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Effects of collisions on conservation laws for toroidal plasmas are investigated based on the

gyrokinetic field theory. Associating the collisional system with a corresponding collisionless

system at a given time such that the two systems have the same distribution functions and

electromagnetic fields instantaneously, it is shown how the collisionless conservation laws derived

from Noether’s theorem are modified by the collision term. Effects of the external source term

added into the gyrokinetic equation can be formulated similarly with the collisional effects.

Particle, energy, and toroidal momentum balance equations including collisional and turbulent

transport fluxes are systematically derived using a novel gyrokinetic collision operator, by which

the collisional change rates of energy and canonical toroidal angular momentum per unit volume in

the gyrocenter space can be given in the conservative forms. The ensemble-averaged transport

equations of particles, energy, and toroidal momentum given in the present work are shown to

include classical, neoclassical, and turbulent transport fluxes which agree with those derived from

conventional recursive formulations. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4928378]

I. INTRODUCTION

Gyrokinetic theories and simulations are powerful means

to investigate microinstabilities and turbulent transport proc-

esses in magnetically confined plasmas.1–4 Originally, gyroki-

netic equations are derived by recursive techniques combined

with the WKB or ballooning representation.5–10 On the other

hand, modern derivations of the gyrokinetic equations are based

on the Lagrangian and/or Hamiltonian formulations,11 in which

conservation laws for the phase-space volume and the magnetic

moment are automatically ensured by Liouville’s theorem and

Noether’s theorem, respectively.12 Besides, conservation of the

total energy and momentum is naturally obtained in the gyroki-

netic field theory, where all governing equations for the distri-

bution functions and the electromagnetic fields are derived

from the Lagrangian which describes the whole system consist-

ing of particles and fields.13–17 A subtle point regarding the

Lagrangian/Hamiltonian gyrokinetic formulations is that they

basically treat collisionless systems so that Noether’s theorem

and conservation laws do not hold directly for collisional sys-

tems. In this paper, we examine how the collision and external

source terms added into the gyrokinetic equations influence the

conservation laws derived from Noether’s theorem in the gyro-

kinetic field theory for collisionless systems.

For a given collisional kinetic system, we can imagine a

corresponding collisionless kinetic system such that the two

systems have the same distribution functions and electromag-

netic fields instantaneously. As an example of two such sys-

tems, the Boltzmann-Poisson-Ampère system and the Vlasov-

Poisson-Ampère system are considered in Sec. II, where we

express the variation of the action integral for the latter colli-

sionless system in terms of the distribution functions and the

electromagnetic fields for the former collisional system to

show how the conservation laws derived from Noether’s

theorem in the collisionless system are modified in the colli-

sional system with external sources of particles, energy, and

momentum. There, we confirm the natural result that, when

adding no external sources but only the collision term that con-

serves the energy and momentum, the energy and momentum

conservation laws for the Boltzmann-Poisson-Ampère system

take the same forms as those for the Vlasov-Poisson-Ampère

system. The above-mentioned procedures are repeated in Sec.

III to treat the collisional and collisionless gyrokinetic systems.

In our previous work,18 using the gyrokinetic Vlasov-Poisson-

Ampère system of equations, conservation laws of particles,

energy, and toroidal angular momentum are obtained for colli-

sionless toroidal plasmas, in which the slow temporal variation

of the background magnetic field is taken into account in order

to enable self-consistent treatment of physical processes on

transport time scales. Based on these results, the particle,

energy, and toroidal angular momentum balance equations for

the collisional plasma are derived from the gyrokinetic

Boltzmann-Poisson-Ampère system of equations in Secs. IV

and V. In Sec. VI, it is shown by taking the ensemble average

of these balance equations that the particle, energy, and toroidal

angular momentum transport fluxes are given by the sum of the

conventional expressions of the classical, neoclassical, and tur-

bulent transport fluxes to the lowest order in the normalized

gyroradius parameter. Conclusions are given in Sec. VII and

formulas for transformation from particle to gyrocenter coordi-

nates are presented in Appendix A.

Regarding the collision operator for the gyrokinetic equa-

tion, several works have been done, which take account of

finite-gyroradius effects to modify the Landau collision opera-

tor defined in the particle coordinates.19–27 The relation of the

collision operator in the gyrocenter coordinates to that in the

particle coordinates is explained in Appendix B. The Landau
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operator for Coulomb collisions conserves particles’ number,

kinetic energy, and momentum locally at the particle position

although, in the gyrocenter position space, collisions induce

transport fluxes of particles, energy, and momentum. Besides,

it is emphasized in this work that the collisional change rates of

the gyrocenter Hamiltonian (which includes not only the ki-

netic energy but also the potential energy) and of the canonical

momentum (instead of the kinetic momentum) per unit volume

in the gyrocenter space should take the conservative (or diver-

gence) forms in order to properly derive the energy and mo-

mentum conservation laws for the collisional gyrokinetic

system. The approximate collision operator which keeps these

conservation properties of the gyrocenter energy and canonical

toroidal angular momentum is shown in Appendix C [It is

noted that another form of the gyrokinetic collision operator,

which satisfies the energy and momentum conservation laws,

has recently been presented by Burby et al.26]. Appendix D is

given to describe how to derive the formula for the toroidal

angular momentum transport flux due to the collision term.

II. BOLTZMANN-POISSON-AMP�ERE SYSTEM

In this section, conservation laws are investigated for the

Boltzmann-Poisson-Ampère system of equations which pro-

vide the basis of approximate description by the collisional

electromagnetic gyrokinetic system of equations for strongly

magnetized plasmas considered in Secs. III–VI. Time evolu-

tion of the distribution function faðx; v; tÞ for particle species

a is described by the Boltzmann kinetic equation

@

@t
þv �rþ ea

ma
E x; tð Þþ

1

c
v�B x; tð Þ

� �
� @
@v

� �
fa x;v; tð Þ

¼Ka x;v; tð Þ; (1)

where Kaðx; v; tÞ denotes the rate of change in the distribu-

tion function fa due to Coulomb collisions, and it may also

include other parts representing external particle, momen-

tum, and/or energy sources if any. The electromagnetic fields

Eðx; tÞ and Bðx; tÞ are written as E ¼ �r/� c�1@A=@t and

B ¼ r� A, where the electrostatic potential / and the vec-

tor potential A are determined by Poisson’s equation,

r2/ðx; tÞ ¼ �4p
X

a

ea

ð
faðx; v; tÞd3v � �4pr; (2)

and Ampère’s law,

r2A x; tð Þ ¼ �
4p
c

jT ; (3)

respectively. Here, the Coulomb (or transverse) gauge condi-

tion r � A ¼ 0 is used and the current density j �P
a eanaua �

P
a ea

Ð
faðx; v; tÞvd3v (or any vector field) is

written as j ¼ jL þ jT , where jL � �ð4pÞ�1r
Ð

d3x0ðr0 � jÞ=
jx� x0j and jT � ð4pÞ�1r� ðr�

Ð
d3x0 j=jx� x0jÞ repre-

sent the longitudinal (or irrotational) and transverse (or solenoi-

dal) parts, respectively.28 Equations (1)–(3) are the governing

equations for the Boltzmann-Poisson-Ampère system.

Suppose that fa, /, and A which satisfy Eqs.

(1)–(3) are given. Then, for the electromagnetic fields

E ¼ �r/ �c�1@A=@t and B ¼ r� A given from / and A,

we consider the distribution function f V
a which is the solution

of the Vlasov equation

@

@t
þv �rþ ea

ma
E x; tð Þþ

1

c
v�B x; tð Þ

� �
� @
@v

� �
f V
a x;v; tð Þ ¼ 0:

(4)

We also assume f V
a to coincide instantaneously with fa at a

given time t0 so that f V
a ðx; v; t0Þ ¼ faðx; v; t0Þ. Therefore,

equations obtained from Eqs. (2) and (3) with fa replaced by

f V
a also hold at t0. In other words, f V

a ; /, and A satisfy the

Vlasov-Poisson-Ampère system of equations at t0. Note that

the Vlasov-Poisson-Ampère system of equations can be

derived from the variational principle using the action I
defined by Eq. (1) in Ref. 29 where its variation dI associ-

ated with infinitesimal transformations of independent and

dependent variables [see Eqs. (10) and (15) in Ref. 29] is

explicitly shown in order to apply Noether’s theorem for

obtaining conservation laws of energy and momentum. Now,

let us use f V
a ; /, and A to define the action integral I over a

small time interval, t0 � h=2 � t � t0 þ h=2, during which

the Vlasov-Poisson-Ampère system of equations are approxi-

mately satisfied by f V
a ; /, and A within the errors of order h.

Then, neglecting the errors of higher order in h, the variation

dI can be written in the same form as in Eq. (15) of Ref. 29,

dI ¼ �
ðt0þh=2

t0�h=2

dt

ð
d3x

@

@t
dGV

0 x; tð Þ þ r � dGV x; tð Þ
� �

; (5)

where dGV
0 and dGV are written as

dGV
0 ðx; tÞ ¼ EV

c dtE � PV
c � dxE;

dGVðx; tÞ ¼ QV
c dtE �PV

c � dxE þ S/ d/� RA � dA: (6)

Here, tE, dxE; d/, and dA represent variations of t, x; /, and

A, respectively, while EV
c ; PV

c ; QV
c ; PV

c , S/, and RA are

defined by

EV
c ¼

X
a

ð
d3v f V

a x; v; tð Þ
1

2
majvj2 þ ea/

� �

þ 1

8p
�jr/j2 þ jBj2
� 	

;

PV
c ¼

X
a

ð
d3v f V

a x; v; tð Þ mavþ ea

c
A

� �
;

QV
c ¼

X
a

ð
d3v f V

a x; v; tð Þ
1

2
majvj2 þ ea/

� �
v

þ 1

4p
@/
@t
r/þ k

c

@A

@t
� @A

@t
� B

� �
;

PV
c ¼

X
a

ð
d3v f V

a x; v; tð Þv mavþ ea

c
A

� �

þ 1

8p
jr/j2 � B2
� 	

Iþ 1

4p
� r/ð Þ r/ð Þ½

þð rAð Þ � rAð ÞTÞ � rAð ÞT � k
c
rAð ÞT

�
;

S/ ¼ �
1

4p
r/; and RA ¼

1

4p
B� Iþ k

c
I

� �
; (7)
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respectively, where the superscript T represents the transpose

of the tensor and I denotes the unit tensor. The field variable

k which appears in Eq. (7) is introduced in Ref. 29 as the

Lagrange undetermined multiplier to derive the Coulomb

gauge condition r � A ¼ 0, and it is shown from Eq. (8) in

Ref. 29 that

r2k ¼ 4pr � j: (8)

Suppose that the variations tE, dxE; d/, and dA are such

that dI ¼ 0 holds for an arbitrary x-integral domain in

Eq. (5). Then, taking the small time interval limit h! þ0 in

Eq. (6), we find that the conservation law,

@

@t
dGV

0 x; tð Þ
� �

t¼t0

þr � dGV x; t0ð Þ ¼ 0; (9)

should be satisfied. This is the so-called “Noether’s theo-

rem.” Recalling that f V
a ðx; v; t0Þ ¼ faðx; v; t0Þ and comparing

Eqs. (1) and (4) at t¼ t0, we have

@f V
a x; v; tð Þ
@t

� �
t¼t0

¼ @fa x; v; tð Þ
@t

� �
t¼t0

�Ka x; v; t0ð Þ: (10)

We now define Ec, Pc, Qc, and Pc from EV
c ; PV

c ; QV
c , and

PV
c , respectively, by replacing f V

a with fa in Eq. (7).

Correspondingly, dG0 and dG are defined from dGV
0 and

dGV by replacing EV
c ; PV

c , QV
c , and PV

c with Ec, Pc, Qc, and

Pc, respectively, in Eq. (7). These definitions immediately

yield dGVðx; t0Þ ¼ dGðx; t0Þ and

@dGV
0 x; tð Þ
@t

� �
t¼t0

¼ @dG0 x; tð Þ
@t

� �
t¼t0

� dKG0 x; t0ð Þ; (11)

where Eq. (10) is used and dKG0 is defined by

dKG0 ¼ KEc dtE �KPc � dxE;

KEc ¼
X

a

ð
d3vKa

1

2
majvj2 þ ea/

� �
;

KPc ¼
X

a

ð
d3vKa mavþ ea

c
A

� �
:

(12)

Substituting Eq. (11) into Eq. (9), we find that the conserva-

tion law is modified for the Boltzmann-Poisson-Ampère

system as

@

@t
dG0 x; tð Þ þ r � dG x; tð Þ ¼ dKG0; (13)

where t0 is rewritten as t because t0 is an arbitrarily chosen

time. Equation (13) shows that dKG0 represents effects of Ka

in Eq. (1) on the conservation law. If Ka is given by the

Coulomb collision term only, dKG0 defined by Eq. (12) van-

ishes because the collision term conserves particles’ number,

momentum, and energy.

