AlP

Publishing

ATEQ: Adaptive Toroidal Equilibrium code

Linjin Zheng,”* M. T. Kotschenreuther,” F. L. Waelbroeck,” and Y. Todo?
9 Institute for Fusion Studies, University of Texas at Austin, Austin, TX 78712
Y National Institute for Fusion Science,

National Institutes of Natural Sciences, Toki, Gifu 509-5292, Japan
(Dated: June 8, 2022)

Abstract

A radially adaptive numerical scheme is developed to solve the Grad-Shafranov equation for
axisymmetric magnetohydrodynamic equilibrium. A decomposition with independent solutions
is employed in the radial direction and Fourier decomposition is used in the poloidal direction.
The independent solutions are then obtained using an adaptive shooting scheme together with
the multi-region matching technique in the radial direction. Accordingly, the Adaptive Toroidal
Equilibrium (ATEQ) code is constructed for axisymmetric equilibrium studies. The adaptive
numerical scheme in the radial direction improves considerably the accuracy of the equilibrium
solution. The decomposition with independent solutions effectively reduces the matrix size in
solving the magnetohydrodynamic equilibrium problem. The reduction of the matrix size is about
an order of magnitude as compared with the conventional radially grid-based numerical schemes.
Also, in this ATEQ numerical scheme, no matter how accuracy in the radial direction is imposed,
the size of the matrices basically does not change. The small matrix size scheme gives ATEQ more
flexibility to address the requirement of the number of Fourier components in the poloidal direction
in the tough equilibrium problems. These two unique features, the adaptive shooting and small

matrix size, make ATEQ useful to improve tokamak equilibrium solutions.
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I. INTRODUCTION

Solving the magnetohydrodynamic (MHD) equilibrium problem is fundamental in plasma
physics and plays an essential role, in particular, in the magnetic confinement approach to
fusion. In axisymmetric geometries, the equilibrium problem is reduced to solving the Grad-
Shafranov equation [1, 2]. Since this equation is nonlinear, a numerical solution is necessary
in general. In advanced tokamaks [3], two circumstances conspire to make the solution of the
Grad-Shafranov equation particularly challenging. First, advanced tokamaks rely on broad
current distributions to increase 3, the ratio of kinetic to magnetic pressure. This leads to
a current profile peak near the edge and to the sensitivity of the stability limit to details in
the geometry of the plasma edge. Second, they rely on the H-mode for confinement. The
pressure gradients in H-mode drive localized, peaked bootstrap currents near the edge that
add to the difficulty in two ways, first by increasing the stiffness of the Grad-Shafranov
problem and second by increasing the accuracy needed to calculate the stability of Edge
Localized Modes (ELM) [4] as well as Resistive Wall Modes (RWM) [5].

Great efforts have been made previously to develop numerical solvers for the Grad-
Shafranov equation. The applications for these numerical solvers are diverse, ranging from
the interpretation of experimental observations [6, 7] to the design of operation scenarios
[8], real-time control of experiments [7, 9, 10], the analysis of the stability and transport
properties of various configurations [11], and the optimization of machine designs [3, 12].
The diversity of the applications leads to different requirements regarding properties of the
algorithm such as speed, accuracy, stability, and flexibility. These different requirements
are partly responsible for the multiplicity of solution strategies. The 1991 review article
by Takeda and Tokuda [13] describes early codes including J-Solver [14], VMEC [15], TOQ
[16], and others [17]-[20]. Subsequent efforts led to the development of the codes CHEASE
[21], CORSICA [22], and EFIT [6]. Refs. [23]-[34] describe further works. As reviewed in
[13], the methods for solving the Grad-Shafranov equation are categorized into two types:
the Eulerian or “direct,” and the Lagrangian or “inverse” numerical schemes. The finite
difference, finite element, and Fourier decomposition methods are employed to discretize the
equation. In all cases, iteration is used to handle the nonlinearity.

Despite the great successes achieved with the existing codes in various scenarios, chal-

lenges remain for solving the equilibrium problem, especially for the cases with high beta,
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strong shaping, and diverter geometries that give rise to separatrices. The need for adaptive
solvers was realized a long time ago. It has, for example, led to the development of the
VMEC code for 3D equilibria [15]. Later, the edge equilibrium code (EEC) was developed
in order to address the numerical challenges pertaining to the tokamak edge equilibrium
problem [35].

In this work, we introduce a new adaptive numerical scheme to solve the Grad-Schafranov
equation and describe its implementation in the ATEQ (Adaptive Toroidal EQuilibrium)
code for tokamaks. The code uses a decomposition with independent solutions in the radial
direction and Fourier decomposition in the poloidal direction. It then obtains the indepen-
dent solutions with adaptive shooting together with the multi-region matching technique
in the radial direction. The adaptive numerical scheme in the radial direction improves
considerably the accuracy of the equilibrium solution. The decomposition with independent
solutions effectively reduces the matrix size in solving the magnetohydrodynamic equilib-
rium problem. The adaptive numerical scheme has been successfully used in the linear MHD
and kinetic stability codes, AEGIS [36] and AEGIS-K [37].

