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Linearized model collision operators for multiple ion species are implemented in a local flux-tube gyrokinetic
code. The newly implemented collision operator satisfies the conservation properties of particles, momentum, and
energy, as well as the adjointness relations for collisions between different particle species, which are numerically
confirmed by the test simulations. The linear zonal flow response with finite collisionality, is also compared
between the new collision operator and the simplified model collision operator.
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1. Introduction

In the magnetically confined toroidal plasma, the bi-
nary collision of charged particles is one of the most funda-
mental processes, and causes the classical and neoclassical
transport. In the turbulent transport, the collisions are also
important as the dissipative process allowing the system
to reach a statistically steady state [1]. In present experi-
ments, the magnetically confined plasma should consist of
different ion species, such as deuterium, carbon, and so on.
Therefore, the collisions between different ion species are
necessary to be taken into account in the turbulent trans-
port simulations of fusion plasmas. It is preferable to em-
ploy an accurate collision operator in the kinetic simula-
tions, which is easy to treat analytically and numerically
satisfying physically properties such as several conserva-
tion laws. Although several model collision operators have
been proposed and numerically implemented [2—8], in this
work, we implement the linearized model collision opera-
tor for multiple ion species plasmas [9] in the gyrokinetic
Vlasov code, GKV [10, 11]. Since the developed operator
is designed for satisfying the conservation laws of particle,
momentum, and energy, and physical constraints such as
the Boltzmann’s H-theorem and the adjointness relations,
we confirm that the newly implemented collision operator
works well satisfying the conservation laws, and the phys-
ical constraints within an acceptable error levels. Using
the implemented collision operator, we performed a gy-
rokinetic simulation of the linear response of a zonal flow,
where the collisional zonal flow damping process is more
accurately reproduced.

The rest of this paper is organized as follows. Sec-
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tion 2 briefly introduces the linearized model collision op-
erator developed in Ref. [9]. In Sec.3, the details of the
representations for the implemented collision operator into
the GKV code are introduced. Section 4 is devoted to dis-
cuss the numerical tests of the operator for the conservation
laws and the self-adjointness relation, and presents the gy-
rokinetic simulation results of zonal flow damping. Con-
clusions are presented in Sec. 5.

2. The Linearized Collision Operator

Collisional processes are necessary as the final dis-
sipation mechanisms of the energy and entropy fluctua-
tions in the turbulent transport induced by microinstabili-
ties. Therefore, in the kinetic simulations, it is desirable
to employ a collision operator with a set of constraints
for a physically reasonable properties, an accurate colli-
sion model which preserves conservations of particles, mo-
mentum, and energy should be included. In our previous
work [9], the linearized model collision operator for mul-
tiple ion species plasmas were constructed, which satis-
fies not only the conservation laws for particle, momen-
tum, and energy, but also the adjointness relations and the
Boltzmann’s H-theorem.

2.1 The gyrokinetic collision operator

A well-established collision operator between plasma
particle species a and b is given by the Landau collision op-
erator [12] C.p(fs, fp).- Where the operator is bilinear with
respect to the distribution functions, f, and f;. If the distri-
bution functions are given by f, = f,0+0f,, where f,o is the
equilibrium part and ¢ f;, is the small perturbation part, one
may use the linearized collision operator C(I;b which is de-
fined by CL, (8, f3) = CT, (6f.)+CF,(5f,). Here, the test-
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particle part and the field-particle part of the collision oper-
ator are defined by C »(0fa) = Cap(d fas fro) and C »(0fp) =

Caupr(fa0,0fp), respectlvely The equilibrium part of the dis-
tribution function is assumed to be Maxwellian, f,0 =
Fam = nag(mg/2nT,)3"? exp(—mqv®/2T,), where n,, m,, and
T, are the density, the mass, and the temperature of species
a. The perturbed particle distribution function is repre-
sented by 6f, = X, 0fuk, exp (iSy,) with the eikonal Sy,
which describes the rapid perpendicular variation. The dis-
tribution function for the wavenumber k, is divided into
the adiabatic and non-adiabatic parts,

ea6¢ki
T

a

6fakL = - FaM +hakL eXp(—l'kJ_ 'pa), (1)