Energy and momentum balance equations can be

derived from Eq. (13) using symmetries of the system under

infinitesimal time and space translations as shown later.

Before deriving them, we first consider the equation for the

particle number density na �
Ð

fad3v which is obtained by

taking the velocity-space integral of Eq. (1) as

@na

@t
þr � nauað Þ ¼

ð
Kad3v: (14)

We hereafter assume that
P

a ea

Ð
Kad3v ¼ 0, which means

that the source terms Ka conserve electric charge even ifÐ
Kad3v 6¼ 0 for each species a. This seems a reasonable

assumption in consistency with Eqs. (2) and (3), in which no

external source terms are included. Then, multiplying Eq.

(14) with the electric charge ea and performing the summa-

tion over species result in the charge conservation law

@r
@t
þr � j ¼ 0: (15)

We also find from
P

a ea

Ð
Kad3v ¼ 0 that, in Eq. (12), the

terms including / and A vanish and make no contribution to

KEc and KPc. As seen from Eqs. (2), (8), and (15), we can put

k ¼ @/=@t, which is also used in Ref. 29 to derive energy

and momentum conservation laws for the Vlasov-Poisson-

Ampère system.

We now note that the action integral is invariant,

namely, dI ¼ 0 under the infinitesimal translations in space

and time represented by dtE ¼ �0, dxa ¼ dxE ¼ �; dva ¼ 0,

d/ ¼ 0, and dA ¼ 0, where �0 and � are constant in time and

space. These invariance properties hold because the inte-

grands in the action integral I depend on ðx; tÞ only through

variational variables [see Eq. (1) in Ref. 29]. Using the time

translational symmetry, Eq. (13) reduces to the canonical

energy balance equation

@Ec

@t
þr �Qc ¼ KEc; (16)

where the canonical energy density and flux ðEc;QcÞ are

given by replacing f V
a with fa in the definitions of ðEV

c ;Q
V
c Þ in

Eq. (7). In the same way as in Ref. 29, we use the kinetic

energy density and flux, ðEp;QpÞ, defined by

Ep ¼
X

a

ð
d3v fa x; v; tð Þ

1

2
majvj2;

Qp ¼
X

a

ð
d3v fa x; v; tð Þ

1

2
majvj2v;

(17)

to modify Eq. (16) into more familiar forms. Then, the

energy balance equation is finally written as

@

@t
Ep þ

jELj2 þ jBj2

8p

� �
þr � Qp þ

c

4p
E�B� 1

4p
@/
@t

ET

� �

¼ @

@t
Ep þ

jELj2 þ 2EL � ET þ jBj2

8p

� �

þr � Qp þ
c

4p
E� Bþ 1

4p
/
@ET

@t

� �

¼ KEc �
X

a

ð
d3vKa

1

2
majvj2; (18)

where EL � �r/ and ET � �c�1@A=@t are the longitudi-

nal and transverse parts of the electric field, respectively.
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Next, from the space translational symmetry and Eq.

(13), we obtain the canonical momentum balance equation,

@Pc

@t
þr �Pc ¼ KPc; (19)

where the canonical momentum density and tensor ðPc;PcÞ
are given by replacing f V

a with fa in the definitions of

ðPV
c ;P

V
c Þ in Eq. (7). Furthermore, in the same way as in

Ref. 29, the invariance of I under the infinitesimal rotation is

shown to give the equation for the angular momentum,

which is used to modify Eq. (19) into the momentum balance

equation,

@

@t
Pp þ Pfð Þ þ r � Pp þPfð Þ ¼ KPc �

X
a

ð
d3vKamav:

(20)

Here, the particle parts ðPp;PpÞ of the momentum density

and the pressure tensor are defined by

Pp ¼
X

a

ð
d3v faðx; v; tÞmav;

Pp ¼
X

a

ð
d3v faðx; v; tÞmavv;

(21)

and the field parts ðPf ;Pf Þ are given by

Pf ¼
EL � B

4pc
;

Pf ¼
1

8p
jELj2 þ 2EL � ET þ jBj2
� 	

I

� 1

4p
ELEL þ ELET þ ETEL þ BBð Þ:

(22)

Equations (18) and (20) take physically familiar forms

of energy and momentum balance equations including exter-

nal source terms. As mentioned earlier, if Ka is given by the

Coulomb collision term only, KEc and KPc vanish so that the

energy and momentum balance equations for the Boltzmann-

Poisson-Ampère system take the same forms as those for the

Vlasov-Poisson-Ampère system.29

III. GYROKINETIC BOLTZMANN-POISSON-AMP�ERE
SYSTEM

Let us start from the gyrokinetic Boltzmann equation

written as

@

@t
þ dZa

dt
� @
@Z

� �
Fa Z; tð Þ ¼

X
b

Cg
ab Fa;Fb½ � Z; tð Þ þ Sa Z; tð Þ;

(23)

where FaðZ; tÞ is the gyrocenter distribution function for spe-

cies a, Cg
ab½Fa;Fb�ðZ; tÞ represents the rate of change in

FaðZ; tÞ due to Coulomb collisions between particle species

a and b, and SaðZ; tÞ denotes other parts including external

particle, momentum, and/or energy sources if any. The gyro-

center coordinates are written as Za ¼ ðXa;Ua; la; naÞ,
where Xa, Ua, la, and na represent the gyrocenter position,

parallel velocity, magnetic moment, and gyrophase angle,

respectively. Appendix A shows the relation of the gyrocen-

ter coordinates to the particle coordinates in detail. The per-

turbation expansion parameter in the gyrokinetic theory is

denoted by d, which represents the ratio of the gyroradius q
to the macroscopic scale length L of the background field. It

is shown in Appendix B, how the collision operator

Cg
ab½Fa;Fb� for the gyrocenter distribution functions Fa and

Fb is given from the collision operator Cp
ab½fa; fb� for the par-

ticle distribution functions fa and fb.

The deviation of each distribution function from the

local Maxwellian is regarded as of OðdÞ, and accordingly,

the collision term Cg
ab is considered to be of OðdÞ. We

assume that the source term Sa is of Oðd2Þ so that its effect

appears only in the transport time scale. We also assume thatP
a ea

Ð
dU
Ð

dl
Ð

dn DaSaðZ; tÞ ¼ 0 in order to prevent the

source term from affecting the charge conservation laws [see

Eq. (60)]. Here, Da denotes the Jacobian for the gyrocenter

coordinates, Da � det½@ðxa; vaÞ=@ðXa;Ua; na; laÞ�, where

ðxa; vaÞ represent the particle coordinates consisting of the

particle’s position and velocity vectors.

We treat toroidal systems, for which the equilibrium

magnetic field is given in the axisymmetric form as

B0 ¼ r� A0 ¼ Irfþrf�rv; (24)

where I and v are constant on toroidal flux surfaces la-

beled by an arbitrary radial coordinate s and f is the toroi-

dal angle. We note that I and v represent the covariant

toroidal component of the equilibrium field B0 and the

poloidal magnetic flux divided by 2p, respectively. The

equilibrium field B0 is allowed to be dependent on time.

Then, following Ref. 18, the gyrocenter motion equations

are written as

dZa

dt
¼ Za;Haf g þ Za;Xaf g � ea

c

@A�a
@t

; (25)

where the gyrocenter Hamiltonian, which is independent of

na, is defined by

Ha ¼
1

2
maU2

a þ laB0 þ eaWa; (26)

and A�a is given by A�a ¼ A0ðXa; tÞ þ ðmac=eaÞUabðXa; tÞ.
Using the nonvanishing components of the Poisson brackets

for pairs of the gyrocenter coordinates given by

Xa;Xaf g ¼ c

eaB�ak
b� I; Xa;Uaf g ¼ B�a

maB�ak
;

na; laf g ¼ ea

mac
; (27)

the gyrocenter motion equations in Eq. (25) are rewritten as

dXa

dt
¼ 1

B�ak
Ua þ

ea

ma

@Wa

@Ua

� �
B�a

�

þ cb� la

ea
rB0 þrWa þ

1

c

@A�a
@t

� ��
; (28)
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dUa

dt
¼ � B�a

maB�ak
� larB0 þ ea rWa þ

1

c

@A�a
@t

� �� �
; (29)

dla

dt
¼ 0; (30)

and

dna

dt
¼ Xa þ

e2
a

mac

@Wa

@la

: (31)

Here, Xa � eaB0=ðmacÞ; b ¼ B0=B0, B�ak ¼ B�a � b, and

B�a ¼ r� A�a. The field variable Wa is defined by

Wa ¼hwa Za; tð Þina
þ ea

2mac2
hjA1 Xa þ qa; tð Þj2ina

� ea

2B0

@

@l
h½~wa Za; tð Þ�2ina

; (32)

where the field variable wa is defined in terms of the electro-

static potential / and the perturbation part of the vector

potential A1 as

wa Za; tð Þ¼/ Xaþqa; tð Þ�1

c
va0 Za; tð Þ �A1 Xaþqa; tð Þ: (33)

The gyroradius vector is given by qa ¼ bðXa; tÞ �
va0ðZa; tÞ=XaðXa; tÞ and the zeroth-order particle velocity

va0 is written in terms of the gyrocenter coordinates as

va0ðZa; tÞ ¼ UabðXa; tÞ � ½2laB0ðXaÞ=ma�1=2 ½sin nae1ðXa; tÞ
þ cos nae2ðXa; tÞ�, where the unit vectors ðe1; e2; bÞ form a

right-handed orthogonal system. The gyrophase-average and

gyrophase-dependent parts of an arbitrary periodic function

QðnaÞ of the gyrophase na are written as

hQina
�
þ

dna

2p
Q nað Þ and ~Q � Q� hQina

; (34)

respectively. In the gyrocenter motion equations, effects of

the time-dependent background magnetic field and those of

the fluctuating electromagnetic fields appear through @A�a=@t
and Wa, respectively. It should be noted that dZa=dt on the

left-hand side of Eq. (23) is regarded as a function of ðZ; tÞ
which is given by the right-hand side of Eq. (25).

We find from Eqs. (A3) and (A4) in Appendix A and

Eq. (B1) in Appendix B that the gyrophase-dependent part of

the right-hand side of Eq. (23) appears from Cg
ab and it is of

OðdÞ. Using Xa ¼ Oðd�1Þ, the gyrophase-dependent part of

the left-hand side of Eq. (23) is written as Xa@ ~Fa=@n to the

lowest order in d. Then, it is concluded that ~Fa ¼ Oðd2Þ.
Taking the gyrophase average of Eq. (23), we obtain

@

@t
þ dZa

dt
� @
@Z

� �
Fa Z; tð Þ

¼
X

a

hCg
ab Fa;Fb½ � Z; tð Þin þ Sa Z; tð Þ;

(35)

where FaðZ; tÞ and SaðZ; tÞ are both regarded as independent

of the gyrophase n and h� � �in are omitted from them for sim-

plicity. It is seen from Eq. (B1) that effects of ~Fa ¼ Oðd2Þ
on hCg

ab½Fa;Fb�in in the right-hand side of Eq. (35) are

estimated as of Oðd3Þ. Here and hereafter, we neglect ~Fa

¼ Oðd2Þ in both sides of the gyrokinetic Boltzmann equation

given in Eq. (35). Even so, its moment equations can cor-

rectly include the collisional transport fluxes of particles,

energy, and toroidal momentum up to the leading order, that

is Oðd2Þ, as confirmed later. In Appendix C, Eq. (C1) com-

bined with Eqs. (C2), (C10), (C15), and (C16) presents

the approximate gyrokinetic collision operator, which has

favorable conservation properties and correctly describes

collisional transport of energy and toroidal angular

momentum.