In addition to its adaptive nature, the reduction of the matrix size by ATEQ is about an
order of magnitude, as compared to the conventional radially grid-based numerical schemes.
Also, in this ATEQ numerical scheme, no matter how accuracy in the radial direction is
imposed, the size of the matrices basically does not change. Note that all numerical schemes
for solving the Grad-Shafranov equation ultimately reduce to solving matrix equations.
The size of matrices then matters. To achieve high accuracy, especially for tough problems
related to the axis, X-point, or pedestal, etc. one has to increase the grid density in the radial
and poloidal directions in the grid-based codes, or the radial grid density and the number
of poloidal Fourier components in the Fourier-decomposition based codes. The dramatic
reduction of matrix size by ATEQ is important for this research. The Fourier-decomposition
based codes remain to be important tools in this field, for example CORSICA is used for
ITER, VMEC is still popular. The small matrix size scheme gives ATEQ more flexibility to
address the requirement of the number of Fourier components in the poloidal direction for
tough equilibrium problems.

The remainder of this paper is organized as follows: Sec. II introduces the MHD equilib-
rium equations; Sec. III describes the formulation of numerical equations; Sec. IV gives the

numerical procedure and results; Sec. V presents the benchmark studies and comparison
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with the existing equilibrium codes; Lastly, Sec. VI presents the conclusions and discussion.

II. MHD EQUILIBRIUM EQUATIONS

In this section, we describe the MHD equilibrium equations and the goal of this work.
Force balance, Ampére’s law, and the absence of magnetic charge form the basic set of

equations describing the MHD equilibrium for a static plasma (V = 0) [39]:

J x B =Vp, (1)
V x B = g, (2)
V.B-0, 3)

where B is the magnetic field, J represents the current density, p denotes the pressure, g
is the magnetic constant, and boldface denotes the vectors.

The paper addresses axisymmetric toroidal equilibria. For such equilibria it is convenient
to use a cylindrical coordinate system (X, Z, @), where ¢ is the toroidal angle, Z denotes
vertical coordinate, and X is radial coordinate from the toroidal axisymmetric axis on the
¢ = 0 plane. In this coordinate system, the magnetic field in the axisymmetric case can be

represented as [39]:
B = V¢ x Vx+ ¢V, (4)

where x is the poloidal magnetic flux. Both pressure p(x) and ¢(x) are flux functions.
Using the representation in Eq. (4) and equilibrium equations (1)-(3), one can derive the

so-called Grad-Shafranov equation [1, 2].

\%
XV = —nX — g, (5)

where prime denotes the derivative with respect to the poloidal flux xy. The MHD equilibrium
is fully determined by .

The two free functions p(x) and g(x) need to be specified to determine x from Eq. (5).
In practice, one usually specify p and ¢ as the functions of normalized flux ¥ = x/xa, Where
Xa is the poloidal flux at the edge or on the last closed flux surface and the poloidal flux is

assumed to be zero at the magnetic axis.
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The goal of the present paper is to lay out a new numerical scheme to solve Eq. (5) and
describe the ATEQ code that implements this scheme. The paper restricts attention to the
fixed boundary problem, i.e., solving Eq. (5) with the plasma boundary specified. We defer

consideration of the free boundary problem to future work.

III. FORMULATION OF NUMERICAL EQUATIONS

In this section, we describe the numerical scheme to solve the Grad-Shafranov equation
(5) with the fixed boundary condition. We begin by describing the decomposition of the
Grad-Shafranov equation before giving the computation of the metric parameters. We then
describe the iteration scheme and boundary conditions. We conclude this section with the
description of the numerical scheme to solve the equilibrium equations with the independent
solution decomposition in the radial direction and the Fourier decomposition in the poloidal

direction.

A. Decomposition of the Grad-Shafranov equation

In this subsection, we introduce the radial, poloidal, and toroidal coordinates and project
the Grad-Shafranov equation onto this coordinate system. We then use Fourier decomposi-
tion to decompose the equations.

To solve the Grad-Shafranov equation, we introduce the coordinate system (¢, 8, ¢), with
1 labelling the radial grids and 6 being the poloidal angle. The coordinates ¢ and 6 is

general, only requiring that the Jacobian

1
J = Vi x VO - V¢
remains finite. In this coordinate system one can obtain
1o, 1oy 10x
XV T XV X V!
= A1Vl x Vo + A Vo x Vi,
where
10x , 1 0x
A =
1 X2 aw“ﬂW' —l—X2 20 IV - Vo, (6)
1 0x 1 0x 5
Ay = <2 aij V0+X2 20 TV .



