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ABSTRACT

Expressions of polarization and magnetization in magnetically confined plasmas are derived, which include full expansions in the gyroradius
to treat effects of both equilibrium and microscopic electromagnetic turbulence. Using the obtained expressions, densities and flows of
particles are related to those of gyrocenters. To the first order in the normalized gyroradius expansion, the mean part of the particle flow is
given by the sum of the gyrocenter flow and the magnetization flow, which corresponds to the so-called magnetization law in drift kinetics,
while the turbulent part contains the polarization flow as well. Collisions make an additional contribution to the second-order particle flow.
The mean particle flux across the magnetic surface is of the second-order, and it contains classical, neoclassical, and turbulent transport pro-
cesses. The Lagrangian variational principle is used to derive the gyrokinetic Poisson and Ampere equations, which properly include mean
and turbulent parts so as to be useful for full-f global electromagnetic gyrokinetic simulations. It is found that the second-order Lagrangian
term given by the inner product of the turbulent vector potential and the drift velocity consisting of the curvature drift and the VB drift
should be retained in order for the derived Ampeére equation to correctly include the diamagnetic current, which is necessary especially for
the full-f high-beta plasma simulations. The turbulent parts of these gyrokinetic Poisson and Ampere equations are confirmed to agree with
the results derived from the WKB representation in earlier works.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0080636

I. INTRODUCTION

Global simulations of collisional and turbulent plasma trans-
port' ™’ are now vigorously conducted based on gyrokinetic equations
using the gyrocenter coordinates that are derived from the Lie trans-
formation method.'”'" Conservation properties possessed by such
gyrokinetic equations are suitable for global and long-time transport

In a general framework of macroscopic electromagnetism for
material media consisting of molecules, polarization and magnetiza-
tion are formulated for evaluating the macroscopic charge density and
current by spatially averaging the microscopic density and current of
the point charge around the center of mass of the molecule.”” Then,
the resultant expressions of the macroscopic charge density and cur-

simulations, and they have been extensively investigated based on
Lagrangian and Hamiltonian formulations."" ** It is well known that
the finite gyroradius representing the distance between particle and
gyrocenter positions generates so-called polarization and magnetiza-
tion,'"'” in terms of which the relations of the density and mean veloc-
ity of particles to those of gyrocenters are expressed. These relations
are important for using gyrokinetic simulation results to correctly eval-
uate particle transport, as well as to accurately calculate the charge
density and the electric current in Poisson and Ampeére equations,
which are required to self-consistently determine electromagnetic
fields in the simulation.

rent are given by the series expansion associated with multipole
moments due to the finite distance of each point charge from the cen-
ter of mass of the molecule. The local spatial average and the finite dis-
tance described above for the system of molecules are replaced by the
phase-space integral including the distribution function and the finite
gyroradius of the particle motion around the gyrocenter, respectively,
for formulating the polarization and magnetization in the gyrokinetic
system considered in the present study. In the drift kinetic system
without microturbulence, the particle flow is represented by the sum
of the gyrocenter flow and the magnetization flow, which is called the
magnetization law.” In this work, we use the gyrocenter phase-space
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coordinates obtained from the particle phase-space coordinates using
the Lie transformation, by which the effects of turbulent electromag-
netic fields are included in definitions of the gyrocenter position and
the gyroradius vector. This gyroradius vector is used for infinite series
expansion to express the polarization and magnetization in magneti-
cally confined plasmas with gyroradius scale fluctuations.

The polarization and magnetization are also derived from taking
the variational derivative of the field-particle interaction part of the
Lagrangian for the system with respect to the electric and magnetic
fields, respectively.'" This derivation is not commonly used in conven-
tional gyrokinetic studies” *” where scalar and vector potentials are
used instead of electromagnetic fields to formulate basic equations
describing plasma microturbulence. In some recent studies,”" the
Lagrangian of the gyrokinetic system is expressed in terms of per-
turbed electromagnetic fields instead of perturbed scalar and vector
potentials, so that the gyrokinetic polarization and magnetization can
be obtained by the derivative of the Lagrangian. The scalar and vector
potentials are used in our study where conventional studies’ results on
gyrokinetic Poisson and Ampere equations with the polarization and
magnetization effects due to turbulent fields are consistently incorpo-
rated. In addition, the magnetization law in drift kinetics is reproduced
from taking the ensemble average of the expression for the particle
flow obtained in this paper. To the second order in the normalized
gyroradius, the effect of the collision term, which is not described in
the magnetization law, appears as the classical transport”” "' in the
ensemble-averaged particle flow. Then it is confirmed that in toroidal
confinement systems, the average particle flux across the magnetic sur-
face is given by the second-order flows in which the classical, neoclas-
sical,”” ! and turbulent transport32 are included.

The rest of this paper is organized as follows. In Sec. I1, the densi-
ties and flows of the particles and gyrocenters are defined using
velocity-space integrals of the distribution functions in the particle
and gyrocenter phase-space coordinates. Then, the gyrocenter and
particle transport equations derived from the Boltzmann kinetic equa-
tions in the two coordinate systems are used to obtain the relation
between the particle and gyrocenter flows, in which effects of polariza-
tion, magnetization, and collisions are included. The detailed expres-
sions of the polarization and magnetization are presented in Sec. III.
In Sec. IV, the particle flows due to gyrocenter motion, polarization,
magnetization, and collisions are separately treated using expansion in
the normalized gyroradius parameter and decomposition into the
ensemble average and turbulent parts. There it is shown that the
first-order ensemble-averaged particle flow obeys the so-called magne-
tization law in drift kinetics, while the mean particle flux across the
magnetic surface is of the second order and contains classical, neoclas-
sical, and turbulent transport processes. The Lagrangian for variational
derivation of the gyrokinetic Vlasov equation, Poisson’s equation, and
Ampere’s law is presented in Sec. V, where the linear polarization-
magnetization approximation'” is employed. Finally, conclusions are
given in Sec. VL. In addition, Appendix A presents the transformation
formulas from the particle coordinates to the gyrocenter coordinates,
and the gyrocenter Lagrangian, from which the gyrocenter equations of
motion are derived. In Appendix B, the gyrocenter velocity and the time
derivative of the gyroradius vector are expanded in the normalized gyro-
radius parameter to obtain useful formulas for derivation of the results
given in Sec. IV. The zeroth and first-order distribution functions and
the conditions satisfied by them are described in Appendix C. It is

scitation.org/journal/php

verified in Appendix D that the turbulent parts of Poisson and Ampére
equations obtained in the present work agree with the results derived in
earlier works using the WKB representation.””*

Il. DENSITIES AND FLOWS OF PARTICLES
AND GYROCENTERS

The gyrokinetic Boltzmann equation for the gyrocenter distribu-
tion function f,(Z, t) of the particle species a is given by

dfai o dz 9\,
(aﬁm az)f” e, )

where the gyrocenter phase-space coordinates Z = (X, U, u, £) are
defined in terms of the particle phase-space coordinates z=(x,v,
Uos &o) as shown in Appendix A [see Egs. (A6)-(A9)]. In Eq. (1),
dZ/dt is regarded as a function of (Z, t), which is given by the gyro-

center motion equations, Egs. (A26)-(A30). The collision term Cég )in
the gyrocenter coordinates is written as’*

=Y i = Zf”c“’ (T f Tif)], @)
b

where the subscripts a and b represent species of colliding particles
and Cg) [ fa(P) , fb(p)] is the Landau collision operator”” " for the distri-

bution functions fa("7> = .7 f.and fh(p ) = » fv in the particle coordi-
nates, which are obtained by the pull-back operators .77 and .7,
acting on the gyrocenter distribution functions f, and f;, respectively.
It is noted that, for the function f,(Z) of the gyrocenter coordinates
Z, T, f, is defined by (T f2)(z) = fo(T a(z)), where Z = 7 ,(z)
represents the transformation from the particle coordinates to the
gyrocenter coordinates. The detailed expressions of the coordinate
transformation are shown in Appendix A. The push-forward operator
T, is used to obtain the expression of the collision term in the gyro-
center coordinates from that in the particle coordinates. For the
function C¥ (z) of the particle coordinates z, .7 ;I*Cff ) is defined by
(9;1*@(;”))@) = Ca@)(y;l(z)) where z = 7' (Z) represents the
transformation from the gyrocenter coordinates to the particle
coordinates.