The gyrokinetic Poisson equation and the gyrokinetic

Ampère’s law are written as18

r2/ x; tð Þ ¼ � 4p
X

a

ea

ð
d6Z Da Z; tð Þd3 Xþ qa � xð Þ

� Fa Z; tð Þ þ ea
~wa

B0

@Fa

@l

" #
; (36)

and

r2 A0 þ A1ð Þ ¼ � 4p
c

jGð ÞT ; (37)

respectively, where ðjGÞT is the transverse part of the gyroki-

netic current density jG defined by

jG �
X

a

ea

ð
d6ZDa Zð Þd3 Xþ qa Zð Þ � x


 �
� Fa Z; tð Þ va0 Zð Þ � ea

mac
A1 Xþ qa Zð Þ; t
� 	� ��

þ ea
~wa

B0

@Fa

@l
va0 Zð Þ

!
: (38)

It should also be noted that the Coulomb gauge conditions

r � A0 ¼ 0 and r � A1 ¼ 0 for the equilibrium and perturba-

tion parts of the vector potential are used here. The equilib-

rium vector potential A0 is given by A0 ¼ �vrf
þrf�rg, where g ¼ gðR; ZÞ is the solution of D�g
� R2r � ðR�2rgÞ ¼ I. In Ref. 18, additional governing

equations are derived in order to self-consistently determine

I and v for the time-dependent axisymmetric background

field B0 ¼ r� A0 ¼ Irfþrf�rv. They are given by

I ¼
þ

dh
2p

4p
c

Mf þ B gcð Þð Þf � B1f

� �
; (39)

and

D�v¼
4p
c

j gcð Þ
� 	

T þr�M

h i
�r�B1

� �
�R2rfþ @I

@v
Kf ;

(40)

where the toroidal-angle average is represented by

� � � � ð2pÞ�1 Þ � � � df, the poloidal angle is denoted by h,

and Kf ¼ I � ð4p=cÞMf � ðBðgcÞÞf þ B1f . Here, the covari-

ant toroidal component of an arbitrary vector V is written as

Vf. The turbulent part of the magnetic field is given by
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B1 ¼ r� A1, and BðgcÞ is defined by r� BðgcÞ

¼ ð4p=cÞðjðgcÞÞT . The magnetization M can be obtained

from the turbulent fields and the distribution functions for all

species using Eqs. (41)–(43) in Ref. 18. Thus, Eqs. (35),

(36), (37), (39), and (40) constitute the closed system of gov-

erning equations which determine Fa, /; A1, I, and v.

For the gyrocenter coordinates which have Poisson

brackets given in Eq. (27), the Jacobian is given by

Da ¼ B�ak=ma. It is important to note that the Jacobian Da sat-

isfies the gyrocenter phase-space conservation law,

@Da

@t
þ @

@Z
� Da

dZa

dt

� �
¼ 0: (41)

Then, using Eq. (41), the gyrokinetic Boltzmann equation in

Eq. (35) can be rewritten as

@

@t
DaFað Þ þ @

@Z
� DaFa

dZa

dt

� �
¼ DaKa; (42)

where Ka is the gyrophase-independent function given by

the right-hand side of Eq. (35),

KaðZ; tÞ ¼
X

a

hCg
ab½Fa;Fb�ðZ; tÞin þ SaðZ; tÞ: (43)

We hereafter derive conservation laws for the gyroki-

netic Boltzmann-Poisson-Ampère system of equations

following the procedures similar to those shown in Sec. II.

For that purpose, suppose that Fa, /; A1, I, and v satisfy Eqs.

(35), (36), (37), (39), and (40). Then, we consider the gyro-

center distribution function FV
a which obeys the gyrokinetic

Vlasov equation,

@

@t
þ dZa

dt
� @
@Z

� �
FV

a ¼ 0; (44)

where dZa=dt is evaluated by using the above-mentioned

fields ð/;A1; I; vÞ obtained from the solution of the gyroki-

netic Boltzmann-Poisson-Ampère system of equations. Here,

it should be noted that, if the distribution functions Fa and

FV
a , which are given as the solutions of Eqs. (35) and (44),

respectively, are initially gyrophase-independent, they are

gyrophase-independent at any time. Besides, FV
a is assumed

to coincide instantaneously with Fa at a given time t0.

Therefore, Eqs. (36), (37), (39), and (40) are all satisfied at

that moment even if Fa is replaced with FV
a in these equa-

tions. Thus, the gyrokinetic Vlasov-Poisson-Ampère system

of equations are instantaneously satisfied by ðFV
a ;/;A1; I; vÞ

at t¼ t0. In Ref. 18, the action integral I is defined to derive

all the governing equations for the gyrokinetic Vlasov-

Poisson-Ampère system based on the variational principle,

and its variation dI associated with the infinitesimal variable

transformations is given to obtain conservation laws from

Noether’s theorem. Here, the action integral I can be

expressed in terms of ðFV
a ;/;A1; I; vÞ over a small time

interval, t0 � h=2 � t � t0 þ h=2, during which the gyroki-

netic Vlasov-Poisson-Ampère system of equations is approx-

imately satisfied by them within the errors of order h. Then,

neglecting the errors of higher order in h, we can write the

variation dI in the same form as in Eq. (77) of Ref. 18,

dI ¼ �
ðt0þh=2

t0�h=2

dt

ð
d3X

@

@t
dGV

0 X; tð Þ þ r � dGV X; tð Þ
� �

;

(45)

with the functions dGV
0 and dGV defined by

dGV
0 ðX; tÞ ¼ EV

c dtE � PV
c � dxE;

dGVðX; tÞ ¼ QV
c dtE �PV

c � dxE þ S/ d/� RA1 � dA1

�RV
A0 � dA0 þ Svdvþ dTV ;

(46)

where EV
c and PV

c are defined by

EV
c ¼

X
a

ð
dU

ð
dl
ð

dn DaFV
a Ha

þ 1

8p
�jr/j2 þ jB0 þ B1j2
� 	

;

PV
c ¼

X
a

ð
dU

ð
dl
ð

dn DaFV
a maUbþ ea

c
A0

� �
;

(47)

and definitions of other variables QV
c , PV

c , S/, RA1, RV
A0 Sv,

and dTV are shown in Eq. (79) of Ref. 18. The superscript V
in the variables ðEV

c ;P
V
c ;…Þ implies that they are defined

using the distribution function FV
a instead of Fa.

As explained in Ref. 18, the integral domain of Eq. (45)

is not an arbitrary local one in the X-space, but it can be local

only in the radial direction in order for Eq. (45) to be valid.

Then, if the variations dtE; dxE;… in Eq. (46) are such that

dI ¼ 0 holds for a spatiotemporal integral domain defined

by ½t0 � h=2; t0 þ h=2� � ½s1; s2� where ½s1; s2� represents an

arbitrary spatial volume region sandwiched between two flux

surfaces labeled by s1 and s2, then the conservation law is

derived as

@

@t
dGV

0 X; tð Þ þ r � dGV X; t0ð Þ
� 
� �

t¼t0

¼ @

@t
dGV

0 X; tð Þ
� 


þ 1

V0
@

@s
V0hdGV � rsi
� 	� �

t¼t0

¼ 0: (48)

This is Noether’s theorem for the gyrokinetic Vlasov-

Poisson-Ampère system. In Eq. (48), V0 � @V=@s represents

the derivative of V(s, t) with respect to s and V(s, t) denotes

the volume enclosed by the flux surface with the label s at

the time t.
Using FV

a ðZ; t0Þ ¼ FaðZ; t0Þ and comparing Eq. (35)

with Eq. (44), we find

@FV
a Z; tð Þ
@t

� �
t¼t0

¼ @Fa Z; tð Þ
@t

� �
t¼t0

�Ka Z; t0ð Þ; (49)

where K is defined by Eq. (43). Let us also define dG0 and

dG from dGV
0 and dGV by replacing FV

a with Fa. Then, we

have GVðX; t0Þ ¼ GðX; t0Þ and

@dGV
0 X; tð Þ
@t

� �
t¼t0

¼ @dG0 X; tð Þ
@t

� �
t¼t0

� dKG0 X; t0ð Þ; (50)

where
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dKG0 ¼ KEcdtE �KPc � dxE;

KEc ¼
X

a

ea

ð
dU

ð
dl
ð

dn DaKaHa;

KPc ¼
X

a

ea

ð
dU

ð
dl
ð

dn DaKapc
a:

(51)

Here, pc
a denotes the canonical momentum for species a

defined by

pc
a ¼

ea

c
A�a ¼

ea

c
A0 þ maUb: (52)

Substituting Eq. (50) into Eq. (48) and rewriting the arbitra-

rily chosen time t0 as t, we obtain the conservation law for

the gyrokinetic Boltzmann-Poisson-Ampère system,

@

@t
dG0 X; tð Þ þ r � dG X; tð Þ

� 


¼ @

@t
dG0 X; tð Þ

� 

þ 1

V0
@

@s
V0hdG � rsi
� 	

¼ hdKG0i; (53)

where hdKG0i represents effects of the collision and source

terms on the conservation law. Under the nonstationary

background field B0, flux surfaces may change their shapes

and the grid of the flux coordinates moves. Then, Eq. (53) is

rewritten as

@

@t
V0hdG0i
� 	

þ @
@s

V0h dG�dG0usð Þ�rsi
� 	

¼V0hdKG0i; (54)

where us � rs represents the radial velocity of the flux sur-

face labeled by s and us is defined by us ¼ @xðs; h; f; tÞ=@t
with the flux coordinates ðs; h; fÞ [see Eq. (2.35) in Ref. 31].

In Sec. V, gyrokinetic energy and toroidal angular momen-

tum balance equations are derived from Eq. (54).

IV. EQUATIONS FOR GYROCENTER DENSITIES AND
POLARIZATION

In this section, we take the velocity-space integral of the

gyrokinetic Boltzmann equation in Eq. (35) to consider the

particle transport before treating the energy and toroidal

angular momentum transport in Sec. V. We define the gyro-

center density nðgcÞ
a by

nðgcÞ
a ðX; tÞ ¼

ð
dU

ð
dl
ð

dn DaFa; (55)

and the gyrocenter flux CðgcÞ
a by

CðgcÞ
a ¼ nðgcÞ

a uðgcÞ
a ¼

ð
dU

ð
dl
ð

dn DaFavðgcÞ
a ; (56)

where uðgcÞ
a represents the gyrocenter fluid velocity and the

gyrocenter drift velocity vðgcÞ
a ¼ dXa=dt is given by evaluat-

ing the right-hand side of Eq. (28) at ðX;U; lÞ. Then, inte-

grating the gyrokinetic Boltzmann equation, Eq. (42), with

respect to the gyrocenter velocity-space coordinates ðU; l; nÞ
and using Eq. (43), we obtain

@n
gcð Þ

a

@t
þr � C

gcð Þ
a þ CC

a

� �
¼
ð

dU

ð
dl
ð

dn DaSa: (57)

Using the approximate collision operator given in Eq. (C1)

in Appendix C, the particle flux CC
a due to collisions and fi-

nite gyroradii is defined by Eq. (C6) with putting Ap
aðzÞ ¼ 1

[If the collision operator given in Eq. (B1) in Appendix B is

employed, CC
a is defined by Eq. (B8).].

As shown in Ref. 18, the gyrokinetic Poisson equation

in Eq. (36) is rewritten as

X
a

ean
gcð Þ

a ¼ r � EL

4p
þ P polð Þ

� �
; (58)

where EL ¼ �r/, r ¼ @=@X, and PðpolÞ represents the

polarization density defined by

P polð Þ ¼
X

a

ea

X1
n¼1

�1ð Þn�1

n!