AlP

Publishing

Therefore, one has

Vx C0A, 04,
Ve = e

04,

_ oA aX L 2
= 9 +M( ALE V@) 90 M{X2J|V9|}Mx.

Here, we have denoted % = iM with M being the matrix specifying the poloidal Fourier
numbers, since the Fourier decomposition with § will be introduced later on. Using this
decomposition the Grad-Schafranov equation (5) can be reduced to the set of first order

differential equations:

8,
ﬁ = Fux + FizAy, (7)
0A
871; = Foyx + FeA1 + S, (8)
where
_ _.Vw - Vo
Fll(w79) - ? ‘V¢|2 M7
X2
Fiy(,0) = W7
_ Vi - Vo
Fy(¢,0) = J\V0| M — M 5 IV - \V1/J|2 —_M
X2
Fy(v,0) = sz va V0J|V1/J|2’
1 J
S(1,0) = - ( Jpx—ﬁggx)-

To solve the set of equilibrium equations, Eqs. (7) and (8), the following Fourier decom-

positions are introduced,

X Momaz Xm

A Ay | exp{imb}. 9
1 WW;W 1 {imo} 9)

S Sm

Here, M,,q, represents the maximum Fourier component to be used. Introducing the Fourier
decomposition in Eq. (9) the set of equations (7) and (8) becomes the set of matrix equations

with the coefficients becoming the maxtrices as defined as follows
1 " i(m/—m)6
Ejmzm’ = % . dQE](’(l), 9)6 .

6
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Note that for the non-up-down symmetric system the Fourier components are complex. The

set of matrix equations in complex can be written as

o0 [ x) Fir Fiz X\ _ 0 . (10)
ov \ A For Fo) \As s
Here, x and A; are the vectors in the Fourier space with the total components M = 2m,,,4.+1
for each and F;; are the matrices with dimension M x M. Therefore, Eq. (10) represents a

set of 2M differential equations. The matrix equation, Eq. (10), can be rewritten concisely

as follows

Ou
%f}'u:s(u), (11)

where the source term s is usually a nonlinear function of u.

B. Computation of the metric parameters

In this subsection, we describe how the matrix F is computed in the ATEQ code. This
is related to the determination of the metric parameters, such as |V|2, Vi) - V0, etc.
As in the PEST code [40], we introduce the polar coordinates to compute the metric

parameters:
S, = %+ 22,
© = arctan(z/z),
where x = X — X and z = Z with X being the major radius at the magnetic axis locating

at Z = 0. Noting that, since X (¢,0) and Z(v,0) are given when introducing the (¢, 6)

grids, one can also determine S, (1, 0) and O(1, #). Consequently, one can derive both

os.0) _ (B n) L as.e)_ (%%
oX.2) ~ 20 o ow.0) ~ \ 2 o

Using these results one can compute the metric parameters in the (S,,©,¢) coordinate

system.
We first work on the Jacobian J. Note that
1
J = Vi x VO -V
_ X ’0()(7 Z)’
o Jewe | T 0@, 0) |
[Zen] (0.0)

7



Note further that

?)

a(5,,0)  0(5,0)0(X,2) and a2(5,,0)|
o(,0) — 9(X,Z) 9(¢,0) AX.2)|
One obtains the Jacobian expression in the polar coodinates
X, 2)| _ X |9(5,,0)
- X -
7= x[555) =250
Next, we work on other metric parameters. By straightforward reduction one can obtain
o(w.6) _ 90,0) 9(S,0)
aX,z) oS, @) 8( )
_ 9(5.6)
B a(X, Z)
X f’ér/QS +285 —2%r /28, 4+ 257
- J —2%55 /28, — a5y 2% /25, — 255
where it has been noted that
-1
B\ x (% %
20 090 27 | _oe as. |-
o 00 dz/) o
Noting further that
|V1/)\2 — %% %%
C0X0X 0207
00 00 06 00
2 _ Y A
VO = 5xox Yozoz
O 00 0y 00
VOV = 9xox Tazoz

one obtains

. (X 2T 95, 2 20 27
Vol = (j) s \ae) T \ae) |
. E 2 [ a8, 2 @ 2]

Iver™ = (J) 4&(%) 5\ aw
X\%[ 1 88,08, 90 00
Vi Ve = (7) IS 0000 ov o)

Using the toroidal symmetry property, we can also find that

Vo[ = Vi - Vo =0,

X2’

and V6@ -V¢ = 0.

The expressions of metric parameters given above can be used to compute the matrix F

and the vector s in Eq. (11).
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C. [Iteration scheme and boundary conditions

With the computation of metric parameters given in the last subsection, we describe the
iteration scheme to solve the Grad-Shafranov equation with proper boundary conditions.