The gyrophase average of an arbitrary function Q of the gyrocen-
ter phase-space coordinates Z = (X, U, , ) is represented by

1
(@) =5 fad ®
and the gyrophase-dependent part of Q is written as
Q=Q-(Q. ()
From Eq. (1), we obtain
d(fa)e (8 dzZ 8)
& =\aita az) e = (G0 ®
and
df, (9 dz 9\+
dt (at dt BZ)f C (©)

Noting that the pull-back .7 f, included in the definition of the gyro-
center collision operator C®) has a gyrophase dependence different
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from what f; has, we find that the gyrocenter collision term depends

acts on the
gyrocenter distributions which are independent of £. Therefore, 62@
does not vanish generally, and Eq. (6) yields the nonzero gyrophase-

on the gyrophase angle ¢ even when the operator c¥

dependent part f of the gyrocenter distribution function. Using the
gyrofrequency Q, = e,B/(m,c) to approximately write df,/dt
~ Q,0f ,/O&, we have

~ 8
o QLJ C¥as = 0(2h), @)
where C [fa} ig) [fur] = O(Vaefao) and v, /Qy = evy ) 07, = O (&)

are used Here, f,0 and f,; are the zeroth and first-order distribution
functions [see Eq. (29)] in the expansion with respect to the normalized
gyroradius parameter ¢ given by the ratio of the gyroradius p, to the
equilibrium scale length L. As for the ratio v, /w7, of the collision fre-
quency v, to the transit frequency wg, ~ L/vy, [vi, = (2T,/ mu)l/ 2
the thermal velocity], we do not consider a subsidiary ordering such as
those used in the Pfirsh-Schliiter, plateau, and banana regimes.})”“

The Boltzmann equation for the distribution function f; ) of the
particle species a in the particle coordinates z = (x, v||, tty, &) is writ-

ten as
P (o L d
a - \or T az

The particle density n¥) and the particle flow r((lp)
tions of the position x and the time ¢ by

are defined as func-

n,(f) (x,1) = Jdézl P - x)DgP) (x', t)fa(P) (Z',1) 9)
and
I (x,t) = Jd%’ S —x)DP (X, )fP (2 1)V,  (10)

respectively, where the Jacobian p¥ (x,t) = B(x, t)/m, is used.

Multiplying Eq. (8) by DY and integrating it with respect to the
velocity space variables v, 1y = m,vi /(2B), and &, we obtain the
continuity equation

)
%QTS&Q+V~FEP)(X,1‘) —o, (11

where the particle number conservation in collisions, [ d®z' §(x — )
x DY) (x',t)Ch (2, t) = 0, is used. Similarly, multiplying Eq. (1) by

D,(Z,t) = aH(Z t)/my [see Eq. (A31) for the definition of B*H] and
integrating it with respect to the velocity space variables U, y, and ¢,
we obtain

()
a"“T(tX’t) +V-TW(x,t) = Jdﬁz' 3 (X = x)D,(Z,t)C®(Z', t)

= -V T{(x,1), (12)
where the gyrocenter density n$)

_

and the gyrocenter flow I'®)
u'®) are defined by

n®(x,t) = Jdﬁz Do(Z, )f,(Z,£)0* (X — x) (13)

and

scitation.org/journal/php

I (x,t) = n®u¥(x, 1)

03X

= [dGZDa(Z, f(Z,1)5* (X — yr

respectively. The gyrocenter velocity dX/dt which enters the integrand
in Eq. (14) is regarded as a function of (Z,t) using Eq. (A27). As
shown in Ref. 34, T'C on the right-hand side of Eq. (12) is given by

o) [
I¢(x,t) EZ '%(Jd%/y(x—x)

lO +
D Z
b

where Ax, = X — x is defined as a function of z using Eq. (A6) and
Ax), is its jth component. As seen later in Eq. (60), the classical particle
transport is derived from T'¢.

The particle density n)
related to each other by

[T fur T fi] Axa A - .Axg>, (15)

and the gyrocenter density n$) are

egn?) =e,n® —V.-P,, (16)

where P, is the polarization vector due to the particle species g, and its
detailed expression is presented later in Eq. (22). The polarization cur-
rent due to the particle species a is given by

JP,
ot’

where TP represents the polarization particle flow of the species a.
It is shown in Sec. I1I that the particle flow 1"(1’ is written as

]pol =e, rpol =

(17)

) =@ 4 ppol 4 pmag 4 O (18)

where l"f* is defined later in Eq. (25) and it satisfies V - l"ac*
=V - T'C. Here, ™ represents the particle flow due to the magneti-
zation which is defined by

J98 = ¢, ™8 = cV x M,, (19)

where M,, and J* are the magnetization vector and the magnetiza-
tion current density due to the particle species a, respectively. The
detailed expression of M, is shown later in Eq. (28). Subtracting Eq.
(12) from Eq. (11), we have

(’)(n,(f7 ) _ nflg))

ot
We can easily verify that Eq. (20) is satisfied by Eqs. (16)-(19).

+V (I —T®) =v.T¢. (20)

lll. POLARIZATION AND MAGNETIZATION FLOWS

Performing the transformation from the particle coordinates to
the gyrocenter coordinates for the integration in Eq. (9), we obtain

nP)(x,t) = JdGZ Dy(Z, t)f,(Z,1)°[X + p,(Z,t) — X]
= nfzg> (X, t) -V [e;IPa(Xv t)]7 (21)

where the gyroradius vector p, is defined by Egs. (A10)-(Al7) in
Appendix A and the polarization vector P, (x, t) is given by
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_ N 81 6 3
fP (x,1) _l; 'quza(xfx)
XDa(Z, )fo(Z,t) p, pit - pﬁ) (22)

The jth components of the vectors x and p,, are denoted by ' and g,
respectively. Here and hereafter, we employ the summation conven-
tion that the same symbol used for a pair of indices in upper and lower
positions within a term [such as in Eq. (22)] indicates summation over
the range {1, 2, 3} of the symbol index. In deriving Egs. (21) and (22),
the Taylor expansion

15 (X —x)

3 ) — do (X —x)
O (X+p, —x) @ Dt - O

pill (23)

,1)1
I

NgE

I

Il
o

is used and partial integrations are performed. Taking the partial time
derivative of Eq. (22) and using Eq. (1), we find that the polarization
flow I'*°! due to the particle species a is given by

rpol = — "9\
“ ea ot

_ i (5111);!6@-8.[.0@ Udﬁz 3 (X - x)
df ;..Apg)
x (0 B ppt o) ] e 24)

where T'¢* is defined by

0

dpa j i

X{Da.ﬁl dtpill‘“p]é+lpa
8

c o (—1)”1 81 671 53
Dy Y COlfnfi] pa - ) (25)
b
It can be shown from Egs. (15) and (25) that V- l"ac* — V~FE
= [dZ/&(x' — x)D&p)Cflp) =0 and accordingly V-T¢* =V .T¢.

In addition, as seen in Sec. IV, both T* and I'C are of &(¢?) and their
ensemble averages coincide with each other and represent the classical
particle transport.

The particle flow I'?) defined in Eq. (10) is also given by the inte-
gration in the gyrocenter coordinates as

e (x,t)=

= Jd6ZDu(Z,t) (Z2,0)8° (X +p, —x) (d—x+%> , (26)
dt  dt
where the particle velocity is represented by dX/dt + dp,/dt, which
is regarded as a function of (Z, t), using Eq. (A27) in Appendix A and
Egs. (B6)-(B9) in Appendix B. Then we can use Egs. (14), (15), and
(22)-(24) to derive Eq. (18) which is written here as

nPul®) (x,t)

r'®(x,t) +lw+iv X My (x, ) 4

1“‘(117) (%) = e ot e

S

(27)
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where I'7* = (c/e,)V x Mq(x, t) is the particle flow due to the mag-
netization vector M, defined by

c o 1\l ]
M0 =30 ”1) ﬁ “dﬁzDaJ‘ué3(X —x)

1 dX
<l+1>E>}' 28

) ) 1 dp
ool a
Pu - Paba X ((z+z) ar

IV. EXPANSION OF PARTICLE FLOWS
IN THE NORMALIZED GYRORADIUS PARAMETER ¢

We here first expand the gyrocenter distribution function in the
normalized gyroradius parameter ¢ as

Ja(Z,t) = fao(Z,t) + fur (Z,t) + far (Zyt) + - - -, (29)

where the subscripts n = 0, 1,2, ... represent the terms of &(&").
More precisely speaking, f,, = €(&") implies that the magnitude of f,,
is represented by fo,, = O(&"fap).