X
i1;���;in

ð
dU

ð
dl
ð

dn

�
@n�1 DaF�aqaqai1 � � � qain�1

� 	
@Xi1 � � � @Xin�1

: (59)

Here, qai denotes the ith Cartesian component of qa ¼ bðX; tÞ
� va0ðZ; tÞ=XaðX; tÞ, and F�a ¼ Fa þ ðea

~wa=B0Þð@Fa=@lÞ.
As mentioned before Eq. (24) in Sec. III,P

a ea

Ð
dU
Ð

dl
Ð

dn DaSaðZ; tÞ ¼ 0 is assumed. Then, using

Eq. (57), we can obtain the charge conservation law,

@

@t

X
a

ean
gcð Þ

a

� �
þr � j gcð Þ þ jC

� 	
¼ 0; (60)

where the current density due to the gyrocenter drift and that

due to the collisional particle transport are given by jðgcÞ ¼P
a eaCðgcÞ

a ¼
P

a eanðgcÞ
a uðgcÞ

a and jC ¼
P

a eaCC
a , respec-

tively. Note that the magnetization current is solenoidal and,

accordingly, it does not contribute to the charge conservation

law in Eq. (60). Equation (58) is substituted into Eq. (60) to

show

j
gcð Þ

L þ jC
L ¼ �

@

@t

EL

4p
þ P

polð Þ
L

� �
; (61)

where the subscript L is used to represent the longitudinal

part of the vector variable. Then, using Eqs. (58), (60), and

(61), we find that the useful formula,

@

@t
A
X

a

ean
gcð Þ

a

� �* +
þ r � Aj

gcð Þ
L

� �� 


¼ @A
@t

X
a

ean
gcð Þ

a

* +
þ hj gcð Þ

L � rAi � hA r � jC
L

� 	
i;

¼ r � @A
@t

EL

4p
þ P

polð Þ
L

� �
�AjC

L

� �� 


� @

@t

EL

4p
þ P

polð Þ
L

� �
� rA

� 
� �
; (62)

holds for any function AðX; tÞ. The relation in Eq. (62) is

used in Sec. V B to derive Eq. (74).
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V. GYROKINETIC ENERGY AND TOROIDAL ANGULAR
MOMENTUM BALANCE EQUATIONS

In this section, energy and toroidal angular momentum

balance equations for gyrokinetic systems including colli-

sional processes are derived by using the results shown in

Secs. III and IV.

A. Energy balance equation

The variation dI of the action given in Sec. III vanishes

under the infinitesimal time translation represented by dtE

¼ � where � is an infinitesimally small constant. Here, all

other infinitesimal variations dxE; d/; … are regarded as

zero. Then, dG0 and dG are determined by these conditions

for the infinitesimal time translation and they satisfy Eq. (54)

which, in the same manner as in Ref. 18, leads to the energy

balance equation,

@

@t
V0hEi
� 	

þ @

@s
V0h Q�c þQ�R � Eus

� 	
� rsi

� 	
¼ V0hKEci:

(63)

Here, the energy density E is defined by

E ¼ Ec þr �
1

4p
/r/�UR

� �

¼
X

a

ð
dU

ð
dl
ð

dn DaFa
ma

2

����va0 �
ea

mac
A1

����
2

 

þ ea

2B0

@

@l
h~wað2~/ � ~waÞin

�

þ 1

8p
jr/j2 þ jB0 þ B1j2
� 	

; (64)

and the energy fluxes Q�c and Q�R are given by

Q�c ¼ Qc �
1

4p
@

@t
/r/ð Þ;

¼
X

a

ð
dU

ð
dl
ð

dn DaFa Hav
gcð Þ

a þ @A0

@t

�

� �lbþ maU

B0

v
gcð Þ

a

� 	
? � Na

� ��
� 1

4p
/r @/

@t

� 1

4p
@ A0 þ A1ð Þ

@t
� B0 þ B1ð Þ þ 1

4pc
k
@A1

@t
þa

@A0

@t

� �

� 1

4p
K� @A0

@t
þ @v
@t
rf

� �
(65)

and

Q�R ¼ QR þ
@UR

@t
; (66)

respectively, where Na, QR, and UR are defined by Eqs. (43),

(85), and (88) in Ref. 18, respectively.

Recalling Eq. (51) and using Eq. (C5) into which we

substitute Ag
aðZÞ ¼ HaðZÞ and the approximate collision

operator given in Eq. (C1) in Appendix C, we rewrite the

right-hand side of Eq. (63) as

V0hKEci ¼ �
@

@s
V0hQC � rsi
� 	

þV0
X

a

ð
dU

ð
dl
ð

dn DaSaHa

� 

; (67)

where the energy flux QC due to collisions and finite gyrora-

dii is defined by taking the summation of Eq. (C6) over spe-

cies a with putting Ap
aðzÞ ¼ 1

2
mav2

ka þ l0aB0ðxaÞ þ ea/ðxaÞ.
The derivation of Eq. (67) requires Eq. (C7) which is satis-

fied by the collision operator in the form of Eq. (C1) with

appropriately choosing Dxð2Þa , Dvka, and Dl0a as described in

Appendix C.

Substituting Eq. (67) into Eq. (63), the energy balance

equation is rewritten as

@

@t
V0hEi
� 	

þ @

@s
V0h Q� Eusð Þ � rsi
� 	

¼ V0
X

a

ð
dU

ð
dl
ð

dn DaSaHa

� 

; (68)

where the energy flux Q is given by

Q ¼ Q�c þQ�R þQC: (69)

The right-hand side of Eq. (68) represents the external

energy source. It is confirmed later in Sec. VI B that the en-

semble average of hQ � rsi coincides with the well-known

expression of the radial energy transport to the lowest order

in the d-expansion.

B. Toroidal angular momentum balance equation

The toroidal angular momentum balance equation is

derived from the fact that dI ¼ 0 under the infinitesimal

toroidal rotation represented by dxE ¼ �efðXÞ. Here, � is

again an infinitesimally small constant, and efðXÞ is defined

by efðXÞ ¼ @XðR; z; fÞ=@f ¼ R2rf where the right-handed

cylindrical spatial coordinates ðR; z; fÞ are used. We also

define ẑ by ẑ ¼ Rrf�rR which represents the unit vector

in the z-direction. Then, if putting the origin of the position

vector X at ðR; zÞ ¼ ð0; 0Þ, we have efðXÞ ¼ X� ẑ. Under

the infinitesimal toroidal rotation, the variations of the vector

variables are given as dA1 ¼ �A1 � ẑ and dA0 ¼ �A0 � ẑ

although the other variations dtE; d/; …, are all regarded as

zero. Then, using these variations of the variables associated

with the infinitesimal toroidal rotation, the canonical mo-

mentum balance equation is derived from Eq. (53) as

@ Pc � efð Þ
@t

� 

þ 1

V0
@

@s
V0hrs � Pc � efð



þ RA1 � A1 þ RA0 � A0ð Þ � ẑ þ PRfÞi� ¼ hKPcfi: (70)

Here, the density of the canonical toroidal angular momen-

tum is defined by

Pc � ef ¼
X

a

ð
dU

ð
dl
ð

dn DaFaðpc
aÞf; (71)

with the toroidal component of the canonical momentum

denoted by

082306-8 Sugama, Watanabe, and Nunami Phys. Plasmas 22, 082306 (2015)



pc
a

� 	
f
¼ ea

c
A�af ¼

ea

c
A0f þ maUbf; (72)

where bf � I=B0 represents the covariant toroidal component

of b � B0=B0. Definitions of RA1, RA0, and PRf on the left-

hand side of Eq. (70) are given in Eqs. (79) and (100) in Ref.

18. On the right-hand side of Eq. (70), the variation of the ca-

nonical toroidal angular momentum due to collisions and

external sources is given by

KPcf ¼ KPc � ef ¼
X

a

ð
dU

ð
dl
ð

dn DaKaðpc
aÞf: (73)

We follow the same procedures as shown in Sec. V B of

Ref. 18 and use Eqs. (70)–(73) and Eq. (62) with A ¼ A0f ¼
�v to write the toroidal angular momentum balance equation

as

@

@t
Pkf �

1

c
P

polð Þ
L þ EL

4p

� �
� rA0f

� �� 


þ 1

V0
@

@s
V0 Ps

kf þPs
Rf �

1

4p
hA1f r� B1ð Þ � rsi

��

� 1

4p
hELfE

s
L þ B1fB

s
1i þ

1

4pc

�
@k
@f

As
1




þ 1

c

�
@A0f

@t
P

polð Þ
L þ EL

4p

� �
� rs


��

¼ hKPcfi þ
1

c
hr � A0fj

C
L

� 	
i; (74)

where

Pkf ¼
X

a

ð
dU

ð
dl
ð

dn DaFamaUbf;

Ps
kf ¼

X
a

ð
dU

ð
dl
ð

dn DaFamaUbfv
ðgcÞ
a � rs;

Ps
Rf ¼ PRf � rs:

(75)

Using Eqs. (73) and (C5) in Appendix C with putting

Ag
a ¼ ðpc

aÞf, the right-hand side of Eq. (74) is rewritten as

hKPcfi þ
1

c
hr � A0fj

C
L

� 	
i

¼ � 1

V0
@

@s
V0
�

JC
pf þ

v
c

jC
L

� �
� rs


" #

þ
X

a

ð
dU

ð
dl
ð

dn DaSamaUbf

� 

; (76)

where JC
pf is defined by taking the summation of Eq. (C6)

over species a with putting Ap
aðzÞ ¼ ðea=cÞ½A0fðxÞ þ A1fðxÞ�

þmavf. In deriving Eq. (76),
P

a ea

Ð
dU
Ð

dl
Ð

dn DaSa

ðZ; tÞ ¼ 0 and Eq. (C12) are used. The approximate colli-

sion operator which satisfies Eq. (C12) is presented in

Appendix C.

Substituting Eq. (76) into Eq. (74), the toroidal angular

momentum balance equation is rewritten as

@

@t
V0 Pkf �

1

c
P

polð Þ
L þ EL

4p

� �
� rA0f

� 
 !

þ 1

V0
@

@s
V0 Ps

kf þPs
Rf þ PCð Þs � 1

4p

��

� hA1f r� B1ð Þ � rsi � 1

4p
hELfE

s
L þ B1fB

s
1i

þ 1

4pc

@k
@f

As
1

� 

þ 1

c

@A0f

@t
P

polð Þ
L þ EL

4p

� �
� rs

� 


� Pkf �
1

c
P

polð Þ
L þ EL

4p

� �
� rA0f

� �
us � rsð Þ

� 
��

¼
X

a

ð
dU

ð
dl
ð

dn DaSamaUbf

� 

; (77)

where the right-hand side represents the external source of

the toroidal angular momentum and

PCð Þs ¼ JC
pf þ

v
c

jC
L

� �
� rs (78)

is the radial flux of the toroidal angular momentum due to

collisions and finite gyroradii. In Sec. VI C, we derive the

ensemble-averaged toroidal angular momentum balance

equation from Eq. (77) in order to confirm that it is consist-

ent with the conventional result up to the second order in d.

VI. ENSEMBLE-AVERAGED BALANCE EQUATIONS
FOR PARTICLES, ENERGY, AND TOROIDAL
ANGULAR MOMENTUM

In this section, the particle, energy and toroidal angular

momentum balance equations derived in Secs. IV and V

are ensemble-averaged for the purpose of verifying their

consistency with those obtained by conventional recursive

formulations.30,33–35 In the same way as shown in Sec. VI of

Ref. 18, we divide an arbitrary physical variable Q into the

average and turbulent parts as

Q ¼ hQiens þ Q̂; (79)

where h� � �iens represents the ensemble average, and we

immediately find hQ̂iens ¼ 0. We identify the zeroth fields

A0 and B0 with the ensemble-averaged parts to write

A0 ¼ hAiens; A1 ¼ Â; B0 ¼ hBiens; and B1 ¼ B̂. Regarding

the electrostatic potential /, it is written as the sum of the

average and fluctuation parts, /ðx; tÞ ¼ h/ðx; tÞiens þ/̂ðx; tÞ:
Here, assuming that h/ðx; tÞiens 6¼ 0, the background E� B

flow is retained and its velocity is regarded as OðdvTÞ, where

d and vT represent the drift ordering parameter and the

thermal velocity, respectively. Then, using Eq. (33), we have

wa ¼ hwaiens þ ŵa; where

hwaiens ¼ h/iens; ŵa ¼ /̂ � v0

c
� Â: (80)

We assume that the ensemble average hQiens of any

variable Q considered here has a slow temporal variation

subject to the so-called transport ordering, @lnhQiens=@t ¼
Oðd2vT=LÞ and that it has a gradient scale length L which is

on the same order as gradient scale lengths of the
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equilibrium field and pressure profiles. We also impose the

constraint of axisymmetry on hQiens that is written as

@hQiens=@f ¼ 0 even though Q itself is not axisymmetric.