Since the equation, Eq. (11), are nonlinear, an iteration process is necessary. One can
follow the usual iteration scheme to get the converged solution:

8u(n+1)

— FutD — (n)
90 Fu s(u'™). (12)

Here, n denotes the iteration step.
Equation (12) is a set of inhomogeneous differential equations of first order. Its general

solutions at step n + 1 can be expressed as

2M
u = E cpuf 4 v, (13)
k=1
1 -k tl 1 tants to be determined by the I 1: {iti k
where ¢ are 1€ COIIlp ex constants to be determinec )y 1€ bounc dI"y condil IOIIS7 u" are

the independent solutions to the homogeneous equations and u® is the specific solution to
take into account the source term s on the right hand side of Eq. (12). For brevity, the step
index n has been dropped.

Since the number of equations is 2M, the solutions are completely determined by the M
boundary conditions in complex at the magnetic axis and M boundary conditions in complex
at plasma edge x,. The boundary conditions at plasma edge x, are specified by the given
shape of the last closed flux surface in the fixed boundary value problem. The boundary
conditions at the magnetic axis are just the requirement that the independent solutions are
“small” in terms of the terminology of differential equation theory. The “large” solution
causes the system energy to diverge, while the “small” solution is square-integrable with
respect to the energy integral. Near the magnetic axis, the homogeneous part of the Grad-
Shafranov equation can be approximated by the cylinder model. In this limit the solutions

are as follows [39]:

Xom = Qo™ 4+ by for m 0,

Xo=  ao+bolnr, for m =0,

where r is the minor radius and a,, and b,,, are constants. Therefore, the boundary conditions
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for small solutions are simply b,, = 0. This yields

D/ r = |mlrI™=t, for m #0, (14)
X7n

dxo/dr = 0, for m = 0. (15)
Xo

The boundary conditions for A;,, can be obtained using the definition of A; in Eq. (6).
Note that the general solution to the set of differential equations is the summation of

homogeneous solutions and specific solution and the boundary conditions are satisfied by

the constants ¢, tied to the homogeneous solutions. Therefore, the boundary conditions for

specific solution are arbitrary.

D. Solution of equilibrium equations

The principle to solve Eq. (12) is laid out in subsection III C. The actual implementation
is more complicated. One needs to divide multiple regions in the radial direction and then
match the solutions in the individual regions to get the global solution. In this subsection,
we will outline the actual numerical process in the ATEQ code to solve the Grad-Shafranov
equation.

The M boundary conditions at the magnetic axis in Egs. (14) and (15) can be used to
eliminate M independent solutions by shooting outwardly with the boundary conditions at
the axis as the initial conditions. There are only M independent solutions u” left as a result.
In principle, the remaining M constants ¢, can be determined by the other M boundary
conditions at the plasma edge, while the specific solution u® can be also determined by
the numerical shooting with the boundary condition at the magnetic axis u®*(0) = 0. The
procedure looks straightforward. However, this straightforward procedure to shoot all the
way from the axis to the edge usually does not work due to the numerical pollution of large
solutions. One has to divide the whole region into multiple regions and then match the
solutions in the individual regions to get the global solutions. A similar numerical scheme
has been successfully used in the MHD stability code AEGIS code [36].

Suppose there are L regions with their boundaries labeled respectively as o (I =
0,1,2,---, L), where ¢y and ¢, represent respectively the magnetic axis and the last closed
flux surface. For the first region, one can shoot from 1y with the boundary conditions at the

magnetic axis to get M independent solutions. The M independent solutions at the other end

10
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1y are used the construct the independent solution matrix: UX>M = (ul,---  uM),_y,.
Here, the left superscript indicates the region and the right superscript 2M x M represents
“the number of Fourier components” x “the number of independent solutions”. For the last
region, one can shoot inwardly with the boundary conditions at vy, i.e., by specifying x at
the edge, to get M independent solutions. Likewise, the M independent solutions can be
used to form the independent solution matrix at the other end ¢y _y: LUM*2 . Here, the
subscript “inward” has been introduced to indicate the shooting in the last region is made
inwardly. For the internal regions (I = 2,---, L — 1) there are 2M independent solutions in
each region. To construct the independent solutions in these regions, for example, region
[, one can obtain the 20 independent solutions by specifying the independent boundary
conditions at the lower end ;_; and shooting upwardly. The 2M independent boundary
conditions at the lower end can be simply the 2M columns in the identity matrix: Z2M>2M
The 2M independent solutions at the upper end of each internal region can be used to form
the independent solution matrices: ‘U2M>2M

Similarly, one can construct the specific solution vectors. In difference from the homoge-

lSZMxl

neous solutions, there is only one set of solutions with 2M elements in each region.

They can be obtained by specifying the initial conditions at the lower end as the null vector
02M*1 (vector with all elements being zero) and shooting to the upper end, except the last
region, The inward shooting is carried out in the last region.

