of ;. Eliminating variables from (54) - (56), (65) -
(68), (71) and (72), we obtain the following coupled equations for the perpendicular and
parallel pressures for ions ,

{Al (1) (pir2 — Pii1¥2) + Az (U1) (g2 — P;Hﬂﬁz) + (z/Ro)As (Y1) ,%} =0, (74)
{31 (V1) (Pir2 — Pii1¥2) + Ba (¥1) (2 — P;Hﬂh) + (z/Ro)Bs (1) Mﬂl} =0, (75)

where the explicit forms of the coefficients Ay, As, A3, Bi, By, and Bj are shown in
Appendix B. Since the double adiabatic ion pressure case, A;; = 0, does not coincide
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with adiabatic pressure even when p;|; = p;11, we introduce another index ¢ in order to
include the isotropic, adiabatic ion pressure case as

Pip —Pil1 = JIINE (76)
Pij2 — Dil2 = Opin2, (77)
where p;a1 and p;as satisfy
' R, i —Ag (Bl —+ BQ) + Bg (Al -+ AQ) .
{pzAZ piAle + (RO) A182 _ A281 7w1 - Oa (78)

{(A1 + By + Az + Ba) (pir2 — piy1¥2) + 6 (A2 + Ba) (pin2 — Piar¥2)
+(z/Ro) (A3 + Bs) ;91 } = 0. (79)
By setting 6 = 0, pjp = pir1 and peji = per1, we get FLR two-fluid model with

the isotropic, adiabatic pressure for ions and the isothermal pressure for electrons.
Substituting (78) into (79), we obtain

e =it + () Ot 00+ Paas (1), (50)
Psllz = Dejutha + (R%) Cyp (1) + Pyjan (Y1) (81)
02 = ¥+ () AnCa (1) + . (01). (52
) = <Ri0) Copl (Y1) +vp (Y1) (83)
=i+ (1) Co )+ (), (34)
dery = () Cam (60 + . (), (%)
GsB| = (%) Coqn)| (V1) + gsm)« (Y1) (86)

g (V1) = > Para. (1) (87)

s=t,e

, x polR
Iy = I + (E) Cr(¢n) + OBOO

where the explicit forms of the coefficients Cy1, Cy|, Co, Cy), Cy, Csqr), Csqp) and Cf
are shown in (C.1) - (C.12) of Appendix C, while P 2., Pyjos; Pos, Vs, N, sty and
qsB|« are arbitrary functions of v;. Since the terms with (z/Ry) in (80) - (87) represents
the poloidal-angle dependence, these higher-order quantities indicate the shift of their
isosurfaces from the magnetic surfaces. This dependence does not appear in static
equilibria of single-fluid MHD with isotropic pressure. In the presence of flow, isosurfaces
of the isotropic pressure are shifted inwards or outwards depending on the poloidal flow
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velocity relative to the poloidal sound velocity [20]. On the other hand, the anisotropic
pressures (80) are not constant on a magnetic surface even in the static case. Equation
(82) shows that the poloidal-angle dependence appears due to the two-fluid effect. In
section 4.2, we discuss this kind of shift of the isosurfaces in the stream functions for
ions and electrons.

The first order of the radial momentum balance (27) gives the equation for 1)y,

2 82 2\ /
( )% —po R} (Ri()) Z(Pém +Pii1) 9| — <%) . (88)

OR? E)Z 2 =
The second order of the poloidal momentum balance (29) yields

Byl 1 2
e Z |:sz_3 - (%) (295||2 _sz_2) +§ (Ri()) (Cs|| +Co1 — pon +psL1)]

o R =
N @/11 2

I
)\i v = E* y 89

where F, is an arbitrary function of Yy and

B2\ ! Ay — A\ A
F(yn) = (,U_(()]) {mmoRg (q)i + IZTOP;LJ (‘I)i + 6_%]);“)

+ Z (Psjn — Ps11)

s=1i,e

+

(I2 = i) — giabo + F o —

(90)

From the second order of the radial momentum balance (27), we obtain the equation

for
x
po Ry (R_o) Z

2
(81%2 * 822) V2t Py

2 2 2
(1a)¢1+ (a_+a_)¢l+F’M

[2 2
(P2, +p;’||1) + o Ryl + (51) ] (o

ROR OR? 072 2

i

s=t,e

1/ 2\
+§ (E}) Z (Vs + Py + O + C;H)

s=t,e

—poR§

(91)