On the other hand, the turbulent part Q̂ of Q is assumed to

vary with a characteristic frequency x ¼ OðvT=LÞ and have

gradient scale lengths L and q in the directions parallel and

perpendicular to the equilibrium magnetic field B0,

respectively.

The ensemble-averaged part hFaiens of the distribution

function Fa for species a consists of the local Maxwellian

part and the deviation from it

hFaiens ¼ FaM þ hFa1iens: (81)

The local Maxwellian distribution function is written as FaM

¼ na0½ma=ð2pTa0Þ�3=2
exp½�ðmaU2=2þlB0Þ=Ta0�, where the

equilibrium density na0 and temperature Ta0 are regarded as

uniform on flux surfaces. The first-order ensemble-averaged

distribution function hFa1iens is determined by the drift

kinetic equation, which can be derived by substituting Eq.

(81) into the ensemble average of Eq. (23). The derived

equation agrees, to OðdÞ, with the well-known linearized

drift kinetic equation, on which the neoclassical transport

theory is based.31,32

The fluctuation part F̂a is written as

F̂a ¼ �FaM

eahŵain
Ta

þ ĥa: (82)

Substituting Eq. (82) into the fluctuation part of the gyroki-

netic equation in Eq. (23) yields

@ĥa

@t
þ ĥa;Ha

� �

¼ FaM
ea

Ta0

@hŵain
@t

� v̂
gcð Þ

a � r ln pa0 þ
ea

Ta0

rh/iens

�"

þ
1
2

maU2 þ lB0

Ta0

� 5

2

 !
r ln Ta0

!#
þ CL

a ; (83)

where CL
a represents the linear collision term defined by

CL
aðXÞ ¼

X
b

h½Cp
abðĥaðx� qaÞ;FbMÞ

þCp
abðFaM; ĥbðx� qbÞÞ�x¼Xþqa

ina
: (84)

Equation (83) is valid to the lowest order in d and agrees

with the conventional gyrokinetic equation for the nona-

diabatic part ĥa of the perturbed distribution function

derived from using the WKB representation.10,30 On the

right-hand side of Eq. (83), the turbulent part v̂ðgcÞ
a of the

gyrocenter drift velocity vðgcÞ
a ¼ dXa=dt ¼ fXa;Hag is

written as

v̂
gcð Þ

a ¼ c

B0

b�rhŵa Xþ qa; tð Þin þO d2ð Þ: (85)

It is shown by using Eq. (82) and the WKB representa-

tion that, to the lowest order in d, the turbulent parts of

Eqs. (36) and (37) agree with the gyrokinetic Poisson

equation and the gyrokinetic Ampère’s law derived by con-

ventional recursive formulations.8,30

A. Ensemble-averaged particle balance equation

Taking the ensemble average of Eq. (57) and subse-

quently its flux surface average, we obtain

@hn gcð Þ
a iens

@t

* +
þ 1

V0
@

@s
ðV0hhðC gcð Þ

a þ CC
a Þ � rsiiÞ

¼
ð

dU

ð
dl
ð

dn DaSa

� 

; (86)

where hnðgcÞ
a iens ¼ na0 þOðdÞ, and hh� � �ii represents a dou-

ble average over the flux surface and the ensemble. Here,

na0 is the equilibrium density which is a flux-surface func-

tion and characterizes the Maxwellian distribution function

FaM. On the right-hand side, the source term Sa is regarded

as of Oðd2Þ as well as all other terms in Eq. (86), and it is

assumed to have no turbulent component so that

Sa ¼ hSaiens.

It is shown in Ref. 18 that the radial gyrocenter particle

flux is given by

ðCðgcÞ
a Þ

s � hhCðgcÞ
a � rsii ¼ ðCNA

a Þ
s þ ðCA

a Þ
s; (87)

where the nonturbulent part ðCNA
a Þ

s
and the turbulence-

driven part ðCA
a Þ

s
are written as

CNA
a

� 	s �
ð

dU

ð
dl
ð

dn DahFaienshv
gcð Þ

a iens � rs

� 


¼ c

eaB0

b� r � PCGL
a1

� 	
 �
� rs

� 


þ na0

c

B0

hEiens � b
� 	

� rs

� 

þO d3ð Þ; (88)

and

CA
a

� 	s �
ð

dU

ð
dl
ð

dn DahF̂av̂
gcð Þ

a iens � rs

� 


¼ � c

B0

ð
dU

ð
dl
ð

dn Daĥa rŵa � b

� �
� rs

� 
� 


þO d3ð Þ; (89)

respectively. On the right-hand side of Eq. (88), PCGL
a1 repre-

sents the first-order part of the pressure tensor in the

Chew-Goldberger-Low (CGL) form31 defined by PCGL
a1 ¼Ð

dU
Ð

dl
Ð

dnDahFa1iens½maU2bbþ lB0ðI� bbÞ�, and the

ensemble-averaged electric field is given by hEiens

¼ �rh/iens � c�1@A0=@t. Thus, Eq. (88) expresses the neo-

classical radial particle flux and the radial E� B drift which

are well-known by the neoclassical transport theory.31 We

also find that Eq. (89) agrees with the turbulent radial parti-

cle flux derived from the conventional gyrokinetic theory

based on the WKB formalism.30

The radial classical particle flux is given by
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CC
a

� 	s � hhCC
a � rsii

¼
X

b

�
mac

eaB0

ð
dU

ð
dl
ð

dn Da v� bð Þ � rs½ �

� Cp
ab

~f a1;FbM

� 	
þ Cp

ab FaM; ~f b1

� 	h i

þO d3ð Þ

¼
�

c

eaB0

Fa1 � bð Þ � rs



þO d3ð Þ; (90)

where Fa1 �
Ð

d3vmavCp
a is the collisional friction force. It is

well-known that the classical transport equation relating

ðCC
a Þ

s
to the gradient forces is immediately derived from Eq.

(90) because the first-order gyrophase-dependent part of the

particle distribution function in Eq. (90) is expressed in

terms of the gradient of the background Maxwellian distribu-

tion function as ~f a1 ¼ �qa � rFaM with the gradient operator

r taken for the fixed energy variable e ¼ 1
2

mav2 þ eh/iens.

In the same manner as in deriving Eq. (54) from Eq.

(53), the ensemble-averaged particle transport equation can

be obtained from Eq. (86) as

@

@t
V0na0ð Þ þ @

@s
V0 Cað Þs � na0hus � rsi

 �� 	

¼
�ð

dU

ð
dl
ð

dn DaSa



; (91)

where the total radial particle flux is given by the sum of the

classical, neoclassical, and turbulent parts as

ðCaÞs ¼ ðCðgcÞ
a Þ

s þ ðCC
a Þ

s

¼ ðCNA
a Þ

s þ ðCA
a Þ

s þ ðCC
a Þ

s: (92)

As shown above, the well-known expressions of the classi-

cal, neoclassical, and turbulent particle fluxes are included in

ðCC
a Þ

s
, ðCNA

a Þ
s
, and ðCA

a Þ
s
, respectively. The latter two fluxes

are evaluated by the solutions hFa1iens and ĥa of the first-

order drift kinetic and gyrokinetic equations, respectively.

B. Ensemble-averaged energy balance equation

The ensemble average of the energy density defined by

Eq. (64) is written as

hEiens ¼
3

2

X
a

na0Ta0 þ
B2

0

8p
þO dð Þ; (93)

where the energy density of the electric field is neglected as

a small quantity of Oðd2Þ. It is shown in Ref. 18 that the ra-

dial components of the first two terms on the right-hand side

of Eq. (65) are double-averaged over the ensemble and the

flux surface to give

X
a

��ð
dU

ð
dl
ð

dn DaFa Hav
gcð Þ

a � l
@A0

@t
� b

� �
� rs





¼
X

a

ðq gcð Þ
a Þs þ

5

2
Ta0 C

gcð Þ
a

� 	s
� �

þO d3ð Þ: (94)

Here, the radial particle flux ðCðgcÞ
a Þ

s
is given by Eqs.

(87)–(89), and the radial heat flux ðqaÞs is written as

ðqðgcÞ
a Þ

s ¼ ðqNA
a Þ

s þ ðqA
a Þ

s; (95)

which consists of the nonturbulent part,

qNA
a

� 	s ¼
�ð

dU

ð
dl
ð

dn DahFa1ienshv
gcð Þ

a iens � rs

� 1

2
maU2 þ lB0 �

5

2
Ta0

� �


¼ Ta0

�
c

eaB0

b� r �HCGL
a

� 	
 �
� rs



þO d3ð Þ; (96)

and the turbulence-driven part,

qA
a

� 	s ¼�
��

c

B0

ð
dU

ð
dl
ð

dn Daĥa rŵa � b

� �
� rs

� 1

2
maU2 þ lB0 �

5

2
Ta0

� �


þO d3ð Þ: (97)

In Eq. (96), the heat stress tensor HCGL
a is defined by

Ta0H
CGL
a ¼

Ð
dU
Ð

dl
Ð

dnDahFa1iens
1
2
maU2þlB0� 5

2
Ta0Þ

�
�½maU2bbþlB0ðI�bbÞ�. The expression of Eq. (96) coin-

cides with that of the neoclassical radial heat flux in terms of

the heat stress tensor.31 The turbulent heat flux in Eq. (97)

takes the same form as that given by the conventional gyro-

kinetic theory.30

The radial component of QC in Eq. (69) is ensemble-

averaged to yield

hhQC � rsii ¼ qC
a

� 	s þ 5

2
Ta0 CC

a

� 	s þO d3ð Þ; (98)

where the radial classical heat flux is given by

qC
a

� 	s ¼
X

b

�
mac

eaB0

ð
dU

ð
dl
ð

dn Da v� bð Þ � rs½ �

� Cp
ab

~f a1;FbM

� 	
þ Cp

ab FaM; ~f b1

� 	h i
� 1

2
maU2 þ lB0 �

5

2
Ta0

� �


¼ Ta0

�
c

eaB0

Fa2 � bð Þ � rs



: (99)

Here, Fa2 �
Ð

d3vðmav2=2Ta � 5=2ÞmavCp
a is the collisional

heat friction. The expression of the classical heat flux ðqC
a Þ

s

in Eq. (99) agrees with the conventional one,31 and it imme-

diately gives the classical heat transport equation relating

ðqC
a Þ

s
to the gradient forces in the same way as mentioned af-

ter Eq. (90) for the classical particle flux ðCC
a Þ

s
.

Now, Eq. (68) is rewritten as

@

@t
V0

3

2

X
a

na0Ta0þ
B2

0

8p

" # !
þ @
@s

V0
X

a

qað Þsþ
5

2
Ta0 Cað Þs

� �" 

þhS Poyntingð Þ �rsi� 3

2

X
a

na0Ta0þ
B2

0

8p

 !
hus �rsi

#!

¼V0
X

a

�ð
dU

ð
dl
ð

dnDaSa
1

2
maU2þlB0

� �

þO d3ð Þ;

(100)

where the total radial heat flux is given by the sum of the

classical, neoclassical, and turbulent parts as
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ðqaÞs ¼ ðqðgcÞ
a Þ

s þ ðqC
a Þ

s;

¼ ðqNA
a Þ

s þ ðqA
a Þ

s þ ðqC
a Þ

s;
(101)

and SðPoyntingÞ � ðc=4pÞhEiens � B0 represents the nonturbulent

part of the Poynting vector. Using the relation h@ðB2
0=8pÞ=@ti

¼ �ðV0Þ�1@ðV0hSðPoyntingÞ � rsiÞ=@s� hJ0 � hEiensi shown in

Ref. 18, we also obtain

@

@t
V0

3

2

X
a

na0Ta0

 !
þ @

@s
V0
X

a

qað Þs þ
5

2
Ta0 Cað Þs

� �" 

� 3

2

X
a

na0Ta0 hus � rsi
#!

¼ V0hJ0 � hEiensi þ V0
X

a

�ð
dU

ð
dl
ð

dn DaSa

� 1

2
maU2 þ lB0

� �

þO d3ð Þ: (102)

Equations (100) and (102) take the well-known forms of the

energy balance equations32 except that the terms associated

with the electric field energy and the kinetic energies due to

the fluid velocities are neglected here as small quantities of

higher order in d.