The gyrocenter distribution function is also written as the sum of
the ensemble average part and the fluctuation part

fo= fdens +fur (30)

We denote the average and fluctuation parts of the magnetic field by
B=V xA and B =V x A, respectively. The ensemble average is
used as the basic method of statistical mechanics to obtain the macro-
scopic mean values of physical valuables. For the case of gyrokinetic
turbulence simulation, an ensemble literally corresponds to a group of
a large number of simulations performed using many different sets of
randomly given initial perturbations while being done for the same
macroscopic state (characterized by the same conditions for back-
ground profiles of densities, temperatures, and electromagnetic fields),
and the ensemble average of some variable is defined by the average of
its values obtained from the repeatedly performed simulations.
However, assuming that a single typical nonlinear gyrokinetic simula-
tion shows ergodic behavior wandering among a large number of
microscopic turbulent states which will be produced by the ensemble of
simulations, the ensemble average is considered to equal the local
space-time average obtained in the single simulation. This local space-
time averaging of the distribution and other field functions in gyroki-
netic systems is in detail described in Ref. 35, which shows the same
results as given in Ref. 36 using the notation of the ensemble average.
We note here that the gyrophase average should be clearly distin-
guished from the local space average related to the ensemble average.
The ensemble average can be replaced by the space-time average over
scales, which are much smaller than macroscopic scales but sufficiently
larger than microscopic fluctuation scales.” For example, for the fluc-
tuation potential ¢(x) = ¢y, exp (ik, - x) with the perpendicular
wavenumber vector k; (k; ~ p~'), the local space average of ¢(x)
over the scale | (p < I < L) in the plane perpendicular to the back-
ground magnetic field vanishes. On the other hand, the gyrophase
average (---). of the fluctuating potential is given by (H(X + p))
= Jo(k.p)py exp(ik, - X) which shows that the gyrophase average
does not completely remove the fluctuation but weakens it by the fac-
tor ]O(k 1p) = (exp (iky - p)): [which is derived from the formula,
"' § exp (ixsin 0)d0 = ]0( )].
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As seen in Eq. (30), the fluctuation part of the distribution func-
tion is given as the deviation from the ensemble average. We now
recall that, in the present work using the modern gyrokinetic formula-
tion, the gyrocenter coordinates Z in f, = f,(Z,t) are defined from
the particle coordinates z with effects of the electromagnetic fluctua-
tions taken into account [see Eqs. (A6)-(A9)]. On the other hand, in
the classical gyrokinetic formulation” > using the WKB representa-
tion (see Appendix C) for the fluctuating parts of the distribution
function and electromagnetic fields, the particle phase-space coordi-
nates used as independent variables of the distribution function are
defined without including effects of the fluctuations. Then, due to the
difference between the two sets of the phase-space coordinates, the
fluctuation part of the distribution function in the modern gyrokinetic
formulation differs from that in the classical formulation [see Eq.
(C23) in Appendix C where f ,; and f ,, correspond to the fluctuation
parts of the distribution functions in the classical and modern formu-
lations, respectively].

In the rest of this section, the expansion in ¢ [Eq. (29)] and the
decomposition into the average and fluctuation parts [Eq. (30)] are
employed to analyze various components, which compose the particle
flow [Eq. (27)]. It is noted that, even in the case without microscopic
fluctuations, the expansion of the distribution function in Eq. (29) is
used in the drift kinetic theory”” ' where the neoclassical transport
fluxes are calculated from the first-order distribution function given as
the solution of the drift kinetic equation [see Eq. (C5)]. In the gyroki-
netic theory, small amplitudes of fluctuations of (&) are assumed so
that the fluctuation parts appear from the first order as seen below.

27

A. Zeroth-order flows

The zeroth-order part f,o of the distribution function f, in ¢ is
considered to represent the equilibrium part which contains no fluctu-
ations, and we accordingly write

fio = (faodenss  fap = O- 31)

The zeroth-order density n,(f)) is given by
n8 (x,1) = Jdﬁz Do (X, t)fao(Z, 1)0° (X — x), (32)

where D, represents the zeroth-order Jacobian given by

DaO(X7 t) = M . (33)
Mg
The zeroth-order part (dX/dt), of the gyrocenter velocity dX/dt is
given by Eq. (B1), and it has only the component parallel to the back-
ground magnetic field.
Noting that f, is independent of the gyrophase angle & and using
Egs. (24), (28), (B1), and (B6), we have

laPa(x, AN P 3w <dpa) _
(eu (9t )0 = Jd ZDaofao(s (X X) dt . = O, (34)

and

(i M, (x, t)) —o. (35)
0

€q

Thus, the polarization and magnetization never produce particle flows
of O(nguovr,). From Egs. (15) and (25), we also have

scitation.org/journal/php

oo, 1) = T (x,£) = 0. (36)
In the present work, we use the low-flow ordering in which the lowest-
order flow velocity is on the order of &'(¢vr,). This means that the
zeroth-order particle flow vanishes
r%x,t) =0 (37)
and the zeroth-order gyrocenter flow given by f, also vanishes
T (6 1) = g uif (x,)
— | 3 ax
=|d ZDa()(Z, 1’) uo(Z7 t)& (X — X) E =0. (38)
0
B. First-order flows

In the first-order in ¢, the gyrocenter distribution function gener-
ally consists of ensemble average and fluctuation parts

ﬁll = <f“1>ens +?al' (39)

In the same way, the first-order particle and gyrocenter flows are writ-
ten as

=(p)
T8 (x,8) = (T (%, 1))y + Loy (x,1) (40)
and

(g)

T (x, 1) = (T8 (%, 1)) gps + T (x,1), (1)

ens

respectively. As explained in Appendix C, the collision term vanishes
to the zeroth order in ¢, and it is regarded as of the first order. Then
we see from Egs. (15) and (25) that Ff and Fac* are of O(&*na0vr,)
(n40: the background particle density) and

e =r5=o. (42)

1. Ensemble-averaged part

The first-order ensemble-averaged gyrocenter flow is written as

(T (x, 1), = J d°Z6° (X —x) D“Of“0< (%) 1>

dx
+(Da0<fﬂ1>ens + Dalfao) (7)
t/o
where (dX/dt), and ((dX/dt), )., are given as functions of (Z, t) as

shown in by Egs. (B1) and (B3), respectively. It is found from Eq. (22)
that the first-order polarization flow vanishes

<r5‘;‘<x,t>>ms:<(ei%)> —o.
a 1 ens

From Eq. (28), we obtain

c C
<(5Ma(x, t))l> e o (Pa1)ob (45)

and the first-order magnetization flow

; (43)
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<ﬁ?@tmmEVx<G?®)> :—VX<éymuw)

(46)

where

(Pai)y = Jdﬁz 8 (X — x)Daqfi0 1B (47)

Using Eqs. (27), (42)-(44), and (46), the total first-order ensemble-
averaged particle flow is written as

(T 06 ) eng = (T Y + (Tt
= Jd6Z (33( — X)Da0<fal>en5Ub + F <E1>ens xb
+eaLB [b X V(PaL)o + {(PaH)o - (PuL)o}(V X b)]
= |: 253( ) u0<fﬂl>ens
+%LB{(PaH)o (Par)o}(b-V xb)
+ é [naoeﬂ<E1>ens v { “H bb
+(Par)y(T=bb)}] x b, (48)

where

(Pa)o = Jdﬁz 8*(X — x)Daofio % maU?. (49)
In a case where, as described in Appendix C1, f5o takes the form of the
local Maxwellian distribution with no mean flow, the zeroth-order
pressure is isotropic so that we can write (P,j)y = (Pa1)y = Pao-
Equation (48) agrees with the magnetization law in drift kinetics.”*

Within accuracy up to O(engvr,), Eq. (48) is rewritten more
compactly as

(8 (5.0}, = [ 28X+ py )
X [Du <fa>ensvc + DaOquVdu} s (50)

where v, and v, are given by Eqs. (A13) and (B3), respectively, and
pa1 represents the lowest-order (or first-order) expression of the gyro-
radius vector shown in Eq. (A12). In the first term of the integrand on
the right-hand side of Eq. (50), we need to use D, = Dyo + D,y and
fa = fao + fa1 in order to keep the validity up to & (engovyy ).