With the independent solution matrices and the specific solution vectors in each region
obtained, one can match them to obtain the global solutions. There are L — 1 regional
interfaces and on each interface there are 2M matching conditions. Note that, since the
boundary conditions at axis and plasma edge have been applied, only M constants in each
of these two regions remain to be determined. They are represented in vectors of M rows:
1aMx1

c and

which are denoted as {c?*! (] = 2,... L —1). Therefore, The 2M (L — 1) matching

LeMx1 Tn the internal regions, however, there are 2M constants in each region,

conditions determine fully the constants ‘c™, where | = 1,2,---,L and M; = M; = M,

11



M; =2M for l # 1 and L. The matching conditions can be expressed as follows

2M(L—1)x1 2M(L—1)x1
lCMXl _1S21\/1><1
2c2M><1 _252]\1><1
y - : , (16)
— _9 2Mx1
L-1G2Mx1 _L-2g
L .Mx1 L.2Mx1 L—1.2Mx1
c inward S
where
IM(L-1)x2M (L—1)
12MXM _2Mx2M  2Mx2M . (2MxM 02MxM 02Mx M
OQMX]VI QMQZVIXQIW _IQ]VIXQ]W . OQ]WX]\;T OQJVIX]W OQMX]VI
02M XM o (2Mx2M | L-2p2Mx2M _L-172Mx2M  (2MxM
2M x M 2M x2M 2M x M L—17 s2M x2M Ly j2M x M
0 e 0 e 0 u - Z/{inward

Matrix ) is a band matrix. By inverting it one can obtain the solution of Eq. (16)

2M(L—1)x1 2M(L—-1)x1

1.Mx1 12M x1

C —'8

262Mx1 _2g2Mx1

-1
=Y , (17)

— _9 2Mx1
L ICZMXI _L 2S

L .Mx1 L. .2Mx1 L—1.2Mx1

c inward S

With the constants obtained from Eq. (17), the solutions in each region are then simply

M,
=Yl b e, (=1 L), (18)

k=1
These give the numerical scheme being implemented in the ATEQ code to solve the Grad-

Shafranov equation.

IV. NUMERICAL PROCEDURE AND RESULTS

In this section, we describe how to implement the numerical scheme in section III. This
leads to the development of ATEQ code. The computational flow chart of ATEQ is given

in Fig. 1. To be more specific to describe the computational flow, we use an ITER-like

12
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equilibrium as an example. The major radius 6.2 m, minor radius 2 m, elongation 1.78,
triangularity 0.4, the vacuum magnetic field at the geometric center of plasma column is
6 T, the total current 15.9 MA, and the volume average beta value is 3.371%. Figure 2
shows the cross section with the “a” part showing the initial grid setup and the “b” part
showing the magnetic surfaces computed by the ATEQ code. The case will also be used for
the benchmark studies with the TOQ code. Further details about the equilibrium will be
described there.

First, one needs to set up radial and poloidal grids (¢,60) as shown in Fig. 2a. The
grids are constructed to surround the magnetic axis (Zagis, Zazis). DBecause the magnetic
axis is unknown beforehand, iteration is needed. The value of the previous step (n) is used
to construct the grids to advance to the next step n + 1. Following the iteration scheme
in Eq. (12), the source term on the right hand side of Eq. (12) is evaluated by using the
solution for poloidal flux u™ (), ™) in the previous step. Note that the pressure and
current profiles are prescribed by the normalized poloidal flux. The total poloidal flux y,
needs also to be determined iteratively. At the first step, the quantities at the previous
step are prescribed by initial guessing. The matrices F and s can then be computed with
previous step grids as described in subsection III B. Using the splines the matrices F and s
are made to be radially continuous functions.

Here, it is noted that the proper choice of initial (1, #) grids can affect how many Fourier
components are required. For the usual equilibria without X points included the choice is
rather arbitrary, i.e., a wide range of grid choices can work well. For the equilibria with X
points included proper choice of initial grids is important. In the ATEQ code, the initial
grids are specified as follows. First, the grids with ellipticity & and triangularity 0 are set

up inside the specified plasma-vacuum boundary according to the formula

X = Zupis +7(cosf — Jsin0), (19)

7 = Zgwis + krsin (20)

with 7 = [(X — Zawis)? + (Z — Zawis)?]'/?. Here, k and & can be polynomial functions of .
This means that one can adjust the ellipticity and triangularity from the axis to the outmost
surface. In most cases, the linear dependence is sufficient. Next, the difference between
the specified plasma boundary and the outmost surface given by Eqgs. (19) and (20) are
distributed radially. The distribution can be adjusted through an exponential multiplier of

13
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1. Also, the 1 grids can be packed near the axis and boundary. In our experience, with these
flexibilities, roughly 100 Fourier sidebands are sufficient to get a good equilibrium solution
with X points included. It is using this type of initial grid setting that the Solovév solution
with X points to be described later is reproduced numerically. There is always a possibility
to use the (¢, 6) solution at step n for the grids at step n + 1. Nevertheless, it can only be
used if the solution at step n is sufficiently smooth and well-behaved.