where hg, is the non-adiabatic part of the distribution
function, which is independent of the gyro-phase ¢, the
gyro-radius vector p, = b X v/Q, with Q, = e,B/m,c,
and 6¢y, is the electrostatic potential. Here, b, c and e, are
the unit vector parallel to the magnetic field, the speed of
light, and the charge of ion species a, respectively. The
gyrokinetic form of the collision operator CSK) is defined
by taking the gyro-phase average of the linearized collision
operator as follows:

dy
C((l(;K)(hdkﬂhbkL) = é‘ 2— exp (lkl pa)C (6ﬁ1kﬂ6fbk¢
= C,, 0 +C00, )

where the test-particle and the field-particle parts of the
collision operator in gyrokinetic form are defined by

d ) .
Cop ¥ = 95 2—7"‘; exp (ik.-p,) Cy, (exp(=iky-phar,), (3)

d ) .
C(l;(;GK) = 95 2_:? exp (iky-p,) Csb (exp(—ik, ‘Pb)hhkl) , 4

respectively.
Now, we define C[Td? as follows:

tumpaor i loeradl)] o
where £ is the pitch-angle-scattering operator, £ =
(1/2)(8/dv) - W*I — vv) - (0/0v). The collision frequen-
cies for pitch-angle scattering and energy diffusion are
given by v“”(v) QB+ M, '[H(xp) — G(xb)]/x and

(v) =@ \/_ /27, G(xb)/xa, respectlvely Here, H(x) =
2n—1/2 fo drexp(—1%), G(x) = [H(x) — xH'(x)]/(2x?),
H'(x) = 2rn'"2exp(-x%), x, = v/QQT,/m,)""?, and
GVr/H)7;) = dnanpelel In Ay /(my*T,'?), where In Ay is
the Coulomb logarlthm Using the operator C, the test-
particle part of the gyrokinetic collision operator can be
written by

dy
C;F;GK) = 95 > exp(ik, pa)C O (exp(—ik, P k)
+(0u— 1)96— exp(ik,-p )P C (exp( ik, -pOha,)

1) 95 D explik s -p)C P, (exp(—iks -p)har.)

#0175 explibp PLCIP (expl-ik p s ).
©

where 0., = [To(mg + mp)/(Tamy, + Tymy)]Y?, and Pog =
FuM [(mu/Ta)ua(g) v+ (6Ta(g)/Tu)(x3 - 3/2)] with uu(g) =
ng! [dPvgv,and 6T.(9)/T, = n;' [ d*v g (me? /3T, - 1).
For each term in the right hand side of Eq.(6), we have
more concrete expressions using the Bessel functions J§ =
Jo(k vy /Q) and JT = Jy(ky v, /€,) as following

d : .
95 2—:‘; exp(iky - p,)Cyy (exp(—iky - p,)hat,)

1 6 6 ha a
= VW) Lha, + 202 Bv [Vllb(v)v4F M v (ﬁ)]
i 5@ (26 +3) i @0l ], "
ak, 492 D I 1 Il 1

(6 1>9§—exp<ﬂq PIPC™ (exp(—ik, - p)ha,)

= (0,

a a hﬂki
[J U|| fd3l) ‘]0 HC;? (FaMmavH/Ta)

h
+ Jiv, fd3v Ji Fah o ng (Fammavy/T,)

a

. 3 uhah 2
. (xﬁ—z) [aonieien (Fasz)], ®)
dey . TO .
(Oap — 1) > exp(ik, - p,)C,,Pa (exp(=iky - p)har,)
= (O — 1)[ch§,‘3 (Faumavy/To)n," f d*v JGha, vy
+]fUiCZ£ (Fammgauy/T,) n;l fd3v J{ha, vy
i
+ JCo (Famxa)ng | d Tiha 2(e-3 )
0~ ab L3 a 2 >

(O — 17 56 D ik -p, ) PuCTOP, (exp(=iks -p)har.)