2. Turbulent part

The first-order turbulent gyrocenter flow is given from Eq. (14)
as

P ) = [ 2008 (X - 0T Ub + ). (51)
where the first-order turbulent gyrocenter velocity ¥, is given by Eq.
(B4). The first-order turbulent polarization flow is derived from Eq.
(24) as

scitation.org/journal/php

pol = (-1 ' 67 $3
Ty () =Y 1)!m d®Z 5* (X — x) Dy

(s jpeci)

P lpaaf“o (pJIIVCL‘FZ(VCL)ﬂpal)}]

ulB

(52)
where p] 1 is the jth component of p,;. On the right-hand side of

Eq. (52), l//a = l//u - (@u)é is the gyrophase-dependent part of lﬁa

=V~ Wa)eos = ® — c"'v. - A where ¢ and A should be evaluated
at X + p,;. The first-order turbulent magnetization flow is derived
from Eq. (28) as

T8 (x, 1) — (eiv « M,,)
a 1

o 01 6 3
72 I m(Jd25 (X—X)Dao

I=1
[t o —tor (A )
5

ﬁobxv¢}+ﬁw

(l+1) g B

{ ,Ub +li1 (d;lvu - (Vu)ﬁpM)}}). (53)

Then, using Eqs. (51)-(53), the first-order turbulent particle flux is
written as

) 9 675
=3 g |20 %R0

ot (b))

= Jd6Z53(X+ Pa1 —X)Dyo

> g ~ ea{/; afao
Mavet (‘ +T“ch>

+ ﬁ(sznaovTa).

(54)

Summing up Egs. (50) and (54), we obtain the expression of the first-
order particle flow, which is valid up to &'(engvr,), as

() (x, 1)

(TP (x,1)) e + T,
= Jd6Z (X + pa — X) [DQ(Z7 Ofa(Z, t)v,

eq ~ eal,Nba Of a0
+Da0 {qu <VBa - mucA> + Ta_'uvc}:| ) (55)

where v, is defined by Eq. (A25). In the same way as in Eq. (50),
D, = Dyo + Dy and f; = fag + fa1 should be used in the first term of

r?(x,t) =
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the integrand on the right-hand side of Eq. (55), in order to keep the
validity up to & (engovr,).

C. Second-order flows

When considering particle confinement of magnetically confined
plasmas on the transport time scale of (¢2wr,)”", it is important to
evaluate the ensemble-averaged or mean particle flux across the sur-
face formed by field lines. We find from Eq. (22) that the second-order
ensemble-averaged polarization flow vanishes

<r5;’1(x, t)>ens = <<;(Z“)2> =0 (56)

as well as the zeroth- and first-order parts shown in Egs. (34) and (44).
For plasmas confined in the toroidal magnetic configuration
where the zeroth-order equilibrium distribution function F is given
by the Maxwellian with no mean flow, we see from Eq. (28) that the
second-order ensemble-averaged magnetization flow is given by

(T2, 1),,, = <(—v . M)> =0 (S5onb),

(57)
where (P ), = [d°Z 3> (X — X)Dao (fu1) ens4B. For this Maxwellian

al —
equilibrium distribution function f9, we have the scalar equilibrium
pressure Py = (Pq)) = (Pay), and the average electrostatic potential
(@) ens> which are given as flux surface functions, as explained after Eq.
(C4) in Appendix C. Then the first-order ensemble-averaged particle
flow in Eq. (50) is rewritten as

ens

<1"E£) (X, t)> = JdGZ 53 (X - X)DaO <fal>ens Ub

+- (Muea(Ey)y — VPi) x b, (58)

e,B
which has no component in the radial direction perpendicular to the
magnetic flux surface, because (E;).,, = —V(¢).,, and VP, are
both perpendicular to the surface. Therefore, the mean radial particle
flow is of O (£2navr,), which is consistent with the ordering of the
transport timescale given by (2wr,) .

The second-order ensemble-averaged gyrocenter flow is obtained
from Eq. (14) as

(T8 (%, 1)) ens = J d°Z *(X — x)Dao [faonaz + (fa ) ens Ve

~ D
+<fa1 ng’)ens + <ﬁ12 + Dalﬁl1>
a0 e

where Vg, Vs, and Vg are given by Eqgs. (B3), (B4), and (B5),
respectively.

The remaining part of the second-order ensemble-averaged parti-
cle flow is derived using Eqs. (15) and (25) as

Ub} . (59)

ns

<r1(1,:2 (X, t)>ens = <r§2* (X7 t))ens
/
= D o

3ol
0°(x' —x) Q.

ens

5 (x'—x)v, (60)

ens

c _
= BF“I X b:Jd%’DE’) {f 2)

a

scitation.org/journal/php

where ((Cip))l) ens 18 defined by

(€)= ;{CE}? () o] + o (72,0

(61)

F,; is the collisional friction force defined by

Fa = Jd DY (X = x)((CL)),) epy ma¥’ (62)
and ful is obtained using Eq. (7). It is verified from Eq. (60) that
(T s = (TS5, Tepresents the classical collisional particle
flow.” "

As seen from Egs. (18) and (56), the total second-order particle
flow is given by the sum of the gyrocenter, magnetization, and classical
particle flows

(T8 (5, )y = (T

ens

>ens + <r2;ag>ens + <r52>ens' (63)

It is recalled here that the tangential component of the mean particle
flow to the magnetic flux surface is dominated by the first-order flow
(Fﬁfi)) ens given in Eq. (48) although the normal component is of the
second order. Now using Egs. (28), (59), (60), and (63), the compo-
nent of the second-order particle flow (I'%)’),,. perpendicular to the
background magnetic field line is given by

)>ens
)

t
= <r£1gLa2 > ens + <Franj§ > ens + <FaCZ > ens

= d6Z 53 (X - X)Dao [(fal>ensvda + <J/Ea1 (an)L>ens]

ens

a

Cc Cc
_ I:V X <e_B (PHL)Ib):l | +—B [nﬂoe<E2>ens + Fal] x b
c

=— [~V - {(Py)),bb + (P, ),(I-bb)}

B e,B
+ Nareq <E1>ens + naoe<E2>ens +Fa
c o~ ~
5| 25 % = x0T Wb )l b, (64)

where 1, = [d®Z 8 (X — X)Dao(fa1)ens» (Pa))y = [ d°Z 5 (X — x)
XDa()(lel)ensmaUz’ <E1>ens = _v<(:bl>ens’ and <E2>ens = _v<¢2>ens
—c1OA /0t are used. In toroidal confinement systems, the lowest-
order ensemble-averaged electrostatic potential (¢, )., is considered
to be uniform over the magnetic flux surface. On the right-hand side
of Eq. (64), the part including the anisotropic pressure tensor repre-
sents the neoclassical particle transport™ ' while the turbulent parti-
cle transport is given by the last term including the correlation
between the fluctuating distribution function and the gradient of the
gyrophase-averaged fluctuating potential field.””