Next, the whole radial domain is split into L regions. As described in subsection IIID,
adaptive shooting is implemented to get the independent solution matrices in each region.
By solving for {c™ using Eq. (17), one can construct the global solution through Eq. (18). At
this step, we first check if the magnetic axis (Tazis, Zazis) and total poloidal flux x, converge.
Usually, total poloidal flux converges in one or two steps, using the following formula for

prediction

X((171,+2) _ XEZH»])XE:L)

Instead, to find the magnetic axis (Zguis, Zazis) One needs a few iterations. The code shoots
outwardly from the assumed magnetic axis (Zagis, Zazis). After achieving the solution,
the minimum of poloidal flux x is determined. The location of this minimum is used as
(Zawiss Zazis) for the shooting in the next step. This process is repeated until the starting
(Zaziss Zawis) Mmatches the location of the xy minimum computed to a required accuracy.

Figure 3 shows the iteration process for determining the magnetic axis to get the final
solution in Fig. 2b. The dashed curve in Fig. 3a shows the poloidal magnetic flux on the
mid-plane computed with a guess value of magnetic axis in an earlier step. By searching for
the minimum of the poloidal flux, a new magnetic axis location is found as shown by the
solid vertical line. It is iterated until the magnetic axis coordinates (Zquis, Zazis) converge.
Figure 3b shows the converged result. Because the iteration for magnetic axis and the
iteration for the overall solution of poloidal magnetic flux are implemented simultaneously,
the overall solution is often converged as the axis searching converges. The requirement for
the number of poloidal Fourier components is also verified. The example shown in Fig. 2
uses 50 sidebands.

With the magnetic axis (Zazis, Zazis) and total poloidal flux y, being converged, one can
further iterate to get the converged solution x(1,6). With this solution, one can obtain

the numerical solution for the poloidal magnetic flux x (X, Z). The magnetic surfaces with

14
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Xx(X, Z) = const are plotted in Fig. 2b.

V. BENCHMARK STUDIES AND COMPARISON WITH EXISTING CODES

This section describes the benchmark studies. We begin with the analytical Solovév equi-
librium with the X points included [41]. Next, the comparison with the existing numerical
equilibrium code TOQ [16] is detailed. We also build a backward substitution module to
double check the numerical equilibrium solutions. It simply substitutes the solution x (X, Z)
back into the Grad-Shafranov equation to check if the equation is satisfied to a sufficient
accuracy.

The benchmark with the Solovév solution is not a trivial task. This is because the
X-points are present in the Solovév equilibrium. The equilibrium computation with the
X-points included is challenging because much more Fourier components are needed. The

analytical Solovév solution is given as follows

1
XSolover = (ng + CoX2) 7+ g(u —c)(X? = X2, (21)

DN =

where the parameters are given as follows in the benchmark studies: X, = 10, a = 1,
b= —0.83, and ¢y = 0.92. This solution corresponds to the pressure and poloidal current

flux profiles given as follows
—p=a and —gg/XZ=0. (22)

As pointed out in Ref. [41], the second-order solution in Eq. (21) is actually an exact solution
of the Grad-Shafranov equation.

The numerical procedure for the benchmark studies to the analytical Solovév equilibrium
solution is as follows. From the Solovév solution in Eq. (21) one can determine the last closed
flux surface. The last closed flux surface is then used as the plasma boundary condition in
the ATEQ code. The same pressure and poloidal current flux profiles as given in Eq. (22)
are used to compute the numerical solution x(X, Z) with the ATEQ code. The solution is
then compared with the analytical Solovév solution in Eq. (21).

Figure 4a gives the initial (¢, 0) grids and Fig. 4b shows the converged magnetic flux
surfaces computed by the ATEQ code. The number of Fourier sidebands is 102. The process

just follows the chart given in Fig. 1. The numerical results agree well with the analytical

15
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solution in Eq. (21). To show the agreement, the poloidal magnetic flux at the mid-plane
on the low field side both from the analytical solution in Eq. (21) (solid curve) and from the
computational result by ATEQ (dashed curve) are plotted in Fig. 5. Two curves completely
overlap, although the initial guessing as shown in Fig. 4a deviates dramatically from the
actual solution in Fig. 4b in the ATEQ computation.

Comparisons with the existing equilibrium codes are also performed. Here, we describe
a benchmark example with the TOQ equilibrium code [16]. A typical case is described as
follows. A TOQ sample initiation file with equiltype =" f fprime’ is taken. To be more
specific to compare with TOQ), here the same numerical parameter notations as in the TOQ
manual are used to describe the equilibrium parameters. The shape of boundary type is

specified by ishape = 2, which is described as follows:

X = rzero + rmax * (cos 0 — xshape  sin® ),

Z = eshape * rmaz * sin 0, (23)

where the basic parameters are specified as follows: The major radius rzero = 6.2 m, the
minor radius rmax = 2 m, the elongagtion eshape = 1.78, and the triangularity zshape =
0.4. This leads the equilibrium cross section to be given in Fig. 2.