C. Ensemble-averaged toroidal angular momentum
balance equation

The ensemble-averaged toroidal angular momentum

balance equation is written as

@

@t
V0

X
a

na0ma uakbþ uE
� 	

þ S Poyntingð Þ

c2

" #
� ef

* +0
@

1
A

þ @

@s
V0
X

a

PNA
a

� 	s þ PA
a

� 	s þ PC
a

� 	s
n��

�
X

a

na0ma uakbþ uE
� 	

þ S Poyntingð Þ

c2

" #
� ef us � rsð Þ

* +)

� 1

4p
hhrs � ÊLÊL þ B̂B̂ þ r� B̂ð ÞÂ


 �
� efii

��

¼
X

a

�ð
dU

ð
dl
ð

dn DaSamaUbf



þO d3ð Þ; (103)

where uak represents the nonturbulent part of the parallel

fluid velocity for particle species a defined by na0uak �Ð
dU
Ð

dl
Ð

dnhFa1iensU and uE � chEiens � b=B0 is the non-

turbulent part of the E� B drift velocity. Equation (103) is

derived from Eq. (77) following the same procedures as

shown in Ref. 18 except that the additional transport flux PC
a

defined in Eq. (107) and the external momentum source are

newly included in the present case.

On the left-hand side of Eq. (103), the terms includ-

ing ðuakbþ uEÞ and SðPoyntingÞ are of Oðd3Þ although they

are written down to explicitly show the inertia-term

part. The nonturbulent and turbulence-driven parts of the

radial flux of the toroidal angular momentum are defined

by

ðPNA
a Þ

s ¼
�ð

dU

ð
dl
ð

dn DahFa1iens

� maUbfhvðgcÞ
a iens � rs



; (104)

and

ðPA
a Þ

s ¼
��ð

dU

ð
dl
ð

dn Daĥa

� maðUbþ va0?Þ � efðv̂ðgcÞ
a � rsÞ




; (105)

respectively. It is shown in Appendix D that Eq. (78) is

ensemble-averaged to give

hhðPCÞsii ¼
X

a

PC
a þOðd3Þ; (106)

where the radial transport flux of the toroidal angular mo-

mentum for species a due to the collision term and finite

gyroradii is defined by

PC
a ¼�

X
b

�
macjrsj2

2eaB0

@v
@s

ð
dU

ð
dl
ð

dn Dal

� Cp
ab hFa1iens;FbM

� 	
þ Cp

ab FaM; hFb1iens

� 	
 �

: (107)

The expressions for the toroidal momentum fluxes

shown in Eqs. (104)–(107) agree with those given by con-

ventional recursive formulations in Refs. 33–35. [Since the

so-called high-flow ordering is used in Refs. 33 and 34, the

expressions for the toroidal momentum fluxes in it reduce to

those in the present work in the low-flow-speed limit.]. As

argued in Refs. 18 and 35, when there exists the up-down

symmetry of the background magnetic field, all toroidal

momentum fluxes vanish to Oðd2Þ and the nontrivial toroidal

momentum balance equation is of Oðd3Þ. In this case, gyro-

kinetic systems equations of higher-order accuracy in d are

required for the correct derivation of this Oðd3Þ toroidal

momentum balance equation to determine the profile of the

radial electric field36 although we should note, at the same

time, that the radial electric field is not necessary to deter-

mine the particle and energy transport fluxes to the lowest

order in d.35

VII. CONCLUSIONS

In this paper, particle, energy, and toroidal momentum

balance equations including collisional and turbulent trans-

port fluxes are systematically derived from the gyrokinetic

Boltzmann-Poisson-Ampère system of equations.

Considering an imaginary collisionless system, for which the

distribution functions and electromagnetic fields coincide

instantaneously with those for the considered collisional sys-

tem, and expressing the variation of the action integral for

the collisionless system in terms of the solution to the gov-

erning equations for the collisional system clarify effects of

the collision and external source terms on the collisionless
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conservation laws derived from Noether’s theorem. The

gyrokinetic collision operator is newly presented, by which

the collisional changes in the velocity-space integrals of the

gyrocenter Hamiltonian and the canonical toroidal angular

momentum can be written in the conservative (or diver-

gence) forms. It is confirmed that, to the lowest order in the

normalized gyroradius, the ensemble-averaged fluxes in the

derived particle, energy, and toroidal angular momentum

balance equations can be written by the sum of conventional

expressions of classical, neoclassical, and turbulent transport

fluxes. The extension of the present work to the case of the

high-flow ordering remains as a future task.
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APPENDIX A: COORDINATE TRANSFORMATION

We consider the transformation of the phase-space coordi-

nates in this Appendix, where the subscript representing the

particle species is omitted as far as it is unnecessary. In terms

of the position x and the velocity v of a given particle, we

define the parallel velocity vk ¼ v � bðx; tÞ, the perpendicular

velocity v? ¼ v� vkb, and the zeroth-order magnetic moment,

l0 ¼
mv2
?

2B0 x; tð Þ
; (A1)

where the equilibrium field at position x and time t is

denoted by B0ðx; tÞ ¼ B0ðx; tÞbðx; tÞ. We also define the

zeroth-order gyrophase by n0 ¼ tan�1½ðv � e1Þ=ðv � e2Þ where

ðe1; e2; bÞ are unit vectors which form a right-handed orthog-

onal system at ðx; tÞ. Then, the gyrocenter coordinates Z ¼
ðX;U; l; nÞ are represented in terms of the particle coordi-

nates z ¼ ðx; vk; l0; n0Þ as

ðX;U; l; nÞ ¼ ðx; vk; l0; n0Þ þ ðDx;Dvk;Dl0;Dn0Þ; (A2)

where

Dx ¼ �qþO d2ð Þ;

Dvk ¼ �vkb � rb � q� 1

4
3q � rb � v? � v? � rb � qð Þ þ e

mc
A1k þ O d2ð Þ;

Dl0 ¼
m

B0

v2
kb � rb � qþ

vk
4

3q � rb � v? � v? � rb � qð Þþ v2
?

2B0

q � rB0

� �
þ e

cB0

v? � A1? þ
e

B0

~w þO d2ð Þ;

Dn0 ¼
1

XB0

v? � rB0ð Þ �
Xvk
4v2
?

q � rb � qþ
vk

4Xv2
?

v? � rb � v? þ
v2
k

Xv2
?

b � rb � v?ð Þ � X
v2
?

q � rv? � qþ
e

cmv2
?

b � A1 � vð Þ

� e

B0

ð
@~w
@l0

dn0

 !
þO d2ð Þ: (A3)

The formulas for Dvk Dl0, and Dn0 in Eq. (A3) are

obtained by combining the guiding center and gyrocenter

coordinate transformations.11,13,37 Here, effects of the back-

ground electric field and turbulent electromagnetic fields

are included through ~w [see Eq. (80)] and A1. When the

background electric field and turbulent electromagnetic

fields vanish, Dvk Dl0, and Dn0 in Eq. (A3) agree with the

results in Ref. 37.

Denoting the coordinate transformation by T , Eq. (A2)

is rewritten as

Z ¼ T ðzÞ ¼ zþ Dz: (A4)

An arbitrary scalar field A on the phase space can be

expressed in terms of either the gyrocenter coordinates

Z ¼ ðX;U; l; nÞ or the particle coordinates z ¼ ðx; vk; l0;
n0Þ as

AgðZÞ ¼ ApðzÞ: (A5)

Using Eqs. (A4), (A5), and the Taylor series expansion, we

obtain

Ap
zð Þ ¼ T �Agð Þ zð Þ � Ag T zð Þð Þ ¼ Ag

zþ Dzð Þ

¼
X1
n¼0

1

n!

X
i1;���;in

Dzi1 � � �Dzin
@nAg

zð Þ
@zi1 � � � @zin

; (A6)

where T �Ag denotes the pullback transformation of Ag by

T . Using the inverse transformation T �1, we also have

AgðZÞ ¼ ðT �1�ApÞðZÞ � ApðT �1ðZÞÞ.
The Jacobians Dp and Dg for the two coordinate systems

z and Z are related to each other by

Dp zð Þ ¼ det
@ Zð Þ
@ zð Þ

" #
Dg Zð Þ; (A7)

where @ðZÞ=@ðzÞ denotes the Jacobian matrix. Then, we use

the following formula:

d6 zþ Dz� Zð Þ ¼
X1
n¼0

1

n!

X
i1;���;in

Dzi1 � � �Dzin

@nd6 z� Zð Þ
@zi1 � � � @zin

;

(A8)
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and partial integrals to derive the relation between the

expressions of the scalar density DA in the gyrocenter and

particle coordinate systems as

Dg Zð ÞAg
Zð Þ

¼
ð

d6Z0 d6 Z0 � Zð ÞDg Z0ð ÞAg
Z0ð Þ;

¼
ð

d6z d6 zþ Dz� Zð ÞDp zð ÞAp
zð Þ;

¼
X1
n¼0

�1ð Þn

n!

X
i1;���;in

@n Dzi1 � � �Dzin Dp zð ÞAp
zð Þ


 �
@zi1 � � � @zin

� �
z¼Z

;

(A9)

where the replacement of z with Z is represented by

½� � ��z¼Z �
Ð

d6z d6ðz� ZÞ � � �.

APPENDIX B: COLLISION OPERATOR IN
GYROCENTER COORDINATES

We can regard the collision term as a scalar field C on

the phase space. When using the particle coordinates, we

represent the collision term for collisions between species a
and b by Cp

ab. A well-established collision operator

Cp
abðfa; fbÞ for the particle distribution functions fa and fb is

known as the Landau operator [see, for example, Eq. (3.22)

in Ref. 32]. Then, the collision term Cg
ab represented in the

gyrocenter coordinates is related to Cp
ab by

Cg
abðFa;FbÞ ¼ T �1�

a Cp
abðT

�
aFa; T �bFbÞ; (B1)

where the distribution function for species a (b) in the particle

coordinates is written as the pullback fa ¼ T �aFa ðfb ¼ T �bFbÞ
of that in the gyrocenter coordinates Fa ðFbÞ by the coordinate

transformation T a ðT bÞ described in Appendix A, and T �1�
a

transforms the collision term as a function of the particle coor-

dinates into that of the gyrocenter coordinates.

In order to see collisional effects on conservation laws,

it is convenient to represent the collision term in the gyro-

center coordinate using the transformation formula for the

scalar density DaCab rather than that for the scalar Cab shown

in Eq. (B1). Using Eq. (A9), we can derive

Dg
a Zað ÞCg

ab Fa;Fb½ � Zað ÞAg
a Zað Þ

¼
X1
n¼0

�1ð Þn

n!

X
i1;���;in

�
@n Dzi1

a � � �Dzin
a Dp

a zað ÞCp
ab fa; fb½ � zað ÞAp

a zað Þ

 �

@zi1
a � � � @zin

a

" #
za¼Za

;

(B2)

where Aa is an arbitrary scalar field depending on particle

species and fa ¼ T �aFa is rewritten by using Eq. (A6) as

fa zað Þ ¼
X1
n¼0

1

n!