V. LAGRANGIAN FOR VARIATIONAL DERIVATION
OF POISSON'’'S EQUATION AND AMPERE'S LAW

The action integral for the gyrokinetic Vlasov-Poisson-Ampére
system is given by

t t
I= J dt LGKF = J dt (LGK + LF), (65)

t t
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where the Lagrangian Ly is written as
Lk = Leko + L1 + Lake- (66)

Here, we use the gyrocenter distribution function f; to define Lgko and
Lgx1 by

|:LGKO:| _ Z Jdﬁzo Du(Zo, to) fa(Zo, 1)
Lek a

y |:LGYa0(Za(t)72a(t)7t):|
Loya1 (Z,(1),t)
Loyao(Z, Z,t)
Loya (Z,t)

where the gyrocenter phase-space orbit for the particle species a is rep-
resented by Z,(t), which satisfies the initial condition Z,(ty) = Z,.
The gyrocenter Lagrangian Ly, appearing in Eq. (67) is defined by

= Jdﬁz D(Z,0) (2, 1)

} , o (67)

AX, U)X+ P

a

Leva(Z,Z,t) =

o | D

- G maU? + uB(X, t)), (68)

which describes the gyrocenter motion for the case where the electro-
static potential ¢» and the vector potential fluctuation A vanish. In this
section, we use the modified vector potential A’ (X, U, t) = A(X,t)
+ (mac/e,) Ub(X, t), which is obtained from Eq. (A21) with the
second-order small term neglected. The gyrocenter Lagrangian Lgya
is the part, which linearly depends on ¢ and A

Lova(Z,t) = —ea(Y,(Z,1))

zw{wxw%af%ﬁm+%m§.<w

¢
The second-order Lagrangian Lk, is given by
Loz = Z JdﬁZDao(Z 1) fao(Z,t)Loyar (Z, 1), (70)
a

where f, is the zeroth-order part of the gyrocenter distribution func-
tion and Ly, is the second-order gyrocenter Lagrangian defined by

LGYaZ(Z7 t) Ee?aVBa : <K(X + Pa1s t)>é
62 2 O )
o R+ D) 55 () D)

We note here that Lgya + Lgya, corresponds to the opposite sign of
e, ¥, defined by Eq. (A24). The term (e2/2B)(0 (W) ):/Op) in Eq.
(71) is a part of %ea<{§a7 Ju}>g in Eq. (A24), while the remaining
part of %ea<{§u, lI u}>¢ is removed in Lgy,, because, when it is
retained, its contribution to Lk, is of higher order in ¢ than that of the
terms included in Eq. (71). As noted after Eq. (A25) in Appendix A,
one of the second-order terms, (e,/c)vp, - <K>§, is often neglected in

conventional studies although this term is kept here to accurately
derive the gyrokinetic Ampere’s law later.

scitation.org/journal/php

The Lagrangian L is defined by~

=Ll J d3x{\EL(x,t)|27|B(x,t)+]§(x,t)|2+%)v(x,t)v-1§(x,t) ,
8w )y c
(72)

where the longitudinal (or irrotational) part E; of the electric field is
written in terms of the electrostatic potential ¢ as

EL=-Vé 73)

and /£ plays the role of the Lagrange undetermined multiplier to derive
the Coulomb gauge condition

V-A=0 (74)

from 6I/04 = 0 (or 0Lggr /04 = OLp/dA = 0). Equation (72) is used
for making the Darwin approximation to remove electromagnetic
waves propagating at light speed.

From the condition that I = 0 holds for the variation of Z,(¢)
which is fixed at t = t;, t,, we can derive the gyrocenter motion equa-
tions for Z,(t) and accordingly the gyrokinetic Vlasov equation for
the distribution function f, which is constant along the gyrocenter
phase-space orbit represented by Z,(¢). This is a variational derivation
of the gyrokinetic Vlasov equation based on the Lagrangian picture of
the gyrocenter phase-space motion.'” The resultant gyrokinetic Vlasov
equation is given by removing the collision term from Eq. (1). In the
Eulerian picture (or the Euler-Poincaré formulation),’”'”* "' we use
the expression in the last line of Eq. (67) and consider the variations of
f, and Z as functions of (Z, t) to derive the gyrokinetic Vlasov equa-
tion from oI = 0. Effects of the collision term, if included, on the local
energy and momentum balance equations can be clarified following
the same procedure as shown in Refs. 17 and 18.

In the present case, Eq. (70) is used for the second-order
Lagrangian to make the linear polarization-magnetization approxima-
tion, in which the deviation of f, from f,o does not enter the polariza-
tion and magnetization terms proportional to ¢ and A in the
gyrokinetic Poisson and Ampére equations as shown later."” It also
should be noted that in the gyrokinetic equation derived in this
approximation, quadratic terms with respect to ¢ and A are removed
from the gyrocenter phase-space velocity dZ /dt.

The gyrokinetic Poisson’s equation is derived from the varia-
tional derivative of the action integral I with respect to the electrostatic
potential ¢. Since the time derivative of ¢ never appears in the
Lagrangian density Lgkp the above-mentioned condition can be
replaced by 0Lgxr/d¢p = 0, which leads to

_ 617 <3 ea%afuo
v.EL,zm;eaJd 20°(X+p, —X) (DameDao 5 au>' (75)

In O(eny) and O'(geny), the ensemble-averaged part of Eq. (75) gives
the quasineutrality conditions

0= et = » e JdGZDaO fu00* (X — x) (76)

and

0= Zea <n%>>en5 = Z Jd ZDa0<ﬁ11>ens (X - X), (77)

respectively. The fluctuation part of Eq. (74) is written as
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V- EL :47‘526,1 stzDa053(X+ Pa1 — X)

X <}.\a+eu:a%;0>7 (78)

which is valid up to the lowest order, &(ceny). Here and hereafter,
we do not consider the particle species dependence in using the
ordering parameter ¢ ~ p,/L and (e, ny0). Such dependence may
occur due to large mass and charge differences although they
should be treated using subsidiary parameters other than &. We can
confirm that Eqgs. (75)-(78) are consistent with the results derived
from using Egs. (21), (22), and (All) for Poisson’s equation
V- -E,=4n), enq .

The gyrokinetic Ampere’s law is derived from the variational
derivative of the action integral I with respect to the fluctuation
part A of the vector potential. Since the time derivative of A never

appears in the Lagrangian density Lixr, we can use dLgkr/0A = 0
to obtain

= 1

where the electric current density is given by

1= Y e [@25 0+ pu 0D 007 v

a

4Dy {fao (vBa _ r:acg> N eagxa ?{; VH , (80)

We see that Eq. (80) agrees with the result shown in Eq. (55). The lon-
gitudinal (or irrotational) part of Eq. (79) gives

Vi = 4nj,. (81)

From the transverse (or solenoidal) part of Eq. (79), the gyrokinetic
Ampére’s law is written as

~ 4
V> (B+B)="Tjp. (82)

In Egs. (81) and (82), j; and jr represent the longitudinal and trans-
verse parts of j, respectively. It is noted here that an arbitrary
vector field a is written as a = a; + ar where the longitudinal and
transverse parts of a are given by a;(x)=—(4n) 'V [dx
(V'-a(x))/|x—x/| and ar(x)=(4n)"'V x (V x [d¥ a(x')/
[x — x'|), respectively.””

The ensemble-averaged part and the fluctuation part of Eq. (82)
are written as

4n

VxB= T <j>ensT7 (83)
and
~ 4~
V xB = Tan’ (84)

respectively, where the ensemble-averaged part and fluctuation part of
the current density are given by

scitation.org/journal/php

<j>ens = Z €a Jdéz 53 (X + Pa1 — X) [Dﬂo <fal>ensvc

a

+(Da0 + Dal)faOVC + DaOfaOVda]

= ZeaJd6253(X_x)Du0%1>ensU

a

+

€ ((B)o — (P1)y)(b- ¥ x b)}b

+§b X V- {(P})obb + (P.),(I — bb)} (85)

and

3\: Z €a Jd6Z53(X + pa1 — X)Dao

a

: (favc —fo ;—ZCA + %%’VC), (86)
respectively. On the right-hand side of Eq. (85), (P1), = >, (Pal),
and (P)y = >, (Pa)), are used and the definitions of (P, ), and
(Pg))), are found in Egs. (47) and (49), respectively. When f;o takes the
form of the local Maxwellian distribution with no mean flow, we have
the isotropic equilibrium pressure (P, ), = (P), = Po. It should be
noted that Egs. (80), (85), and (86) are valid up to the lowest in &. In
Appendix D, using the WKB representation, the turbulent parts of
Poisson and Ampere equations in Eqgs. (78) and (84) are shown to
agree with the results derived in earlier works.”*®

VI. CONCLUSIONS

In this paper, effects of both equilibrium and gyroradius scale
electromagnetic turbulence are included to derive expressions of polar-
ization and magnetization in terms of the distribution function in the
gyrocenter phase-space coordinates. These expressions presented in
Egs. (22) and (28) include infinite series expansion with respect to the
gyroradius vector, which is defined in the gyrocenter coordinates by
Egs. (A11)-(A17), where effects of the turbulent fields are taken into
account.