Fam Xap
NaTap (1 + @212

X % (.Igl)” deU J(L)lhakLUH + JTUJ_ fd3l) haklUJ_)
2‘]8 2 3 3 a 2 2 3
+ l+a§b (Xa—z)fd l).]ol’laklg( a_i) . (10)

where ay, = VT omy/Tpym, = xp/X,.
On the other hand, the field-particle collision term is
given by

== — 1)*

)
CF(GK) Y CZb (FaMmaUH/Ta)

ab
a

th
fd3 Jb k CT (Fmebl)”/Tb)

Juv_l- d’i ]b hka. UL
] F},

k) o) 0

Cba (Fpmmpuy/ Tb)]
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where 7, and y,;, are defined by

naTa 3a'ah Ta 2 )
= lera SR (a2, 12
Nab o (1 N aib)5/2 (Tb ab ( )
ngMmyg Agp Th 2
ab = — ——= | ta . 13
Yab Tab (1 + a,ib)?)/Z (Tb ab) ( )

2.2 Properties

In this subsection, we explicitly remark the several
properties that the linearized Landau collision operator
should satisfy for collisions between species a and b. The
conservation of particles should be satisfied for the test-
and field-particle parts, which are represented by

fd%c;f,,(m):fd%cib((m):o, (14)
while the momentum conservation,

f d*v mCl (5f,)+ f d*v mpCy (5£,) =0, (15)
and the energy conservation,
f d*v %vzmaCZb(éfa)+ f d*v %v2mbC§u(6fa) =0, (16)

should be satisfied when each conservation is simultane-
ously included. The adjointness relations for the test-
particle part is represented by

fd3 0/ Cj,,(a “)‘f

and for the field-particle operator,

f d'o f”CFh(cm) T, fd3 iCba(éfa) (18)

The H-theorem can be written by

89a
FiCZh(éfa), (17)
aM

fd3 e [ b(éfa)+Cb(5f,,)]
fd3 2 [Cga(5fb)+C 61 ] <0. (19)

Equation (19) expresses the dissipative nature of collisions
which cause the distribution function to asymptotically ap-
proach the local equilibrium state. The adjointness rela-
tions and the H-theorem described by Eqs. (17)-(19) are
rigorously satisfied by the linearized Landau collision op-
erator only for the case of T, = T,[9]. If T, # T, and
m, < myp, Eqs. (17) and (18) are valid up to the lowest or-
der of (m,/my)"?. In the case of m, > my, on the other
hand, the test-particle part CZb contains the term propor-
tional to (1 — T,/T,) that causes an error to the relation
(17) and the H-theorem (19). The relative magnitude of
the error in the sum of CI (6f,) + CT ,(0f4) are of the or-
der of (nb/na)(eb/ea)z(mb/ma)l/z(1 Tb/T ). Therefore,
when (my,/m,)"/*(1-T,/T,) is small enough, the term con-
tained in CT »(0fa), which breaks the relations in Egs. (17)
and (18), can be neglected without influencing the solution

5t

3. The Collision Operator in GKV
3.1 GKY code

In our previous paper [13], we performed gyrokinetic
Vlasov simulations for ion temperature gradient (ITG) tur-
bulent transport in the Large Helical Device [14] (LHD)
plasma with the high ion temperature [15] by using the
gyrokinetic local flux-tube turbulence code [11] based on
GKYV code [10]. In the GKV, which is extended recently
to multiple species plasma turbulence simulations, the
wavenumber-space representation of electrostatic gyroki-
netic equation for the perturbed gyrocenter distribution
function 6 fax,

g 0 .
(5[ +ub-V-Lbp. VB -+ iwa | 8 fur,

mg ]

c ’ ’7 ’
—= Db (KX KDk 0, /Qu)60k 6
A

e, . .
= T—”FaM (=0yb -V =iwap +iwa.) Jolk v, [Q)d¢i, +C ),
(20)

Here, w,p = k, -v,p and w, = k, -
v, are the magnetic and diamagnetic drift frequencies
with v,p = (c/e.B)b X (UVB + mavﬁb - Vb) and v,, =
(cT,/eaB)b x [VInn, + (m?/2T, — 3/2)VInT,], respec-
tively. In Eq. (20), the symbol ), means double summa-
tions respect to k', and k', which satisfy k, = k| + k.
Although GKV code has been extended to be applicable to
the electro-magnetic turbulence simulation [16], for sim-
plicity in this paper, we consider the low-8 electrostatic
limit with assuming the adiabatic electron response. Thus,
the electrostatic potential d¢, is determined by Poisson’s
equation,

Zfd%z J&6 fur, — Z

ate ate
npe
= —5% (ko

is solved.