Equations (88) and (91) form the expanded GS equation in the presence of poloidal-
sonic flow, two-fluid and ion FLR effects, and anisotropic ion and electron pressures.
The GS equation for 1, (88), is same as for the single-fluid, static case while the one
for 15, (91), is modified by the effects of flow, two-fluid and ion FLR. The coefficient F,
(90), represents the convection due to the £ x B flow and the ion diamagnetic flow that
is cancelled in the presence of the gyroviscosity (gyroviscous cancellation), and pressure
anisotropy. The diamagnetic flow causes asymmetry in the equilibrium equations with
respect to the sign of the ' x B flow. In spite of its complexity, the GS equation
for 19, (91), is a linear, elliptic partial differential equation once the solution for v of
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(88) is substituted and, thus, is easy to solve in regions where it is regular. There is
singularity in the coefficients C7; and C{; of (91) where the poloidal flow velocity equals
the phase velocity of a sound wave. We discuss this singularity in section 4.1. The
other higher order quantities (80) - (87) are determined by ; and 5. The ordering for
poloidal-sonic flow requires the third-order accuracy for the total energy. However, the
third-order accuracy is needed in the sum of the pressures plus the magnetic energy as
in (89), and the pressures and the magnetic energy themselves are required only up to
the second-order [3].

4. Discussion

4.1. Singularity

Singularity in the GS equation for v, occurs when the denominators of C!, and C’;H
equal zero. It arises because higher order terms not negligible in its vicinity are ordered
out in the asymptotic expansions. For the case ()\ Hy i, )\i”) = (0,0,0), single-fluid MHD
in the absence of the parallel heat flux for ions, and 0 = 0, p;j1 = p;11 and pej1 = pei1,
i.e., the isotropic pressures for both ions and electrons, the singularity appears when
the poloidal flow velocity equals the phase velocity of the slow magnetosonic wave with
adiabatic ion and isothermal electron pressures,

mgng Ry @7 :gpil + Pei- (92)
The denominators of C’ | and C’;” require that the poloidal flow velocity is well separated
from the phase velocities of the sound waves,

5 5
minoRS@? - <§pi1 + pe1) ~ mmoqu)’f ~ gpil + Det, (93)

in the single-fluid model for example. This condition excludes the transonic hyperbolic

region, }mmoRg@'f — (2pa +p61)} < emngR2®?, where a shock solution appears, as
well as the singularity itself. Otherwise, higher-order terms, including those of the Hall
current that resolve the transonic hyperbolic region and the singularity, have to be taken
into account. The present model is to study the extension of regular, elliptic solution for
single-fluid MHD equilibria with flow. One has to choose the profiles of free functions
that do not include the vicinity of singularity to get regular solutions.

If we induce pressure anisotropy with 6 = 1, p;j1 # pi11 and pej1 # pe11, the double
adiabatic ion pressure and the anisotropic pressure for massless electrons, the difference
from (92) is quantitative,

mingRGPY = 3pij + Pejn- (94)

In the presence of the parallel heat flux for ions, A;; = 1, the characteristics of the
singularity changes qualitatively. The singularity appears when

A — A\ 2
(A1By — A2 By) [mmoRﬁ <(I)/1 + —Izn P;u)}
0



Equilibria of Toroidal Plasmas with Toroidal and Poloidal Flow 15

Ay 1! A — A
X {mmoRﬁ ((I)/l - —H—Opeu) (‘P'l + IZTOp;J_l) —penl] =0. (95)

€Ng Mo
For the single-fluid case, (Ag, A;) = (0,0), equation (95) gives
minoqu)'f = Pi|1; (96)

1
ming Ry @7 =3 (61%\\1 +pe||1i\/24p?||1 +p3H1> ; (97)

where the poloidal flow velocity equals the phase velocities of either slow magnetosonic
or two ion acoustic waves that arise from the heat flux equations. We note that this
case coincides with the fluid model in [26] if the electron mass is completely neglected
and that the phase velocities in (96) and (97) agree with the wave dispersion relation in
that model. Equation (95) suggests that the effects of two-fluid and FLR do not bring
additional singular points but shift the ones found in the single-fluid case. For the FLR
two-fluid case, (Ag,\;) = (1,1), equation (96) remains same due to the gyroviscous
cancellation while (97) is modified to

mingR{PT (mmoRﬁ@? — 6pin — Pe||1) + 3pin (pi||1 + peHl)

) Pel1 n_6 e R2D2 — 6o ) — _
(mmo 0®1 6]%\\1) Pin =0. (98)

2

Equation (98) is asymmetric with respect to the sign of the £ x B flow in contrast to
(97).