To the leading (or first) order in the normalized gyroradius
parameter ¢, the polarization flow vanishes and the ensemble-averaged
(or non-turbulent) part of the particle flow consists of the gyrocenter
and magnetization flows, which agrees with the result called the
magnetization law in the drift kinetics.”* On the other hand, the
leading-order turbulent part of the particle flow is given by the sum of
the turbulent parts of the polarization, magnetization, and gyrocenter
flows. Thus, a practical extension of the drift kinetic magnetization law
is made to gyrokinetic systems with electromagnetic fluctuations and
collisions. The compact expression of the particle flow, including both
mean and turbulent parts, is given in Eq. (55), which is valid to the
leading order and useful for evaluating the total current density to self-
consistently determine the magnetic field in full-f global gyrokinetic
simulations."

The effect of collisions appears as the classical transport in the
second-order mean particle flow. In toroidally confined plasmas, the
first-order mean (or ensemble-averaged) particle flow is tangential to
the magnetic surface, so that the mean particle transport flux across
the magnetic surface is of the second-order and it is verified to contain
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classical, neoclassical, and turbulent transport processes, which deter-
mine plasma particle confinement in a transport timescale.

The Lagrangian is presented for variational derivation of the
gyrokinetic Poisson and Ampére equations, which properly include
mean and turbulent parts. It is shown that the diamagnetic current
can be correctly included in the mean part of Ampére’s law derived
from the variational principle using the Lagrangian, which retains the
second-order term given by the inner product of the turbulent vector
potential and the drift velocity consisting of the curvature drift and the
VB drift. The resultant expressions of Ampere’s law [Eq. (82)] and the
current density [Eq. (80)] are useful especially for the full-f global
electromagnetic gyrokinetic simulations to accurately treat high-beta
plasmas. Properly taking account of the difference between the phase
space coordinates in the classical gyrokinetic formulation and the
modern formulation employed in the present work, the equivalence
between descriptions of electromagnetic gyrokinetic turbulent fluctua-
tions in the two formulations is clarified as shown in Appendixes C
and D. The turbulent parts of the gyrokinetic Poisson and Ampére
equations in Eqs. (75) and (82) are confirmed to agree with the results
derived from the classical gyrokinetic formulation using the WKB rep-
resentation in earlier works. Thus, these equations present a basic
model for global full-f gyrokinetic simulations which is also consistent
with the local turbulence model used in flux-tube gyrokinetic simula-
tions.” ** Based on the presented Lagrangian, local energy and
momentum balance equations for the gyrokinetic system with electro-
magnetic turbulence and collisions can be derived following the same
formulation as given by our previous work in the case of electrostatic
turbulence.'® Details of the derivation will be reported in a future
work.
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APPENDIX A: GYROCENTER COORDINATES
AND EQUATIONS OF MOTION

We consider motion of a charged particle in a strong magnetic
field. The particle mass and charge are denoted by m, and e,,
respectively, where the subscript a represents the particle species.
The magnetic field is assumed to consist of the background part
B =V x A and the small fluctuation part B = V x A. The par-
ticle’s position and velocity are denoted by x and v, respectively.
The velocity v is written by the sum of the parallel and perpendicu-
lar components as

v=vyb+vy, (A1)

scitation.org/journal/php

where the unit vector b = B/B in the direction parallel to the mag-
netic field is evaluated at the particle’s position x. Using a right-
handed orthogonal triad of unit vectors (e;,e;,b) which are
regarded as functions of (x,t), we represent the perpendicular
velocity as

v, =—v,(sin& e +cos&ye,), (A2)

where v = |[v,|. We now define the particle phase-space coordi-
nates z by

7= (X7 VH ) ;u07 50)7 (A3)
where
2
mav7
= . A4
Fo=3B0x, 1) (Ad)

Using the Lie transformation technique, the gyrocenter phase-
space coordinates

Z=(X,U,p0) (A5)

are obtained, such that the Lagrangian for the particle motion is
transformed into a function which is independent of the gyrophase
angle variable ¢, as shown later in Eq. (A20). The relations of the
gyrocenter coordinates Z = (X, U, u, ) to the particle coordinates
z = (X, ), ly, &) are given by

vy vy Vi
X:X—Q—aa—o—g—Z Hvu(hv x b) —E(wVB)}a

+{ZvH(b~Vb-c)+%(c~Vb-c—5a~Vb~a)}b}

1|/~ ~ [ =
+E <A+§V5u) Xb+deéoAH s (A6)

U:VH —;;—La |:VH(b'Vb'a)+%(3a~Vb'C—C'Vb'a)] +me—:CKH,

(A7)
2 2 |2
_omgvi  omavi (V[ .
2B BQ, |v. (b-Vb-a)
+%(3a-Vh-c7c~Vb~a)+‘2/—;(a~VB)
e, (1 ~ o~
+E<EVL'A+§[/“), (AS)
and
E=Got Vi(b Vb o)+ L(c-Vb-c—a-Vb-a)
ERowl oy o+, ( c—a a
B a 0S4
+VL<C-V—7a~Vc-a)} _ ¢ 9s , (A9)
B mac Ol

where Q, = e,B(x,t)/(mac), v. = (2uB(x, 1)/mg)'"?, c = vy /v,
a=bxc ;\” =A - b, and the definitions of Jﬂ and Eu are shown
later in Eqgs. (A18) and (A19), respectively. Equation (A6) for the
gyrocenter position X is valid up to the second order in the
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normalized gyroradius parameter &, while Eqs. (A7)-(A9) are up to
the first order. When there are no fluctuation fields, the formulas in
Egs. (A6)-(A9) agree with those given by Littlejohn,"” except that
Eq. (A7) is given here in a slightly different way, in order to remove
the (&) term of the Hamiltonian in Ref. 47. The same procedure
as in Ref. 12 is used to include the effects of the fluctuation fields in
Eqgs. (A6)-(A9).

We can inversely solve Egs. (A6)-(A9) to represent the particle
position vector x by the function of the gyrocenter coordinates Z as

x =X+ p,(Z,1t), (A10)
where the gyroradius vector p,(Z, t) is expanded in ¢ as
PalZt) = par(Z,1) + par(Z,t) + (A1)
The lowest-order part of p, is given by
Pa(Z,t) = % (A12)
where v, is defined by
v, = Ub(X,t) — W[sin£e; (X, t) + cos er(X, 1)] (A13)
and
= (M) 1/2. (A14)
mg

To the lowest order in ¢, the particle velocity v and the gyroradius
vector p = x — X are represented by v, and p,,, respectively. The
second-order part of p, is written as

paZ(Zv t) = <pa2>ens + :Bqu

where the ensemble-average and fluctuation parts of p,, are given
by

(A15)

2
2
(Paz)ens =b| = v;;z (32a-Vb-a+c-Vb-c)— UW(b.Vb.C)
a
tals—(a- (B )—Wz( VInB)
a Q.B a 1)ens 292 a-Vin
2
+U£¥(a Vb-c—3c-Vb-a)— ga(b Vb - a)}
c w2
+c QTB(°'<E1>ens) o (c-VInB)
U2
+U—M2,(a Vb-a—c-Vb-¢)— 2(b~Vb-c) (Al16)
4Q Q2
and
—~ b - =
puZ*E A+{X+pal,sa}

~ U~ ~ oW 0 =
= ﬁ ¢—?AH—<l//a>g>a+%a—u(J%df)C
d

1~ =~ 1 x
SI (O ()

scitation.org/journal/php

respectively. The definitions of (- - -). andare given in Eqs. (3) and
(4), respectively, and ¥, = W, — (¥, )ens is the fluctuation part of
q, which is defined in terms of the electrostatic potential ¢ and the
fluctuation part A of the vector potential as

V. ~
l//u = ¢(X+pal7t) _?C'A(X_‘_pulvt)'

Here, we also define
5

where the integral constant is determined from the condition

(Sa) : = 0. We now note that A, ,, and S, are defined above as
functions of Z= (X,U,u, &) and f, although when they are
substituted into the formulas for the coordinate transformation
from z to Z [see Egs. (A6)-(A9)], the independent variables

(X, U, ut, &) for the functions A, " » and S, should be replaced with
(X = par(z,1), v, o, &) to keep the validity of the formulas up to
the orders described after Eq. (A9). Here, the finite gyroradius p,,
cannot be neglected because fluctuations are considered to have
O (p,) wavelengths in directions perpendicular to B.