— 50,

— (0, )zr), (21)

where Z, represents the charge number of the species a,
(0¢k, yzr is the zonal flow component of the flux surface
average of o¢y, , and Ap is the Debye length. Also, I'j =
exp(—b,)Ip(b,) with b, = (kiTa /(m,L,)) where Iy denotes
the zeroth-order modified Bessel function.

3.2 Implementation

In this subsection, the concrete representations of the
collision operator implemented in GKV code are shown.
The term for collisions in Eq.(20) consists of the field-
particle part and the test-particle part as follows:

CO =3 0 = (en + ). (22
b b

Using the representations

Fom
C (Fauvy) = =6 —22(1 + a2,y

a
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3 Gauwxa) Qb
—————+ lp - 1)————|, 23
X > X, + (B )(1 +a’ih)3/2 (23)

F 2a'a;, 2 3
9{1 Y 9 an - A
{( TR ETE (x“ 2)

(H(aabxa) AapXaH' (aabxa>(1+aa,,>)} (24)

C,;rb (FaMxZ) —Oup——

A
2xa

ab

the field-particle part of the operator in Eqs. (11) or (22)
can be expressed as

Oupb, 3 G
CFOK) — _ b [mamb ( Vr (1+0a2) (@apXa)
TabTha yabTa 2 a
Qap
Oy — 1)—20
(Oap )(1"'0‘31))1/2)

X{Jé‘vufﬂu BZIND 4 (G — 1) — 28 <‘”)

(I+a2 )2
3vr ) g D
( (L+ ap NG + (Opa — l)WNh

+J85_}7 {3 ﬁa—z |:H(a'ahxa)
ab

+J{v,

2 ab

a

—aa(l + aiﬁH’(aabxa)}

Agp

2 3
m(@zb 1)(% - 5)}

x {3 V2[NS = a1 + 2N

2a/ba 5)
fUrayn 72 Oa = DN, (25)
Similarly, using the representations
3+n F,
Cap (Fanvy) = ——\/_ ™ (1 + a2, Gl@axa), (26)
C;{}? (FaMxZ)
3 \/; FaM

’ 2
230, Tab (H@ax0) = aapxaH' (@ap o)1 +a7,)) . (27)

the test-particle part of the collision operator in Egs. (6) or
(22) can be represented as

CZ;GK) _ CZb(GK) + CD(GK) (28)
where CD(GK) is the different temperature part,

D(GK) _ 3 \/_ FaM -
Cab (9 Tab

m
X —T“ 1+ aib)(Jgu”N;}j + J;‘leg;))
a

2
+§Jg(x§— ey (N - aab(1+a§b)/vg>)}

3\ F,
~(Oap— 1)—‘/_ nM T, [J“v”—(l + a2,)G(@apx )N

a

+JfU¢T—a(1 + aib)G(aabxa)Ny)

2 _ ,
4376033 [H@asa) = awval + a2 H @avd | N

Fom ,1 Xab

2 a Ma @)y | qa,. Ma \(7)
_(Gab 1) ; Tub —( +a§b)1/2 [JOUHT_aNa +J1ULT—aNa
2 3
+—J4|x NI, (29)
1+ a 2

and CZ;GK) is given by
2

CZb(GK) (ZVOb(v)x 492 —vh

Y (0)(20] +v7) + v”b(v)vL) hy

9
+i (1 - Zb)v”a—hk

+(yb(v)x (1- aab)+ vh (v)(—+1])1@%hii

2

0
(V” (U) th(U)) v th*

1 et 6 a
+§ (vﬁb(v)vL + vavﬁ) a_zhki

> he.. (30)

1
+= (v“l’b(u)vﬁ + Van(U)UJ_) % 2

2
Here, we define vgh =3 \/5/4)%ng; x;zH’(xb). In the
developed code, we employ fourth-order finite difference
schemes in the velocity space derivatives, and the velocity
moments of the variables employed in the above expres-
sions are given by

ara . Glaawxs)
N = f d3vJOhkLv||#, (31)
H
N = fd%JShZ M, (32)
L -xﬂ
N = f dPI3he, H (@apxa), (33)
N = f PolI v, (34)
5) — 3. jarpa 2 3
N7 = | dolghy | x; - 5] (35)
G(agx,
NG = f dostng o, L) (36)
N = f doJ{hg v, 37)

4. Numerical Tests

To validate the developed collision operator, we per-
form the calculations for the Maxwellian relaxation pro-
cess, the thermal equilibration, and the collisional damping
of the zonal flow potentials, and also evaluate numerical
errors found in the conservation properties and the self-
adjointness relations discussed in Sec.2. For simplicity,
we consider the drift kinetic limit of the model collision
operator (k, p; < 1) except for the zonal flow damping test
in Sec.4.3, as the polarization effect is influential in the
zonal-flow damping.