4.2. Toroidal and poloidal flows, diamagnetic current

In the standard formulation for axisymmetric equilibria with flow, the ion flow velocity
v is expressed as

nv =VV¥ x Vo 4+ nRv, V. (99)
The ion stream function ¥ and the toroidal flow velocity v, are also expanded as

V=0 +Wy+...,

Vp = V1 + ...

In the leading order, the toroidal flow velocity is equal to the parallel flow velocity,
Vg1 = ). (100)
Compared to (58), the projection of the leading order of (99) along Vi yields
U, = W, (¢y) and, then, the projection along Vi xV gives
Ry Ay
() = o (0 + 2241, (101)

Substituting (99) into the projection of the ion momentum balance (7) along Vi) xVy
yields

I A i| — Pi
{20} = s (W) + SE (Ve x V) [Vpu +B.V (%B)] S (02)
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The second order of (102) is

noR A z\ A
{\112 + OB 0 [(I)Q + THpiL2 — (—) _H(pi||1 _piLl):| ,1/11} =0, (103)
0

0 e Ry ) eng

which yields

x
Ry
where the explicit form of the coefficient Cy is shown in (C.13) of Appendix C. Equation

Uy = W)y + ( > AaCy (1) + Wa, (1), (104)

(104) shows that the ion stream function is not constant on a magnetic surface for two-
fluid equilibria, Ay = 1. This feature is different from the pressure profile mentioned
in section 3, and is in common with non-reduced two-fluid equilibria with zero Larmor
radius [6, 8, 7, 11], which correspond to the case (Ag, A;) = (1,0). The scale length of
the shift of the isosurfaces of the ion stream function is the order of a, which is same
as that of the ion Larmor radius in the present orderings.

The electron flow velocity is also defined as

nve = V¥, x Vo + nRu., V. (105)

The electron stream function ¥, can be obtained from (5) in analogy to the ion stream
function by means of an asymptotic expansion,

qje:qjel"i_qjeQ"i_”-a

R A7
\Ij/el(wl) = —§Zno <(I>’1 — %p/ej_l) . (106)
no o Ay z\ \g
U o, — 22 Z _ 0 1
{ e2 Tt Bo [ 2 enopeu + (Ro) _eno (Pefn Peu)] ,wl} (107)

Equation (107) is rewritten as

AgR 2z
Wy — W ahy 4+ 220 Pejz — Per2— (Pept = Phry) Yo+ | = ) (Peji — Pein)
GBU RO

1} =0, (108)

which yields

x
Ry
where the explicit form of the coefficient C'y, is shown in (C.13) of Appendix C. Equation

Wep = Wi 1y + ( ) AaCye (V1) + Veoy (U1), (109)

(108) shows that the isosurfaces of the electron stream function shifts from the magnetic
flux surfaces when both of two-fluid effects and pressure anisotropy for electrons exist,
which is consistent with its non-reduced form [11]. The toroidal flow velocity for
electrons v, is expanded as

'l]e@:U&pl—f—...
In the leading order, this is equal to the parallel flow velocity for electrons,

erl = UeH, (110)
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where

AH .
Ve = V) = (111)

Jl 1 0? 0?
— = 5+ 555 |t
ne  poengRy \OR 0z

Ro x / ’ ’ 1 112 '

en
0 s=1,e

Substituting (83) and (112) into (111), we get
T MRy [ 1 (1Y
el = | &5 Cve * * 5 ) 113
Ve (R0> 1 () + v (Y1) + =2 [g it 2 (113)
where the explicit form of the coefficient Cl| is shown in (C.15) of Appendix C.