In the gyrocenter coordinates, the Lagrangian for the charged
particle of motion is given by

(A18)

(A19)

Lova(Z,Z,t) = —A*

(Z,1), (A20)

where the modified vector potential AZ is defined by

AL = AKX 1)+ ”:C Ub(X, t) — :262 LW (X, 1) (A21)
a
and
W =Ve e +%(bAV><b)b. (A22)
Here, the gyrocenter Hamiltonian Hgy, is defined by
How = 3 maU% + B + e, (A23)

The fluctuations are included in the Hamiltonian Hgy , through the

term e,'V, defined by
% ({50}

= ea(a): —
(A24)

where {-,-} represents the Poisson bracket, defined by Egs.
(29)-(33) in Ref. 12, and

~ e?
A _%a
o > + 2m,c?

(A[); —

Vg = LBb X (ma U?b- Vb + uVB) (A25)

€q
is the first-order drift velocity consisting of the curvature drift and
the VB drift. On the right-hand side of Eq. (A24), the first term is
of O(¢) and the others are of &(¢?). There the third and fourth
terms are quadratic in the fluctuations, while the second term

—(ea/)Via - (A) ¢ is given by the product of the average drift veloc-
—(€a/c)VEa -

(K)s is often neglected in conventional studies, although it is

ity and the fluctuation vector potential. The latter term

retained here for accuracy up to &(&%).
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The gyrocenter equations of motion are derived from the
Euler-Lagrange equations using the gyrocenter Lagrangian in Eq.
(A20). Using the Hamiltonian in Eq. (A23), they are given in the
form

dz e, OA*
2 (Z Hey) + {2.X} - 2%
5~ (L Hord +{2,X} -

. . 12
which are rewritten as

x_ 1 {(U+e—“aly“>3; + b x (ﬁvszr VY, +18A“)],
dt BZH e,

(A26)

m, OU ¢ Ot
(A27)
du B* e, OA*
P P (yUB+ eV, + 2% A28
dt m,zBZH (,uV teaViEa o+ c Ot ) (A28)
du
— = A2
50 (A29)
and
dé ax & oY,
g, w2 % , A30
dt * dt * mgc Ou (430)
where B} and B; are defined in terms of Aj in Eq. (A21) as
B, =V xA,, and BZH =B, b, (A31)

respectively. Since the gyrocenter Lagrangian Ly is independent of
the gyrophase variable ¢, the time derivatives of the gyrocenter vari-
ables do not depend on ¢ and the magnetic moment 1 = (e, /m,c)
(OLgy/OE) is conserved, as seen in Eqs. (A27)-(A30). The gyrocen-
ter motion given by Eqgs. (A27)-(A30) satisfies Liouville’s theorem,
which is expressed as

OD,(Z,t) 0O ( dZ) B
a oz D,(Z,t) o 0, (A32)
where the Jacobian D,(Z, t) is given by
By
D,(Z,1) =21 (A33)

mg

APPENDIX B: EXPANSION OF dX/dt AND dp,/dtIN ¢

In this appendix, dX/dt and dp,/dt are expanded in the nor-
malized gyroradius parameter ¢. To begin with, the zeroth-order
gyrocenter velocity is parallel to the background magnetic field and

given by
dX
<E)O - Ub(X7 t)v (Bl)

which contains no fluctuation part. The first-order gyrocenter
velocity is written as

—

175, ¢ dX dX
(@)~ <(dt) > (%), 2

where the ensemble-averaged part and the fluctuation part are given
by

scitation.org/journal/php

dX c )
<<E>1>e = ea_Bb x (maU?b - Vb + uVB + e,V (¢, )ens)
= Vda, (B3)

and

—

dXx e, ~ c ~
<E>1 = —m—aC<AH>5b+§b XV, =V, (B4)

respectively. Regarding the second-order gyrocenter velocity, only
its ensemble-averaged part is given here as

YR

c 10A
+E (_v<¢2>ens - EE) xb

=Via2- (BS)

The zeroth-order part of dp,/dt is given by the perpendicular com-
ponent of the particle velocity as

dpa _ apul _
(dr)o‘Q“ ge ~ el

2uB\ /?
= —( K ) [sin & e; + cos ey (B6)

mg

The first-order part of dp, /dt is written as

dp,\ _ [ (dpa dpAa>
(dt)f (dt>1 +(dt V ®7)
ens
where

dpu _ A apul a<pu2>ens
<<dt>1>ens_Ub (Vpa1+W 8£)+Qa766 (B8)

and

—

dpa €, = —~ c N ~
( dt )1 T mac(AHb_’_Ai) _Eb X V{Ya): + {(vc)hsa}.
(B9)

The second-order ensemble-averaged part of (c/e,)M, is
derived from Egs. (28), (B1), (B3), (B6), and (B8) as

< <iMa) 2> = in‘SZ 8> (X = x)(Daofat + Daifao) (—pub)

eﬂ a

1
+ o U d°Z *(X — x)Dagfao UVa

‘a

—zeijd‘?z 3 (X — x)Daofao Upib  (b- V)b

+ib Y (J 492 6> (X — x)Dafino Uuﬂ , (B10)

where D,y and D, are given by
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D=, Du=—Ub-(Vxb). (B11)

mg €a

APPENDIX C: ZEROTH AND FIRST-ORDER
DISTRIBUTION FUNCTIONS

We here consider the zeroth and first-order distribution func-
tions in the normalized gyroradius parameter ¢, and present the
kinetic equations satisfied by these distribution functions. As for the
zeroth-order distribution function, Maxwellian and non-
Maxwellian cases are treated.

1. Case of Maxwellian zeroth-order distribution

To the zeroth order in ¢, Eq. (1) is written as

8fao

Z Ca;, [fa0: fro] s (C1)

where Z, represents the zeroth-order part of Z = dZ/dt. The colli-
sion terms appear on the right-hand side of Eq. (C1) because the
collision frequency is regarded here as of the same order as the tran-
sit frequency wry,.

In Ref. 29, it is shown using Eq. (C1) and the property of the
collision operator regarding the entropy production that, in the
magnetic confinement system with nested toroidal magnetic surfa-
ces, the collision term vanishes and fo is the Maxwellian equilib-
rium f, distribution function with no means flow, and satisfies

b Viwm(X, & t) =0, (C2)

where & represents the zeroth-order particle energy given by

(C3)

ens”®

1
& = Em“UZ + uB+ e (¢y)

It should be noted that, in Eq. (C2), V = 9/0X acts on f,), with &
fixed. Then we can write

Jao = fam (X, &)

Mg 3/2 éac - ea<¢l>ens
(o) (SR e

where 1y, Ty and (¢;)
of Eq. (C2).
Next we find from Eq. (1) that the first-order ensemble-aver-

ens NNeed to be flux surface functions because

aged gyrocenter distribution function (f;;).,, satisfies
;  Offa) fam
Z .w (Z1) s - a"Z

- Z Crg}ljv <fﬂl ens’ <fb1>ens]
= Z ab <ﬁ11 ens7fl70] + C [ﬁXO? <fb1>ens}> (CS)
b

where (Ct(f;)) represents the linearized collision operator. Equation
(C5) is the so-called linearized drift kinetic equation, which is used
as a basic equation for the neoclassical transport theory.” !

From the fluctuation part of Eq. (C10), the governing equation
for the first-order fluctuation part of the gyrocenter distribution
function is obtained as

scitation.org/journal/php

gtful {fal’g } + {faM +fa17e<$a>f} = <(C£§¢))L |}(\a17}:h1i| >ia
(Ce)

where effects of gyroradius scale perpendicular wavelengths of ]?al

are taken into account in defining the collision operator (C{E‘?)L by

(CE) ] = % (€O [err e ¥Fy | (€7
Here,]A‘u1 is given by the sum of adiabatic and nonadiabatic parts as

~ ea ¥V, ~
Wale fut + ha, (C8)
TuO

falz_

which is substituted into Eq. (C6) to derive the equation for ha

%ﬁa + {ﬁa, &+ e(@a)g} - Xb: <(C£5,))L |:}:a17}:b1} >c

O fum — O fu(X,60)
= et T—m—{x,eawa)é}.T.