4.1 Maxwellian relaxation
The relaxation processes with the test-particle colli-
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sion operator can be described by

0 oo _ o1
5;0fa = Cap(0fa)- (38)

If the test-particle operator forms the Lenard-Berstein type
[17], which is employed in previous GKV simulations,

CL(6f) = C™(Sf)

1 0 0 v
=Va| — 57— _6(1 _l(sa
Y |:UJ_aUJ_ (ULaUL f+l}2 f)

ta

0 0 )
+a_l}” (a_u|6ﬁ1 + U—zéﬂ):| , (39)

ta

since the collision frequency in the operator is independent
of velocity, the distribution function uniformly evolves to
the Maxwellian form in the velocity space from its initial
distribution. Here, v, denotes the collision frequency, and
v = (T,/my)"? is the thermal velocity of the ion. Now
we consider the initial distribution function as a bell-shape
function,

4
6fa(t=0)=exp[—(35 ” (40)
ta

Time evolution of the distribution function by the ion-
ion collisional relaxation process due to Eq. (38) with the
Lenard-Berstein form in Eq.(39) is shown in Fig. 1-(a)
for the case of v, = 0.0076 (vi/Ry), where the distri-
bution goes to the Maxwellian uniformly in the veloc-
ity space. Here, Ry is the major radius. Figure 1-(b)
shows the time evolution of the distribution function by
the test-particle operator for ion-ion collisions given by
Eq. (28) in the drift-kinetic limit with equal temperatures
and v; = Tﬁl = 0.038 (vi/Rp). The frequency of the opera-
tor has the velocity-dependence, so that it becomes higher
for smaller velocity but lower for larger velocity. There-
fore, in the figure, we can see that the distribution function
relaxes to the Maxwellian faster in the small |y)| region than
in the large |vj| region.

4.2 Thermal equilibration

In this section, we conduct a test of thermal equilibra-
tion processes with the model collision operator in a three-
ion species plasma. Here, we consider the multi-species
plasma consists of deuterium (D), helium (He) and car-
bon (C). If each ion species has the perturbed Maxwellian
distributions with different background temperature and its
fluctuations, we have

on, my 8T, (ma* 3
6f,=F, +—u, v+ —-=1], @l
f M(na T, T, (2T,, 2)) “1

where u, is the mean flow. Thermal equilibration among
the ion species proceeds as described by the following
equation:

0
5%=§@$W%H@F@W, (42)

100 _(a) T T T T T ]
S
(=)
=107t -
w
= t=0 —
=0 | =25 — |
g =100 —
0 t=400 —
Maxwellian - -
10'6 1 1 1 1 1
-6 -4 2 0 2 4 6
V)V
100 —(b) T T T T T ]
S
()
=107 | 1
w
E t=0 —
110-4 B t=25 — i
% =100 —
s =400 —
Maxwellian - -
1076 ,

-6 -4 -2 0 2 4 6
V)V

Fig. 1 Time evolutions of the distribution function under the col-
lisional relaxation processes, obtained by different test-
particle collision operators; (a) the Lenard-Berstein op-
erator with v,/(vi/Ro) = 0.0076 and (b) the model col-
lision operator Eq. (28) with v;;/(vi/Ro) = 0.038 for the
same species ion-ion collision. The plots are obtained in
v, =0.