The perpendicular (diamagnetic) current is measured to identify pressure
anisotropy in experiment. It is written as

: B Ps|| — Ps1
The radial component of (114) is given by
) 1
Ji-Vy ~ E) SZW |:CSJ_ - (psHl - sz_l)] {x7¢1} . (115)

5. Summary

We have derived a set of reduced equilibrium equations for high-beta tokamaks from
the fluid moment equations for collisionless, magnetized plasmas. It takes a form of
the expanded GS equation including effects of toroidal and poloidal flow comparable
to the poloidal sound velocity, two-fluid, ion finite Larmor radius, pressure anisotropy
and parallel heat fluxes. The second-order GS equation includes the terms representing
the convection due to the £ x B flow and the ion diamagnetic flow that is cancelled
in the presence of the gyroviscosity (gyroviscous cancellation) and pressure anisotropy.
The two-fluid effects induce the diamagnetic flows, which result in asymmetry of the
equilibria with respect to the sign of the £ x B flow. The gyrovisosity and other
FLR effects cause the so-called gyroviscous cancellation of the convection due to the
ion diamagnetic flow. The study for the singularity with respect to the poloidal flow
velocity has shown the qualitative difference between the equilibria with and without
the parallel heat fluxes. Higher order terms of quantities like the pressures and the
stream functions show the shift of their isosurfaces from the magnetic surfaces due to
effects of flow, two-fluid and pressure anisotropy. The reduced form of the diamagnetic
current associated with pressure anisotropy is also obtained.



Equilibria of Toroidal Plasmas with Toroidal and Poloidal Flow 18

Acknowledgments

The authors thank Dr J.J. Ramos, Prof A. Fukuyama, Dr D. Raburn, Dr M. Furukawa,
Prof M. Yagi, Dr A. Ishizawa and Prof K.Y. Watanabe for discussion.

Appendix A. Gyroviscous force

Ion gyroviscous force was obtained in [15]. Keeping only terms required to the orders
considered, it is written as

5
VI =V - (Z H§UN> : (A1)
N=1

VT ~ — mnv,; - Vv — Vyx, — V X [ 2;2; (V- V)B} : (A.2)
VI~ —Vy, — V x {4 (v qzu)B} (A.3)
v-Hf”S:vX{ [ ]} (A.4)
V- ~ V-9 ~ 0 (A.5)
where
co~ — (Z%) V x (%Vpu_) , (A.6)
d~V x [(2qi3l — %q@'TL) X b] , (A.7)
Vi = —%V x (%gB) , (A.8)
Yo = 5B (V x V), (A.9)
o= 5B (Vxars). (A.10)

Appendix B. Coefficients of (74) and (75)

Coefficients of (74) and (75) are written as

Ay () = — (‘1),1 +270 —Opz‘n) + Lk
€o - No mnoR% (CD’l ’\H Ay pul)

)\H — N )\H n,
A = |piq | D) +2—p) =2, .
2 (Y1) [p 11 ( 1+ ene pzu) + ene (pzu nop 11 ] Peln

Ai|Pi1Pi11
nnR2 [ @ + AH—
m;no 0 1 eng sz_l

A — A A !
X {mmoRg (q)/l -+ sz;ll) ((I)/ _ Jn_peﬂl) _pe||11 ) (B2)

7 (B.1)
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/\H n’
As (wl) = —3Pu1q)/1—2e—% |:(p;||1 +p;u) pit1+ <p§u_n—2pu1) (pi||1 _piJ_l):|

i n, n,
_ 4 (v . — 9. . — 0, .
o [ (qu nopm) (2%1 noszl Pbila

Aipiv (P — pit1)
ming B (4 + M2y )

A
{ [(]%1 +Peu) il + (pzlll +pu1) pe||1]

)\H—)\i Ai
 manat} () + p;ll) R

>\H n,
— Wi — pi @+ (Pl ——pi e
(p I pJ.l) [p 11 1+en0 (pzll nop J_l)p 1}
g — N Ao
+ {mmoRﬁ (@'1 + —eno sz_l) {QCI)/H‘ (Pul + p7,||1)

_)\_H@(peﬂl _peL1>1 - Z(pSIH _pSLl)}

€Ny No
0 s=1,e

Am—Ai )\i||pz‘||1pu1
22— pipin1 —
(S M n0R2 (@/ — sz_l)

eno

19

o~ Amn D VD v -1
X |minoRg | 3 ___pe”l q’1+€—nopu1 = Pejl1 g (B.3)

eng Ng

>\H — )\z ny
By (¢n) = Tno <p;||1 - n—gpﬂIl) )

§ )\z||pz||1
2m; noR2 ((1)’

-\,
P;11Pi|1

(B.4)

Air )y Ay — Ni -
X {mmoRﬁ (CI)/ - _H_pe”l) (CI)I + HTp;J_l) —pe||11 ) (B.5)

engn eng

Af
Bs (1) = =2pijn (‘D + pm)
1 )\H
|:(pzl pz||1> (piHl — pit1)+ (pgnl —pgu) Pi1}

2 eng
[( il _pll) (piHl + pinn)+ (p§||1 _péu) pil}
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1