2. Case of non-Maxwellian zeroth-order distribution
In the zeroth-order in ¢, Eq. (1) gives

Ofao
0L

(C9)

Z-

=0, (C10)

where the collision term is neglected by assuming the collision fre-

quency to be sufficiently small. It is seen from Eq. (C10) that the

zeroth-order distribution function fy = fo(X, &, u) satisfies

b Vf(X, &, 1) =0, (C11)

where & is defined in Eq. (C3) and V = 9/9X acts on f,, with &,
fixed in the same way as in Eq. (C2).

From the fluctuation part of Eq. (1), the governing equation

for the first-order fluctuation part of the gyrocenter distribution
function is obtained as

(’%fal + {fahgc} + {fao +]?a1,ea($a)§}
7Z< [ a17fb1i|>

where the collision term is retained for including collisional effects
on gyrokinetic turbulence. Here, f , is given by the sum of adiabatic
and nonadiabatic parts as

7 n aa Xyéacv T
fa = eal¥a)e %"‘hm

(C12)

(C13)

which is substituted into Eq. (C12) to derive the equation for h,

it {tr el =S (1) [Tl )

D) 0fuo (X, &0, )

ot » 0E, _{X7ea<$a>g}'w

oX

~ e, . (C19)
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It is found that the nonlinear gyrokinetic equation in Ref. 27 can be
reproduced from Eq. (C14) while neglecting the collision term and
using the WKB representation described in Appendix D.

Substituting Eq. (C13) into Egs. (78) and (86), the gyrokinetic
Poisson and Ampere equations are written as

—V2 = 4n2ea Jd3Xdéa dudé Z

U~ ~
X 53(X+Pa1 - )|:ea¢ il Z (d) _?AII_<'//a>§>
1afa0
B o +h :| (C15)
and
At J 3
VA== Zea #XdE dudé Zl 2|U\
3 2 _Us U
X 0 (Xera] —X) Ubq e, d) _?AH - <l//u>g”
lafao 7 lafao T
x5 on +h, } (ve), {*(lﬁa)iﬁ on +hapl, (C16)
respectively, where ¢ =U/|U| and |U|=[(2/m,)(& — uB
—ea<¢1>ens)}l/ * are used and the integration in &, and u are done

over the region defined by 0 < uB < & — €a{} ) ens-

It is useful to consider a case in which the distribution function
fa(p ) in the particle coordinates is used instead of the distribution
function f, in the gyrocenter coordinates. These functions are
related to each other by

f(P)(Xv g? :u07 607 t) :ﬁl(xv g)ﬁ H, 67 t)?

where & and & are used as independent variables instead of v and
U, respectively. Here, following Ref. 25, & is defined by:

(C17)

1
= Emav + e, @, (C18)

where @ is the equilibrium electrostatic potential and corresponds
t0 ()., in our notation. The relation between & and & is written
as

& =86+ AE. (C19)

Then, using Egs. (A7), (A8), (C3), and (C18), the fluctuation part
A& of A& is obtained up to the leading order in ¢ as

~ 1 ~ = -~ o~
AZ = e, (Ev A+ lpa> —e(d- W) (€20
Equation (A8) is rewritten as
L=+ Au (C21)

and the fluctuation part Azi of Ay is given up to the leading order
inéas

Al=Ce (i” A+, )

B <$ - %"HZH - @a)g)- (C22)

scitation.org/journal/php

Noting that the zeroth-order parts of f, and fu(P ) are both given by

the same function fy9, and using Egs. (C13), (C20), and (C22), the
first-order fluctuation part]?,(ﬁ) of fa(‘g) is written as

®)
fal (X, gv Hos t)

~

0 0
:ful(x_palvgnu(h ) (Aga +A:u6 )fao(x7éa7l't07t)

~ 0fa ~ ~ ~ 1 Ofy
= a¢ fO ea(¢_?AH _<l//u>§)g éf;

+ﬁa(x — Pa1s & Hhos 1) (C23)

We find from using Eq. (C23) that Egs. (C15) and (C16) are rewritten
in the well-known forms as —V2p = " ¢, [ d®Z' °(x' — x) ]?(p) (z)

and V x B = (41/c) Y, e, [ do2/ &*(x' — x)f@)

APPENDIX D: WKB REPRESENTATION

(z')v, respectively.

Here, we consider any variable Q, the fluctuation part (AQ
of which has small wavelengths of the order of the gyroradius p in
directions perpendicular to the background magnetic field. Then,

we use the WKB (or ballooning) representationzs’l7 for a

X t) = Z (Agkl (x,t) exp [iSk, (x,1)], (D1)
ki

where Qy . (x,t) has the same gradient scale length L as that of the
equilibrium field, while the eikonal Sk, (x, ) represents the rapid
variation with the wave number vector k; = VS (~ p~!') which
satisfiesk| - b = 0.

The first-order fluctuation part f ( t) of the distribution func-
tion in the particle coordinates is given by the WKB representation as

Pt =70 @ e fisex ] (D2
ki

The first-order fluctuation part fal (Z,t) of the gyrocenter distribu-

tion function and its nonadiabatic part ﬁa(Z, t) are given by the
WKB representation as

[J}l (Z, t)] _ Z |:]:alkL (Z,1) :| exp [iski (X, t)} , (D3)

ha(27 t) ky hakL (Z7 t)

where the gyrocenter position vector X is used in the eikonal
Sk, (X, t) instead of the particle position vector x. From Egs. (C13)
and (C23), we have

7 6,f;10 (Xa (5’67 ,U)

fulkJ = ea<l//a>§ki 6&5 + hak\ (D4)

and

~(p) ~  Ofa ~ U~ . e
Sane :e“qﬁ‘ﬂaié;zﬂ“ (‘bh — A~ (Wa)ag e ™ W)

L

ikypg D5
50 : (D3)

+7/l\ak\ e

Phys. Plasmas 29, 052509 (2022); doi: 10.1063/5.0080636
Published under an exclusive license by AIP Publishing

29, 052509-14


https://scitation.org/journal/php

Physics of Plasmas

respectively, and Eq. (C14) is rewritten as

0 ~
(&‘F Ul‘)-v+kL'V(,lu)hukl

_ E eikrpal <(C§1‘Z>)L [ﬁaeiikrﬂal , /I’;beiiki‘phl] >é
b

Ofa c ~
- (a{saoat 1E(b><kl).Vfuo>(1//a)ékL
c ~ ~
t5 > [ XKD W)ac b, (D6)
K, +K =k,

where

o) 5o ()2 o

Here, J, and J; are the first and second-order Bessel functions,
respectively.

In the WKB representation, the fluctuation part of the gyroki-
netic Poisson’s equation in Eq. (C15) and that of the gyrokinetic
Ampere’s law in Eq. (C16) are given by

~ 2nB ~  0fa
K ¢y, :4nZeg[d£’£duZ i |:a¢kl oo

ALY

~ 1 Ofao

(qbkL AHkJ 7]0(kLW/Qa)<l//a>§kl) E 6#

Tk W/Q»ﬁah] (0®)
and

I 4n J 2nB
A - a c YT
KAk = zﬂ:e e dﬂg;ImﬂU'

X {Ub{ea ((/A)kL — %ZHM _]O(kLW/Qa)OZu)‘ka)

1 8qu b x kL
B ou 1

x WJ1<kLW/Qa>{—ea<$a> +EukLH, (D9)

respectively. The component of Eq. (D9) in the direction parallel to
the background magnetic field is written as

T Jolk W/Qu)R akl} i

10f
kL B Ay

1 A, :—Zeajd(g’ 'y 227131|

o=*1

1of
B du

X (d)kL A\lkL —Jo(kL W/Qu) (Y a)cfkl)
Tk W/Q)hy, | (D10)

where /A\Hki = Xh -b. Taking the inner product of Eq. (D9) and
—ib x k, /k, gives

ARTICLE scitation.org/journal/php

~ 2nB
—k By, = —Zeajdé" Y pTRT

o=*1

< Wk W /2 (B

where ﬁl‘kL =i(k, x Ay, )-b. It is found from the inner product
of Egq. (D9) and k; that the Coulomb gauge condition,
k; - Ax, =0, holds. Equations (D8), (D10), and (D11) agree with
the gyrokinetic Poisson and Ampére equations derived in earlier
works””** using the WKB representation.

+hukl> (Dll)
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