where the temperature fluctuations and the mean flow relax
to 6T,/T, = 6Ty/Tp and u, = uy, respectively. Figure 2
plots the time evolutions of the temperature fluctuations
0T,/T, during the equilibration process, where the initial
distributions are given by Eq. (41) withu, = 0, Ty./Tp =
1.2, and Tc/Tp = 0.8. The initial charge densities are
given by Zpnp: Zyehye: Zene = 0.20 @ 0.75 : 0.05.
We observe that 67, /T, converges under the thermal relax-
ation imposed by the implemented collision operator. For
this calculation, (Ny, N,,) = (96,48) grid points in (v}, v_ )-
space with vpn,x = 6uvy, which are used in typical GKV
simulations, are employed. The thermal equilibration pro-
cess proceeds with the heat exchange between multiple
species with different temperatures, the distribution func-
tions converge to the same form after a sufficiently long
time. According to the H-theorem, Eq. (19), the entropy
are monotonically produced due to the collisional heat ex-
change. The distribution functions at ¢/(Ro/vyp) = 0 and
t/(Ro/vyp) = 2000 are plotted in Fig. 3, where it is clearly
seen that each distribution function goes to the same form.
Here, vy, is the thermal velocity of proton.
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0.6 il I
—C
itﬁ
B‘N
“© 0.5 T
0‘4 L L L L L L L L L
0 500 1000

t (Ry/vy)

Fig. 2 Time evolutions of the temperature fluctuations 67,/T,
of Helium (a = He; red curve), Deuterium (a = D; blue),
and Carbon (a = C; green).

0.00
=

-0.02

—— He(r=0)
L — D (=0 |

—— C (t=0)
——=- He (r =2000)

-0.04r M |- D (1=2000) |
------- C (1=2000)

| 1
-6.0 40 -20 0.0 2.0 4.0 6.0

Vil Vi

Fig. 3 Distribution functions 6f, on v, = 0 at t/(Ro/vy) = 0
(solid curves) and ¢/(Ry /vyp) = 2000 (dashed curves). The
red curves represent the results for a = He, the blue is
a =D, and the green is a = C.

4.3 Zonal flow evolution

As an application of the developed collision operator
to the gyrokinetic calculations, we evaluate the collisional
linear response of the zonal flow potential. The zonal
flows are given by an electrostatic potential perturbation
that varies in the radial direction but remains constant on
the flux surface. Hence, the zonal flow component (6¢y, )zr
in Eq. (21) is evaluated at k, = 0, where k, denotes the per-
pendicular wavenumber along the poloidal direction. In
the tests, we calculate time evolutions of the zonal flow po-
tential in the linear response to the Maxwellian initial per-
turbation solving the linear gyrokinetic equation based on
Eq. (20) with the gyrokinetic collision operator for single-
ion species. Here, we assume the electron density pertur-
bation to be given by 6n, = (npe/T.)(0¢r, — ¢k, )zr), and
we employ the Cyclone base case configuration [18] with
the parameters of &, = r/Ry = 0.18 and g = 1.42. Figure 4

10° :
AN Ao |
A |
o
g 5 1 WVWM\M\
V - i
x 10 V
3
V Collisionless |
LB collision
— GK collision
4 )
10 0 50 100
t (Ry/vy)

Fig. 4 Collisional linear responses of the zonal flow potentials
of the single ion species plasma with the developed gy-
rokinetic collision operator (red curve) and the Lenard-
Bernstein operator (blue curve) with v; = (3 \/77/4)751.
The black curve shows the response in collisionless case.
The horizontal dashed lines are the long-time analytic
limits in the collisionless case (black) Eq.(43) and the
collisional case (red) Eq. (44). The plots are obtained in
kypp = 0.1.

plots the linear responses of the zonal flow potential with
the radial wavenumber of k,py = 0.1. The results are com-
pared between the developed gyrokinetic collision operator
and the Lenard-Bernstein model with v, = (3 \/77/4)7(;;.
For the calculations, we used (N,,N,,) = (256,64) grid
points in the velocity space with vax = Svy,. As seen in
the plots, the response functions of the zonal flow poten-
tial with the two operators oscillate similarly in the ini-
tial phase (¢/(Ro/vyp) < 20), but deviate after a long time
(t/(Ro/vyp) > 20). Here, we note that the long-time limit of
the response function has been analytically obtained as

5¢kJ_(t) R 1
6. (0) 1+ 1.6¢2/"*

in the collisionless case[19]. On the other hand, in the
collisional case, the potential approaches the value,

Oy, (1) 8_12 (ad)

N

5r, (0) g%’
where the toroidal momentum conservation leads to that
steady state value [20]. In Fig.4, we can see that the
residual potential in the developed collision operator case
approaches the finite value close to the analytic predic-
tion Eq.(44), while the Lenard-Bernstein model leads
to the over-damping. The developed collision operator
also yields the different collisionality from the Lenard-
Bernstein model by virtue of Eq. (22). Therefore, it is con-
sidered that the differences found in Fig. 4 are caused by
the fact that the velocity-dependent collisionality and field-
particle part are included in the developed operator with
more accurate momentum conservation.