X
i1;���;in

Dzi1
a � � �Dzin

a

@nFa zað Þ
@zi1

a � � � @zin
a

: (B3)

Then, the gyrocenter representation of the collision operator

Cg
ab acting on Fa and Fb is obtained by Eq. (B2) with put-

ting Ag ¼ Ap ¼ 1 and using Eq. (B3) to express fa and fb in

terms of Fa and Fb, respectively. Integrating Eq. (B2) with

respect to ðU; l; nÞ and taking the summation over species

b yield

ð
dU

ð
dl
ð

dn Dg
aðZÞCg

aðZÞA
g
aðZÞ

¼
ð

d3v Cp
aðzÞA

p
aðzÞ

� �
z¼Z

�r � JC
Aa; (B4)

where Cg
a ¼

P
b Cg

ab and r ¼ @=@X are used and
Ð

d3v ¼Ð
dvk
Ð

dl0

Ð
dn0Dp

aðzÞ denotes the velocity-space integral

using the particle coordinates. Here, the transport flux JC
Aa of

the quantity Aa due to collisions and finite gyroradii of par-

ticles is defined by

JC
Aa Xð Þ ¼

X1
n¼0

�1ð Þn

nþ 1ð Þ!
X

i1;���;in

@n

@Xi1 � � � @Xin

�
ð

d3v DxaDxi1
a � � �Dxin

a Cp
a zð ÞAp

a zð Þ
� �

x¼X

¼
ð

d3v DxaCp
a zð ÞAp

a zð Þ
� �

x¼X

þ � � � : (B5)

The integral of an arbitrary scalar field Aa over the whole

phase space is written in either the gyrocenter or particle

coordinate system as

ð
d6Z Dg

aðZÞCg
aðZÞA

g
aðZÞ ¼

ð
d6z Dp

aðzÞCp
aðzÞA

p
aðzÞ: (B6)

For the case of Aa ¼ 1, Eqs. (B4) and (B5) reduce to

ð
dU

ð
dl
ð

dn Dg
aðZÞCg

aðZÞ ¼ �r � CC
a ðXÞ; (B7)

and

CC
a Xð Þ ¼

X1
n¼0

�1ð Þn

nþ 1ð Þ!
X

i1;���;in

@n

@Xi1 � � � @Xin

�
ð

d3v DxaDxi1
a � � �Dxin

a Cp
a zð Þ

� �
z¼Z

¼
ð

d3v DxaCp
a zð Þ

� �
x¼X

þ � � � ; (B8)

respectively, where
Ð

d3vCp
aðzÞ ¼ 0 is used. Here, CC

a is

regarded as the classical particle flux which occurs due to

collisions and finite gyroradii. In fact, using Dxa ’ �qa, we

see that the primary term of CC
a shown in the last line of

Eq. (B8) is identical to the conventional definition of the

classical particle flux Ccl
a � ðc=eaB0ÞFa1 � b, where Fa1 �Ð

d3vmavCp
a is the collisional friction force. Thus, we have

CC
a ¼ Ccl

a ½1þOðdÞ�.
Let us take the kinetic energy of the particle as Aa and

put Ap
a ¼ 1

2
mav2

a ¼ 1
2

mav2
ka þ l0aB0ðxaÞ. Then, it is written in

terms of the gyrocenter coordinates as
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Ag
a ¼ T �1�

a

1

2
mav

2
a

� �

¼ 1

2
maU2

a þ laB0 Xað Þ þ laqa � rB0 Xað Þ

�maUa Dvka
� 	

za¼Za
� Dl0að Þza¼Za

B0 Xað Þ þ � � �

¼ 1

2
maU2

a þ laB0 Xað Þ þ eahwa Zað Þina
� ea T �1�

a /
� 	

Zað Þ

þO d2ð Þ; (B9)

where the inverse T �1
a of the transformation T a given in

Eq. (A3) is used. In this case, taking the summation of

Eq. (B4) over species a and using the conservation propertyP
a

Ð
d3v Cp

a
1
2

mav2 ¼ 0, we have

X
a

ð
dU

ð
dl
ð

dn Dg
a Zð ÞCg

a Zð ÞT�1�
a

1

2
mav

2

� �
¼ �r �QC;

(B10)

where QC represents the transport flux of the total kinetic

energy due to collisions and finite gyroradii defined by

QC Xð Þ ¼
X

a

X1
n¼0

�1ð Þn

nþ 1ð Þ!
X

i1;���;in

@n

@Xi1 � � � @Xin

�
ð

d3v DxaDxi1
a � � �Dxin

a Cp
a zð Þ 1

2
mav

2

� �
x¼X

¼
X

a

ð
d3v DxaCp

a zð Þ 1
2

mav
2

� �
x¼X

þ � � � : (B11)

To the lowest order in d, the collisional energy flux QC is

approximately written as QC ’
P

aðqcl
a þ 5

2
TaCcl

a Þ. Here, the

classical heat flux for species a is defined by qcl
a

� ðcTa=eaB0ÞFa2 � b, where Fa2 �
Ð

d3vðmav2=2Ta � 5=2Þ
�mavCp

a is the collisional heat friction. We note from Eq.

(B9) that the expression of the kinetic energy in the gyrocen-

ter coordinates should be generally given by the infinite se-

ries expansion in d in order for the gyrocenter velocity-space

integral of the collisional rate of change in the kinetic energy

to take the form of the divergence of the energy flux without

any local source or sink terms. In fact, this energy conserva-

tion property is broken if we keep only the lowest order

terms in Eq. (B9) and evaluate the gyrocenter velocity-space

integral
P

a

Ð
dU
Ð

dl
Ð

dn Dg
aðZÞCg

aðZÞ 1
2

maU2 þ lB0ðXÞ
� 	

.

The above-mentioned subtle relation between expres-

sions of the collisional energy conservation properties in the

particle and gyrocenter coordinate systems is also found

when considering the collisional momentum conservation. It

should be recalled that the perturbative expansions in d are

truncated up to finite orders in deriving gyrokinetic equations

as shown in Sec. III although the conservative form of equa-

tions for the energy and the toroidal angular momentum are

obtained even from these approximate equations for the col-

lisionless case since they are constructed based on the varia-

tional principle. Thus, from the viewpoint of practical

applications, it is desirable for the approximate collision op-

erator in the gyrocenter coordinates to keep the conservation

properties. More rigorously speaking, we want the gyroki-

netic collisional velocity-space integrals
P

a

Ð
dU
Ð

dl
Ð

dn
Dg

aðZÞCg
aðZÞHaðZÞ and

P
a

Ð
dU
Ð

dl
Ð

dn Dg
aðZÞCg

aðZÞ

ðpc
fÞ

g
aðZÞ to take the divergence forms and include no local

source or sink terms, where HaðZÞ and ðpc
fÞ

g
aðZÞ �

ðea=cÞA�afðZÞ are the gyrocenter Hamiltonian and the canoni-

cal toroidal angular momentum defined by Eqs. (26) and

(72), respectively. Here, it should be noted that not only ki-

netic parts of energy and toroidal momentum but also contri-

butions from scalar and vector potentials are included in

HaðZÞ and ðea=cÞA�afðZÞ. In Appendix C, we find how to

construct the approximate gyrokinetic collision operator, by

which the two integrals mentioned above are written in the

divergence forms.

We now consider the entropy per unit volume defined in

terms of the gyrocenter distribution functions as

Sg � �
P

a

Ð
dU
Ð

dl
Ð

dnDg
aðZÞ log FaðZÞ, in which the rate

of change is given by dSg=dt ¼ �
P

a

Ð
dU
Ð

dl
Ð

dn
Dg

aðZÞ½log FaðZÞ þ 1�ðdFa=dtÞ. Then, the rate of change in

Sg due to collisions is obtained by putting Ag
a ¼ �½log FaðZÞ

þ1� in Eq. (B4) and taking the summation over species a as

�
X

a

ð
dU

ð
dl
ð

dn Dg
aðZÞCg

aðZÞ½log FaðZÞ þ 1�

¼ �
X

a

ð
d3v Cp

aðzÞ log faðzÞ
� �

x¼X

�r � JC
S ; (B12)

where
Ð

d3v Cp
aðzÞ ¼ 0 is used although we should recall thatÐ

dU
Ð

dl
Ð

dnDg
aðZÞCg

aðZÞ does not vanish generally as seen

from Eq. (B7). It is well-known that, when Landau’s colli-

sion operator is used for Cp
a, the collisional entropy produc-

tion rate given by the first term on the right-hand side of Eq.

(B12) is nonnegative. This is Boltzmann’s H-theorem which

proves the second law of thermodynamics. The collisional

transport flux JC
S of the entropy in Eq. (B12) is defined by

JC
S Xð Þ ¼

X
a

X1
n¼0

�1ð Þnþ1

nþ 1ð Þ!
X

i1;���;in

@n

@Xi1 � � � @Xin

�
ð

d3v DxaDxi1
a � � �Dxin

a Cp
a zð Þ log fa zð Þ þ 1½ �

� �
x¼X

¼ �
X

a

ð
d3v DxaCp

a zð Þ log fa zð Þ þ 1½ �
� �

x¼X

þ � � � :

(B13)

It is shown that, to the lowest order in d, the collisional en-

tropy transport flux is written as JC
S ¼

P
aðSa0ucl

a þ qcl
a =TaÞ

where the lowest-order entropy density Sa0 for species a is

given in terms of the local Maxwellian distribution function

FaM as Sa0 � �
Ð

dU
Ð

dl
Ð

dn FaM log FaM, and ucl
a is defined

by ucl
a � Ccl

a =na. Here, we note again that the infinite series

expansion in d as given in Eq. (B2) is used in deriving Eq.

(B12). When the expansion is truncated to finite order, the

collisional entropy production term is represented by

�
P

a

Ð
d3v Cp

a log fa plus residual error terms of higher order

in d, and thus, the H-theorem is only approximately satisfied.

APPENDIX C: COLLISION OPERATOR RELEVANT FOR
GYROKINETIC CONSERVATION LAWS

In this Appendix, we consider an approximate gyroki-

netic collision operator instead of the one given in Eq. (B1)

[or Eq. (B2) with Ag ¼ Ap ¼ 1] in order to get the
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gyrokinetic collisional velocity-space integrals of energy and

canonical toroidal momentum to take desirable conservative

(or divergence) forms. The approximate collision operator is

written in the gyrocenter coordinates as

Dg
a Zað ÞhCg

ab Fa;Fb½ � Zað Þina

¼
* X1

n¼0

1

n!

X
i1;���;in

@n qi1
a � � � qin

a Dp
a zað ÞCp

ab fa; fb½ � zað Þ

 �

@xi1
a � � � @xin

a

"

� @

@xa
� Dx 2ð Þ

a Dp
a zað ÞCp

ab fa; fb½ � zað Þ
h i

� @

@vka
DvkaDp

a zað ÞCp
ab fa; fb½ � zað Þ


 �

� @

@l0a

Dl0aDp
a zað ÞCp

ab fa; fb½ � zað Þ

 �#

za¼Za

+
na

; (C1)

where Dvka and Dl0a are written as

Dxa ¼ �qa þ Dxð2Þa ; Dvka ¼ Dvð1Þka þ Dvð2Þka ;

Dl0a ¼ Dlð1Þ0a þ Dlð2Þ0a ; (C2)

and fa is given from Fa by faðzaÞ ¼ Faðxa þ Dxa; vk0a

þDvka; l0a þ Dl0aÞ. Here, Dvð1Þka , and Dlð1Þ0a are the OðdÞ
parts of Dvka and Dl0a given in Eq. (A3). In this Appendix,

we do not derive expressions for the Oðd2Þ parts Dxð2Þa ,

Dvð2Þka , and Dlð2Þ0a by the Lie perturbation expansion method

which is used to define the gyrocenter coordinates with the

well-conserved magnetic moment because it would unneces-

sarily give higher-order accuracy to the coordinate transfor-

mation than the accuracy of the gyrocenter motion equations

themselves shown in Eqs. (28)–(31). Instead, we determine

these Oðd2Þ terms from the conditions that the collisional

change rates of energy and canonical toroidal angular mo-

mentum per unit volume in the gyrocenter space can be

given in the conservative forms as shown below. Thus, the

Oðd2Þ terms are introduced not for accuracy of higher order

in d but for satisfying the conservation property of the colli-

sion operator.

In Eq. (C1), the expansions in ðDxð2Þa ;Dvka;Dl0aÞ are

truncated to the first order while the infinite series expansion

in Dxð1Þa � �qa is retained because fluctuations’ wavelengths

in the directions perpendicular to the equilibrium magnetic

field can be of order of the gyroradius qa. In the WKB (or

ballooning) representation, the above-mentioned infinite se-

ries expansion can be treated using the Bessel functions of

the gyroradius normalized by the perpendicular wave-

length.6,8,30 We should also note that the gyrophase average

h� � �ina
is taken so that the gyrokinetic equation with the col-

lision term is solved only for the gyrophase-averaged part of

the gyrocenter distribution function.

For an arbitrary function Ag
aðZaÞ which is independent

of the gyrophase na, we obtain the following formula:

Dg
a Zað ÞhCg

ab Fa;Fb½ � Zað Þina
Ag

a Zað Þ ¼
*

Dp
a zað ÞCp

ab fa; fb½ � zað ÞAp
a zað Þ þ

X1
n¼1

1

n!