X

A
_5 { |:(pe||1 +peJ_1) (I)/l + i (p;Hl +p2l1) pell

H—Ai

Am
[mmoRS (<I>’1 + p;ll) %pénl + 3Pi|1}

AH ng
— (pap — pis1) 3Pz||1‘1>1+ Pijs — 3n—0pi||1 De||1

+

Ag — A
{minoR(Q] <(P,1 + HeTongl)

Ay g g
X {2(1)’1+ (szl +qu1) - __(peHl — peJ_l):|

€Ng No

- Z (Ps\u - sz_l)}

s=t,e

X

X

Ag =X, 3)\i||pz2||1
eng Pivibin , 2> (& L Aa—
mingRG (P71 + eno pul

A A — A -
{mmoRg (CID’l e—no—openl) (@'1 + e—nopgu) _pe||11 .

Appendix C. Coefficients of higher-order quantities

Coefficients of higher-order quantities are written as

Cis (Y1) = _m {A3By — Ay B3
éf;i& (f%TfZQ [A3 (B1 + Bs) — B3 (41 + A2)]} ;
Ci (¥1) = —m {A1Bs — A3 B,
—fflz (fg;ng [A5 (B1 + B2) — B3 (A1 + Az)]} :
Cer (Y1) = pe|| (pe||1 - peJ_l) + Peln {C |+ SZN Ps|l1 — DsL1)

Ag — N
—mnoR3 ((I)'l + HeTOp;M)

X

CeH <¢1) = Pe|1 {

Ai Am 1y
{2@/1+ (P + o) — — _(peHl - peu)] }
ENg N

i g A — A B
[mmoRS (@’1 —H—pe”l) (@’1 + };Top;u) _pe||1:| )

ENg N

Mg — A
G + Z(psul — ps11) — ming Ry <CI>/1 + IZTPQH)

s=i,e

20

(C.2)
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>\H /\ n
X 20" + —(p}{ + Piy) —
{ 1 eno(pul szl) eng 1

1
Co (V1) = . (Ce + Peji — Per1)

Co) + Dst — Ps1

= (pejp — peJ.l)} }

Air ) A — -
- — Ve (D/ + —Z / - Ve )
o nop 1 1 o P11 Pe1

(i — Pul)] :

Cop (1) = :
s—i,e MMy (‘I)/ eno pzll)
N no Cv” /\H
Cp (Y1) = o [ Co + —— Ro 20— enn (pi1a +p;|1)] )
3 Pin i
Cign) (V1) = 5 ; ” W (Ci - Cn>7
mmORO <(I),1 + = > n
Cz‘qTH () = Pijl {Cu _ Piucn i Pila
mano 3 (@ + 2225 ) o P

A — iy

—p, C.. +p.,,C
eng nopu) L T P11V

C1eqT|| (¢1) = _RO {_ (CI)II —2

e )\ _)\z ! e
PMC g AH Pe11P LlC

+— v n
RO I €Ny N

H
— (p;||1 + p;u - p/e||1) Pel1

/
+— (pen 2— peJ_l) (pe”l _pej_l)
no

)\i n,
+4 (p/eJ_l - _OpeJ_l) peJ_l} ;
0 no

1 A — N
3 (-2 ) e

Ceqn) (Y1) = =Ry {—

€Ny

1Ag— XN [ ng IGH
—_ — —pei | Ce Co

2 eng <pel nop 11 1+ 9

3pe|\10 1N p’ellpemc

2R, " 2 eng ng "

1 >\H 7’Ll

2pe||lq)1+ (pe”l ZpeHl) (pe”l - peJ_l)

1 Ag

~5on peHl [3 (Dh + Piy) + 200)

)\i TL,
+en0 [(pél - n_zpel> (peHl ‘|‘Peu) +Pell1 (p/e||1

—p’eu)] }
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(C.10)

(C.11)
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. Ho o

Cr (wl) - B, Z (_CSL +ps||1 _psll) > (012)
Ry
Cy (Y1) = _E [Cu - (Pz'\u - pul) + C¢ + (pe||1 - pell)} ) (C.13)
Ry
Cwe (V1) = =5 [Ce = Cet +2 (pep = pesn)] (C.14)
Au Ry / /
Cuel (1) = Cyj + Z (ps||1 + i) (C.15)
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