(43)

1403058-6



Plasma and Fusion Research: Regular Articles

Volume 10, 1403058 (2015)

In addition, we consider the multi-species plasma con-
sists of deuterium (D), helium (He) and carbon (C), with
the initial conditions as same as Sec.4.2. Figure 5 shows
the zonal flow response functions calculated with the de-
veloped collision operator for the single- and multi-species
cases. The zonal flow damping in the multi-species case
is also tested by using the developed collision operator in
the drift kinetic limit. In the plots, one finds the geodesic
acoustic mode (GAM) frequency is lowered by increase of
the effective Z number in the multi-species ion case. For
the longer-time response of zonal flows, a certain differ-
ence between the gyrokinetic and drift kinetic cases ap-
pears although the difference is small since we adopted a
small perpendicular wavenumber, i.e., k pyp = 0.1, in the
calculation. The above results suggest that components
of the multi-species plasmas may influence the turbulent
transport phenomena by changing the collisionality and the
zonal flow response function.

4.4 Error estimation

In order to estimate numerical errors in calculations
with the developed collision operator, we should consider
the acceptable level of the errors in the local gyrokinetic
simulations. Typical GKV simulations require a calcula-
tion duration time of tgy ~ 10% (Ry/vs) to reach the tur-
bulent transport saturation. Therefore, if we request an
acceptable error Ay, of less than 1% over the whole du-
ration, the cumulative error in the calculation with the col-
lision term fgim|Ajim| should not exceed 1072, i.e, we spec-
ify |Aiml < 107 as the upper-limit error. In the follow-

A

~

(=)

N

=

[%e]

Vv

N P

A — GK collision

N (Single Species)

S —— GK collision

V (Three Species) i
DK collision

(Three Species)

50 100
t (Ry/vy)

Fig. 5 Collisional linear responses of the zonal flow potentials
of the three ion species plasmas with the developed gy-
rokinetic collision operator (blue curve). The red curve
shows the result in the case of the single ion species
shown in Fig.4, and the green curve shows the result in
the case of the three ion species plasmas with the devel-
oped operator in the drift kinetic limit. The plots are ob-
tained in ko = 0.1.

ing tests, the grid points and box size of the velocity space
were those specified in Sec. 4.2.

4.4.1 adjointness relations

In order to estimate the errors of the developed colli-
sion operator for the adjointness relations in Eqs. (17) and
(18), we define the relative errors as follows:

(adj)T
Aab =

= 7 ( [aor=cion- [dof
FaM
h2 2 \1/2
/( f Potta f d%i) : (45)
FaM FaM

for the test particle part, and

Af;dj)FETab (Tafd3 ' (gp)— bed3v—Cba(ha))

/(fd3 Foor fd3 FbM) , (46)

for the field particle part. As the test distribution functions,
we employ the perturbed Maxwellian forms as follows:

ong a oT, a2 3
hazFaM( a y May, u|,+—(m” ——)), (47)

CaTb(ha))

Ny T, T, \21, 2

on, my 6Ty (mpr? 3
Fom|— + — + — - =], 48
gp= bM( w T, up ) ( o7, 2)) (43)

with the normalizations of the zero-th order moments,

fd3vh=1, and fd3vg=1. (49)

The error about the H-theorem is written as the negative
definition,

h
AR =T, f d*o—= (C1(hy) + €5} (gy))
F aM
hy
Ty f d3vaM (CR®gy) + € (hy)) < 0. (50)
The calculated errors are summarized in Table 1. All the
Table 1 Relative errors of the collision operator for the self-

adjointness in multi-species plasmas with helium (He),
deuterium (D), and carbon (C).