"

�
X

i1;���;in

@n qi1
a � � � qin

a Dp
a zað ÞCp

ab fa; fb½ � zað ÞAp0
a zað Þ

h i
@xi1

a � � � @xin
a

� @

@xa
� Dx 2ð Þ

a Dp
a zað ÞCp

ab fa; fb½ � zað ÞAg
a zað Þ

h i
� @

@vka
DvkaDp

a zað ÞCp
ab fa; fb½ � zað ÞAg

a zað Þ

 �

� @

@l0a

Dl0aDp
a zað ÞCp

ab fa; fb½ � zað ÞAg
a zað Þ


 ��
za¼Za



na

; (C3)

where Ap
aðzaÞ and Ap0

a ðzaÞ are defined by

Ap
a zað Þ ¼ Ap0

a zað Þ þ Dx 2ð Þ
a �

@

@xa
þ Dvka

@

@vka

 

þDl0a

@

@l0a

�
Ag

a zað Þ;

Ap0
a zað Þ ¼ Ag

a xa � qa; vka; l0að Þ: (C4)

We should note that the function ApðzaÞ defined from

Ag
aðZaÞ in Eq. (C4) does not exactly coincide with that given

in Eq. (A6) in Appendix A by the second- and higher-order

terms in the series expansion with respect to Dza. Integrating

Eq. (C3) over the gyrocenter velocity space, we immediately

obtain

ð
dU

ð
dl
ð

dn Dg
aðZÞCg

aðZÞA
g
aðZÞ

¼
ð

d3v Cp
aðzÞA

p
aðzÞ

� �
x¼X

�r � JC
Aa; (C5)

where the transport flux JC
Aa due to collisions and finite gyro-

radii is defined by

JC
Aa Xð Þ ¼

ð
d3v �qa þ Dx 2ð Þ

a

h i
Cp

a zð ÞAp
a zð Þ

� �
x¼X

þ
X1
n¼1

�1

nþ 1ð Þ!
X

i1;���;in

@n

@Xi1 � � � @Xin

�
ð

d3v qaq
i1
a � � � qin

a Cp
a zð ÞAp

a zð Þ
� �

x¼X

: (C6)
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To the lowest order in d, Eqs. (C3), (C5), and (C6) derived

from the approximate collision operator in Eq. (C1) agree

with Eqs. (B2), (B4), and (B5) given in Appendix B, respec-

tively. The particle flux CC
a due to collisions and finite gyro-

radii is given from Eq. (C6) with putting Ap
aðzÞ ¼ 1 in the

same way as in Eq. (B8).

Now, let us take Ag
aðZÞ ¼ HaðZÞ in Eq. (C5). Here,

HaðZÞ denotes the gyrocenter Hamiltonian defined by

Eq. (26). It is desirable that the gyrocenter velocity-space in-

tegral
P

a

Ð
dU
Ð

dl
Ð

dnDg
aðZÞCg

aðZÞHaðZÞ takes the con-

servative form, which implies that the integral is expressed

by the divergence term only and

X
a

ð
d3v Cp

aðzÞHp
aðzÞ ¼ 0 (C7)

holds. Here, using Eqs. (26) and (C4), Hp
aðzÞ is given by

Hp
a zað Þ ¼

1

2
mav

2
ka þ lB0 xað Þ þ ea/ xað Þ þ DHa zað Þ; (C8)

where

DHa zað Þ � Dx 2ð Þ
a �

@

@xa
þ Dvka

@

@vka
þ Dl0a

@

@l0a

 !
Ha zað Þ

þl0a B0 xa � qað Þ � B0 xað Þ

 �

þ ea Wðxa � qa; vka; l0aÞ � / xað Þ

 �

: (C9)

It is easily seen that Eq. (C7) is satisfied if DHaðzaÞ ¼ 0.

Then, substituting Eq. (C2) into Eq. (C9) and using

DHaðzaÞ ¼ 0, we have

Dx 2ð Þ
a �

@

@xa
þ Dv 2ð Þ

ka
@

@vka
þ Dl 2ð Þ

0a

@

@l0a

 !
Ha zað Þ

¼ �l0a B0 xa � qað Þ � B0 xað Þ þ qa � rB0ð Þ 1þ ea

B0

@W
@l0a

� �� �
� e2

a

B0

/ xað Þ � hw Xa þ qað Þina


 � @W
@l0a

� e2
a

2mac2
hjA1 Xa þ qað Þj2ina

þ e2
a

2B0

@

@l
h½~wa Xa þ qað Þ�2ina

þ ea vkab � rb � qa þ
1

4
3qa � rb � v? � v?rb � qað Þ� ea

mac
A1k

� �
@

@vka
�

mavka
B0

@

@l0a

 !
W: (C10)

We find that the right-hand side of Eq. (C10) is of Oðd2Þ.
Then, as remarked after Eq. (C16), we can choose Dxð2Þa ,

Dvð2Þka , and Dlð2Þ0a which satisfy Eq. (C10) and are of Oðd2Þ so

as to be consistent with Eq. (A3).

When we use Dxð2Þ ¼ 0, Dvka ¼ Dvð1Þka , and Dl0a ¼ Dlð1Þ0a

for Eq. (C1) by putting Dvð2Þka ¼ Dlð2Þ0a ¼ 0, we have DHaðzaÞ
¼ Oðd2Þ and

P
a

Ð
d3v Cp

aðzÞHp
aðzÞ ¼ Oðd3Þ because

Cp
aðzÞ ¼ OðdÞ holds for the distribution function, the zeroth

order of which is given by the local Maxwellian. Therefore,

even for this case where
P

a

Ð
dU
Ð

dl
Ð

dn Dg
aðZÞ

Cg
aðZÞHaðZÞ is not completely given in the conservative form,

the residual term
P

a

Ð
d3v Cp

aðzÞHp
aðzÞ ¼ Oðd

3Þ is smaller

by a factor of d than other transport terms of Oðd2Þ in the

lowest-order energy balance equation given in Eq. (100) in

Sec. VI B.

We next put Ag
aðZÞ ¼ ðpc

fÞ
g
aðZÞ in Eq. (C5). Here,

ðpc
fÞ

g
aðZÞ denotes the canonical toroidal angular momentum

defined by

pc
f

� 	g

a
Zð Þ � ea

c
A�f Zð Þ � ea

c
A0f Xð Þ þ maUbf Xð Þ; (C11)

where A0f ¼ �v and bf ¼ I=B0. We now see thatP
a

Ð
dU
Ð

dl
Ð

dn Dg
aðZÞCg

aðZÞðpc
fÞ

g
aðZÞ takes the conserva-

tive form if

X
a

ð
d3v Cp

aðzÞðpc
fÞ

p
aðzÞ ¼ 0: (C12)

Here, using Eqs. (C4) and (C11), ðpc
fÞ

p
aðzÞ is given by

pc
f

� 	p

a
zð Þ ¼ ea

c
A0f xð Þ þ A1f xð Þ½ � þmavf þ D pc

f

� 	
a

zð Þ; (C13)

where

D pc
f

� 	
a

zað Þ ¼ Dx 2ð Þ
a

@

@xa
þ Dvka

@

@vka

 !
pc

f

� 	g

a
xa; vkað Þ

þ pc
f

� 	g

a
xa � qa; vkað Þ

� ea

c
A0f xað Þ þ A1f xað Þ

 �

� mavfa: (C14)

Again, we easily see that Eq. (C12) is satisfied if

Dðpc
fÞaðzaÞ ¼ 0. The Oðd2Þ variables, Dxð2Þa and Dvð2Þka , which

meet the condition that Dðpc
fÞaðzaÞ ¼ 0, are given by

Dx 2ð Þ
a � r pc

f

� 	g

a
zað Þ ¼ �

ea

c
qa � rvð Þ

vka
Xa

b � r � bð Þ
�

� 1

2B0

qa � rB0

�
� mac

ea
l0aWf; (C15)

and
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Dv 2ð Þ
ka

@

@vka
pc

f

� 	g

a
zað Þ

¼ mabf xað ÞDv 2ð Þ
ka

¼ �mavka bf xa � qað Þ � bf xað Þ þ qa � rbf

 �

þ ea

c
v xa � qað Þ � v xað Þ þ qa � rv� 1

2
qaqa : rrv

� �
;

(C16)

where r � @=@xa and Wf � �ðrR � rvÞ=ðRB0Þ
þ 1

2
bfb � ðr � bÞ. As a solution to Eq. (C15), we can assume

Dxð2Þa to be given in the form Dxð2Þa ¼ Dx
ð2Þ
avrv. We should

note that rv � rðpc
fÞ

g
a ¼ Oðd

�1Þ and @ðpc
fÞ

g
a=@vka ¼ mabf

¼ Oðd0Þ while the right-hand sides of Eqs. (C15) and (C16)

are of OðdÞ and Oðd2Þ, respectively. Therefore, Eqs. (C15)

and (C16) give Dxð2Þa and Dvð2Þka , which are both of Oðd2Þ,
consistently with Eq. (A3). Then, these Dxð2Þa and Dvð2Þka are

substituted into Eq. (C10) to determine Dlð2Þ0a of Oðd2Þ as

well.

Thus, the collision operator, which has the desired

conservation properties as well as the accuracy required for

correct description of collisional transport of the energy and

the toroidal angular momentum, is given in Eq. (C1), in

which Dxð2Þa Dvka, and Dl0a are defined by Eqs. (C2), (C10),

(C15), and (C16). Using this collision operator, putting

ApðzÞ ¼ 1
2

mav2
k þ l0B0ðxÞ þ ea/ðxÞ and Ap

aðzÞ ¼ ðea=cÞ
½A0fðxÞ þ A1fðxÞ� þ mavf in Eq. (C6) and taking their sum-

mation over species a define the transport fluxes QC and JC
pf

of the energy and the canonical toroidal angular momentum,

respectively, which appear in the energy and toroidal angular

momentum balance equations in Secs. V A and V B [see Eqs.

(68), (69), (77), and (78)]. In the definition of QC mentioned

above, the contribution of the potential energy part ea/ is

written as /
P

a eaC
C
a , which is smaller than the contribution

of the kinetic energy part by a factor of d because the classi-

cal particle fluxes represented by the lowest-order part of CC
a

are intrinsically ambipolar. Therefore, the energy flux QC

defined here agrees with Eq. (B11) to the lowest order in d.

Regarding the entropy production discussed in Appendix B,

the positive definiteness of the entropy production rate

[corresponding to the first term on the left-hand side of

Eq. (B12)] is only approximately shown by using the present

model collision operator in Eq. (C5) with Ag
aðZÞ ¼

�½log FaðZÞ þ 1� because Ap
aðzÞ ¼ �½log faðzÞ þ 1� is not

rigorously derived from Eq. (C4) without the infinite series

expansion in Dza as in Eq. (A6).

APPENDIX D: DERIVATION OF EQS. (106) AND (107)

In this Appendix, it is shown how to derive Eqs. (106)

and (107) by using the collision operator given in Appendix

C. On the right-hand side of Eq. (78) where the radial flux

ðPCÞs of the toroidal angular momentum due to collisions and

finite gyroradii is defined, the two types of fluxes jC ¼
P

a eaCC
a

and JC
pf ¼

P
a JC

pfa are evaluated by taking the summation of

Eq. (C6) over species a with putting Ap
aðzÞ ¼ ea and

Ap
aðzÞ¼ ðpc

fÞ
p
aðzÞ, respectively. Here, ðpc

fÞ
p
aðzÞ¼ ðea=cÞ½A0fðxÞ

þA1fðxÞ�þmavf is used for the collision operator which con-

serves the toroidal angular momentum as explained in

Appendix C. Consequently, the ensemble average of ðPCÞs
is expressed explicitly up to Oðd2Þ as

hðPCÞsiens ¼ JC
pf þ

v
c

jC
L

� �
� rs

� 

ens

¼
X

a

ð
d3vhCp

a zð Þiens

ea

2c
qaqa : rvrs

�

�maqav? : efrs� þ O d3ð Þ

¼ �
X
a;b

macjrsj2

2eaB0

@v
@s

ð
dU

ð
dl
ð

dn Dal

� Cp
ab hFa1iens;FbM

� 	
þ Cp

ab FaM; hFb1iens

� 	
 �
þO d3ð Þ;

(D1)

from which Eqs. (106) and (107) are immediately obtained.

It is noted that the Oðd2Þ part of hðPCÞsiens has no contribu-

tion from the gyrophase-dependent part of the distribution

function, the lowest-order part of which is given by
~f a1 ¼ �qa � rFaM with the gradient operator r taken for the

fixed energy variable e ¼ 1
2

mav2 þ eh/iens.
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