The pressure gradient (p’) and poloidal current flux parameter (gg’) profiles are specified,

respectively, by setting modelp = 3 and model f = 1, which are described as follows:

po=1-04x+04%%* — 3, (24)

99 = 1-x. (25)

Note here that the profiles are specified with the normalized poloidal magnetic flux y,
varying from 0 to 1 from the magnetic axis to plasma boundary. The tolerance is set to
be toleq = 1072 in the TOQ iteration with successively increasing grid densities. Here, we
have used the nonlinear pressure profile in Eq. (24), which is different from the TOQ sample
initiation file, in order to avoid the linear profile case considered in the Solovév case. The
pressure and poloidal current flux profiles are given in Fig. 6 with respect to the minor
radius on the outer vertical mid-plane. Although the p’ and gg’ are the same as specified
in Egs. (24) and (25) for TOQ and ATEQ codes, the pressure (p) and poloidal current
flux (g) profiles can be slightly different since they are given in the minor radius, instead

of the normalized poloidal flux. The slight difference of poloidal magnetic flux solution as

16



AlP

Publishing

discussed later can cause the difference. The volume average beta is 3.371%, the normalized
beta is 2.54, and I; = 0.730 in this equilibrium.

Figure 2b shows the equilibrium magnetic flux surfaces by the ATEQ code. The slight
difference between TOQ and ATEQ results is not perceivable in the flux surface plot. Figure
7 is introduced to show the poloidal magnetic flux x and the safety factor ¢ versus the minor
radius, which are computed, respectively, by the TOQ (red) and ATEQ (blue) codes. One
can see that both x and ¢ solutions agree rather well. The slight difference results from
the different accuracies for TOQ and ATEQ codes as discussed later on in the backward
substitution check. Note that the red (TOQ) and blue (ATEQ) curves in Figs. 6 and
7 terminate roughly at the same minor radius. This indicates that the Shafranov shifts
computed by the two codes agree.

In passing, it is pointed out that the region number L is about 30 — 40 to recover the
Solovév solution. For the case without X points, the required number L is less. It usually
does not work if L = 1, i.e., shooting all the way from the axis to the plasma edge. Some
Fourier components become extremely larger, while some others are very small. This feature
makes the final matching matrix at the edge in poor condition. The multiple region matching
solves the difficulty. Because the matrix size in ATEQ is determined by the number of
regions, instead of the radial grid points, and the number of regions is much less than the
grid points, adding some more regions does not cause many difficulties.

To further check the computation results, we implement the backward substitution check
both for TOQ and ATEQ. In this checking procedure, the numerical solution y is substituted
back to the Grad-Shafronov equation, Eq. (5), to compute the relative errors at each grid
point. Because the y is determined, p and g become one dimensional. The solution (x,6)
are used as the coordinates for checking. The 5 point differential scheme is used to evaluate
the derivatives. This check is done surface by surface. The relative error for each grid
point is defined by the difference between the left and right values divided by the larger
one between them. The surface-averaged relative errors are plotted in Fig. 8 versus the
normalized magnetic flux. Because of the adaptive numerical scheme, high accuracy or
low relative error is achieved by the ATEQ calculation. For TOQ computation, a very
low tolerance toleqg = 107° has actually been imposed. The TOQ code does exit with the
converged results. The convergence criterion in the TOQ code is based on the comparison

between two consecutive steps, instead of the backward substitution check as in the ATEQ
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code. This explains the larger surface-averaged relative error as compared to the ATEQ
code in the backward substitution check. We especially want to emphasize that this does
not necessarily imply that TOQ is not good, but only shows that different convergence
criteria can yield different solutions. If TOQ used the backward substitution method to
determine the convergence, TOQ could possibly also get good results. Also, the ATEQ
code is based on an adaptive numerical scheme. Better convergence can be expected. The
backward substitution check of ATEQ results further verifies its numerical procedure.

We also performed checks with other codes, for example, VMEC and EFIT. ATEQ
achieves satisfactory results, generally giving better convergence in the backward substi-
tution check. The backward substitution method thus confirms the validity of the ATEQ

code.

VI. CONCLUSIONS AND DISCUSSION

We have presented a new, radially adaptive numerical scheme that solves the Grad-
Shafranov equation for axisymmetric MHD equilibrium. This numerical scheme represents
the solution through a sum in terms of independent solutions in the radial direction and
Fourier decomposition in the poloidal direction. It computes the independent solutions
using an adaptive shooting scheme together with the multi-region matching technique in
the radial direction. The adaptive numerical scheme improves considerably the accuracy
of the equilibrium solution. We named the implementation of this scheme the Adaptive
Toroidal EQuilibrium code (ATEQ).