ob | ST | e |
He He || -3.10x 1078 | —1.15x 1077 | =5.47 x 107
He D || -6.24x 1077 | 3.28x1071® | —-1.10 x 1073
He C 1.82 % 107° 552%x 10717 | =7.56 x 107®
D He 9.05% 1077 | -5.50x 10716 | —1.84 x 107
DD -3.10x 1078 | 1.58x 1071 | =3.12x 107
D C 2.09 x 10°° 9.86 x 10717 | —=2.50x 107>
C He || -1.63x1077| 590%x 10718 | —=3.02x 107
CD 2.81 x 1077 4.12x 10718 | =1.03 x 107
CcC —3.10x 1078 | —=1.25x 10717 | —=1.83 x 107
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Table 2 Relative errors of the collision operator for the conservations of particle, momentum, and energy in multi-species plasmas with
deuterium, helium and carbon.

ab || Ay A Ay Ay
He He -4.13x 107 1.63x 1076 7.27 % 107° -1.57x 107
He D -2.99 x 1073 4,93 x 1077 471 x 1076 -2.34 % 107°
He C -6.53 x 107° 1.44 x 1073 8.62 x 107° -9.28 x 107¢
D He -5.75%x 1073 3.24x107° 3.17 x 107° —-4.64 x 107
DD -4.13x107° 1.63 x 1076 2.73% 1073 -5.88 x 107°
D C -6.28 x 107° 3.23x107° 3.45%x 107° -3.92x 107°
C He -3.66 x 107 2.21x1078 8.18 x 107° -1.43x107°
CD —-4.47x 1073 -6.85x 1077 -3.30x 1077 -1.86x 1073
cC -4.13x 1073 1.63 x 1076 1.82x 1076 -3.92x107°

errors are within the acceptable level of the local gyroki-
netic simulations. Regarding the H-theorem, it is seen that
the all values of AH are negative.

4.4.2 conservation properties

Based on the conservation laws for particle [Eq. (14)],
momentum [Eq.(15)], and energy [Eq.(16)], we also
check the errors defined as

AT =14 f d%cj,j’)“)(ha)/ f d*v hg,
A =1, f d%cj,?’“)(ha)/ f d*v hy, (51)
for the particle conservation,

Ailb) =Tw (fd3v muvHCZIEDK)(ha)

+fd3() mbv||C£;DK)(ha))/fd3U Mg hy, (52)

for the momentum conservation, and
2 3 2 ~T(DK
AD =1y, (fd v mav*CLP0 (h)

+fd3v mbUZCZDK)(ha))/fd% mavzha, (53)

for the energy conservation between the species a and b
with the test distribution function

on, my 8T, (ma* 3
hy=Fpm|— + — -=1], (54
“M(na T et T (2Ta 2)) (>4

where the zero-th order moment of the perturbed distribu-
tion function is normalized as

fd%ha =1. (55)

Table 2 summarizes the errors in the conservation proper-
ties. Again, all the errors are within the acceptable levels
of the local gyrokinetic simulations.

S. Summary

In this paper, we reported implementation of a numer-
ical collision operator developed for multiple ion species
plasma to the local gyrokinetic flux-tube code, GKV. The
developed operator satisfies the conservation laws of parti-
cles, momentum, and energy, as well as the adjointness re-
lations even for collisions among different particle species.
The developed operator works well in numerical tests of
the relaxation process, the thermal equilibration, and the
collisional zonal flow damping. It is also confirmed that
the new operator satisfies the several conservation proper-
ties within the acceptable error levels in local gyrokinetic
turbulence simulations. The newly implemented collision
operator to the GKV code is sufficient for practical use in
the turbulent transport analysis of fusion plasmas, while
the numerical errors may be enhanced in the case of high
collisionality with heavy impurity ions, or in a longer time
simulations in case near the marginal stability influence.
We have confirmed that the numerical errors of the new op-
erator for the multi-species ions are within the acceptable
levels at least for the grid points and the box size of the ve-
locity space which are employed in the present GKV sim-
ulations. In the case of the multi-species plasmas includ-
ing electrons, the convergences of the numerical schemes
may be modified because the collision operator requires
higher resolution in the velocity space than the only ion
case. More detailed analysis for strong collisional case and
the convergences of the numerical schemes will be pursued
in future works.
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