The decomposition with independent solutions effectively reduces the matrix size for solv-
ing the magnetohydrodynamic equilibrium problem, as compared with numerical schemes
based on a fixed radial grid. The adaptive numerical scheme is expected to be especially
helpful to deal with stiff equilibrium problems. Our results also indicate that the backward
substitution method can be necessary to obtain a reliable equilibrium solution.

Let us here further discuss the unique features of the ATEQ numerical scheme. The
numerical methods for solving the Grad-Shafranov equation ultimately reduce the problem
to solve the matrix equations. The matrix size then matters and reducing the matrix size in
discretizing the Grad-Shafranov equation is important. In the grid-based numerical schemes

both in the radial and poloidal directions (finite difference or finite element), the size of the
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matrix is N, x N;. Here, N, and N, are respectively the numbers of grids in the radial and
poloidal directions. In the numerical scheme based on the poloidal Fourier decomposition,
the matrix size is NV, x Ny. Here, Ny is the number of the poloidal Fourier components. To
achieve high accuracy, especially for tough problems related to the axis, X-point, or pedestal,
etc. one has to increase the N, and N; (or Ny). Consequently, the size of the matrices
becomes large and the matriices become hard to deal with numerically. In the ATEQ
numerical scheme, the radial direction is split into L regions with each region addressed by
the adaptive shooting of independent solutions. It reduces the radial N, grid problem into a
L region matching problem. This cuts down the N, x N; (or N, x Ny) matrix problem in the
conventional numerical schemes into a L X Nj,qep problem in the ATEQ numerical scheme.
Here, the number of regions L is about a few 10s and Nj,qep is the number of independent
solutions, which is of the same order as Ny. The reduction of the matrix size is by the
factor L/N,, which is about an order of magnitude, as compared with the conventional
radially grid-based numerical schemes. Also, in this ATEQ numerical scheme, no matter
how accuracy in the radial direction is imposed, the size of the matrices basically does
not change. Such an improvement in the order of magnitude rarely happens. It therefore
represents a significant development in this research.

The equilibrium problem is a little bit different from the stability one. If one uses the
exact flux solution as the radial grids, only a single Fourier component for the magnetic
flux x is required because it is constant on the surfaces. Therefore, the required number
of the Fourier components, Ny, in principle can be somewhat optimized by setting proper
radial grids. Since the matrix size is reduced in the radial direction in ATEQ, one has more
flexibility to increase the umber of poloidal Fourier components if it is required. This is
a distinct feature of ATEQ as compared to the conventional Fourier decomposition based
codes. This improvement is useful.

It is realized in this field that a good numerical equilibrium solution near the axis and
plasma boundary in the presence of the X points is critical. It is a challenging issue for
decades. As cited in the introduction, several efforts have been made. Our work provides
another possible solution. To directly compare with other codes to treat the X point equilib-
rium problem will be our next task. This may require close collaboration with other teams.
Equilibrium codes often need certain specific procedure to execute them. Using the back-

ward substitution method we found that the equilibrium accuracy varies a lot even with the
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same code. That’s why we're wary of doing code-to-code comparisons directly without the
other party involved. Each code may have their own particular features. We have compared
with TOQ since the example file is in the public domain. Even in this case, we have provided
additional clarifications. But, one thing we can do is to compare with the Solovév analytical
solution in the presence of X points. If not at all, rather few codes have been published with
such a comparison as justification. This shows the capacity of ATEQ numerical scheme and
code.

This research is supported by the U. S. Department of Energy, Office of Fusion Energy
Science under Grant No. DE-FG02-04ER54742 and the US-Japan Joint Institute for Fusion
Theory (JIFT) collaboration program
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Figure captions:

Fig. 1: Computational flow chart of the ATEQ code.

Fig. 2: Equilibrium results for the ITER-geometry-like case. a) The initial (¢, ) grids;
b) The converged magnetic flux surfaces.

Fig. 3: The iteration process to determine the magnetic axis. a) The initial guessing; b)
The converged result. Dashed curves indicate the poloidal flux and the vertical solid lines
indicate the proposed magnetic axis at the respective iteration step.

Fig. 4: Equilibrium results for Solovév solution. a) The initial (¢,6) grids; b) The
converged magnetic flux surfaces.

Fig. 5: The poloidal magnetic flux at mid-plane on the low field side both from the
analytical Solovév solution in Eq. (21) (solid curve) and the ATEQ computational result
(dashed curve). Two curves completely overlap.

Fig. 6: The equilibrium pressure and poloidal current flux profiles versus the minor radius
on the outer mid-plane for the benchmark case between TOQ (red) and ATEQ (blue).

Fig. 7: The equilibrium poloidal magnetic flux y and safety factor profiles versus the
minor radius on the outer mid-plane for the benchmark case as computed by TOQ (red)
and ATEQ (blue).

Fig. 8: The surface-averaged relative errors versus the normalized magnetic flux with
the backward substitution check, respectively, for TOQ (red) and ATEQ (blue) numerical

results.
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