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A magnetosonic shock wave propagating obliquely to an external magnetic ﬁeld can trap and accelerate
electrons to ultrarelativistic energies when vsh is close to c cos θ, where vsh is the propagation speed of the shock
wave, c is the light speed, and θ is the propagation angle of the shock wave. Because of instabilities driven by
the trapped electrons, some electrons can be detrapped from the main pulse retaining their high energies and
can then be further accelerated to higher energies as a result of their gyromotions. The dependence of electron
motions on the parameters vsh and θ is investigated by two-dimensional electromagnetic particle simulations with
full ion and electron dynamics. If θ is ﬁxed, electron energies become maximum when vsh is slightly smaller than
c cos θ. If the value of vsh /(c cos θ) is ﬁxed, the maximum energy of electrons tends to increase with decreasing θ
for the range vsh /(c cos θ) < 1. The number of electrons that are detrapped to the upstream region and suﬀer the
subsequent acceleration is also examined.
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1. Introduction
Particle simulations have revealed [1] that prompt
electron acceleration to ultrarelativistic energies can occur
in a magnetosonic shock wave propagating obliquely to an
external magnetic ﬁeld with a propagation speed vsh close
to c cos θ, where c is the light speed and θ is the propagation angle of the shock wave. In such a wave, some electrons can be reﬂected near the end of the main pulse of
the shock wave. (If the damping is small, the shock wave
approximates a train of solitons. We call the ﬁrst leading
pulse, the main pulse.) Then, the reﬂected electrons become trapped and are energized in the main pulse region.
The energies of accelerated electrons increase as the external magnetic ﬁeld becomes stronger.
Recently, it has been shown that multi-dimensional
eﬀects can signiﬁcantly inﬂuence electron motions in an
oblique shock wave [2, 3]. One-dimensional (1D) simulations demonstrated that once electrons become trapped in
the main pulse, they cannot readily escape from the wave
[4]. However, two-dimensional (2D) simulations showed
that after trapping and energization in the main pulse, some
electrons can be detrapped from the main pulse, retaining
their ultrarelativistic energies. Further, the electrons detrapped to the upstream region can be accelerated to much
higher energies by the mechanism reported in Ref. [5] for
accelerating fast ions. The detrapping is caused by 2D
electromagnetic ﬂuctuations along the shock front excited
by trapped electrons [2].
author’s e-mail: toida@cc.nagoya-u.ac.jp
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The above 2D simulations were performed for the
case in which vsh  0.95c cos θ and the Alfvén Mach number MA = 2.3. In this paper, we study how the motions in
an oblique shock wave depend on the parameters vsh and θ
using a 2D relativistic electromagnetic particle code with
full ion and electron dynamics.

2. Electron Motion in an Oblique
Shock Wave
We present some theoretical expressions for electron
motions in an oblique shock wave. We assume that a shock
wave propagates in the x-direction with a constant speed
vsh in an external magnetic ﬁeld in the (x, z) plane, B0 =
B0 (cos θ, 0, sin θ). Assuming that the shock wave is 1D and
stationary, we can write the maximum Lorentz factor of
electrons trapped in the main pulse as [6]
γm ∼

Ωe2
Ωe2 c vsh  cos θ
vsh c cos θ
=
,
ω2pe vA (c cos θ − vsh ) ω2pe vA (1 − vsh )
(1)

where Ωe (< 0) and ωpe are the electron gyro frequency and
plasma frequency, respectively, in the upstream region, and
vsh  is deﬁned by
vsh  = vsh /(c cos θ).

(2)

The theory (1) was derived under the condition that vsh  is
smaller than unity. This theory is in good agreement with
1D simulation results [6].
The theoretical analysis also showed that relative velocity between the guiding center of the trapped electrons
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and the shock wave can be written as [6]
v x = (c cos θ − vsh )B0 /B.

(3)

This indicates that electrons cannot readily escape from the
main pulse when vsh  c cos θ because v x  0.
Equation (3) was extended to include 2D and nonstationary eﬀects as [7]
v x  (c cos θ − vsh + cδ fl1 + cδ fl2 )B0 /B,

(4)

δ fl1  δEy1 /B0 ,

(5)

with
δ fl2  (δBx2 + δEy2 )/B0 .

Here, δ fl2 is due to 2D ﬂuctuations of electromagnetic
ﬁelds deﬁned as
δE2 (x, y, t) = E(x, y, t) − Ē(x, t),

(6)

δB2 (x, y, t) = B(x, y, t) − B̄(x, t),

(7)

where Ē and B̄ are E and B averaged along the y-direction.
We call Ē and B̄ 1D ﬁelds. Nonstationarity of the 1D ﬁeld
produces δ fl1 . When the shock wave is 1D and stationary
(δ fl1 = δ fl2 = 0), Eq. (4) reduces to Eq. (3). If the magnitudes of δ fl1 and δ fl2 are not small, v x  0 can break down
even when vsh  c cos θ. This indicates that some electrons
can be detrapped from the main pulse under the inﬂuence
of the ﬂuctuations δ fl1 and δ fl2 .
Electrons detrapped to the upstream region can reenter
the shock wave because of their gyromotions if the electron
gyroradii are large enough. Then, they are accelerated to
higher energies by the mechanism discussed in Ref. [5]
for fast ions. That is, the electrons are accelerated by the
transverse electric ﬁeld Ey in the shock wave because the
gyromotions are antiparallel to Ey . The energy increases
once in the gyroperiod; the increment of γ is theoretically
given by [5]
δγ ∼ αv⊥ γ,

(8)

where α is a constant.

The ion-to-electron mass ratio is mi /me = 400; although the real value of mi /me ( 1836) is desirable, we
chose a smaller one because of limited computer power.
The speed of light is c/(ωpe Δg ) = 4.0, and the electron and ion thermal velocities in the upstream region
are vTe /(ωpe Δg ) = 0.5 and vTi /(ωpe Δg ) = 0.025, respectively. The external magnetic ﬁeld in the (x, z) plane is
B0 = B0 (cos θ, 0, sin θ), and its strength is |Ωe |/ωpe = 5 in
the upstream region.
In Ref. 3, the results for θ = 54◦ , vsh = 0.95c cos θ,
and MA = 2.3 were presented. In this study, we perform
simulations for various values of vsh and θ and study the
parametric dependence of electron motions.

4. vsh Dependence

We ﬁrstly present the results for θ = 54◦ and vsh =
0.90c cos θ. Figure 1 shows the electron phase space plots
(x, γ) and the proﬁle of B̄z (x) at ωpe t = 4500. The color
indicates the number density n in the (x, γ) plane. In the
lower panel, 1Dt electrons are trapped and energized in
the main pulse region. However, in the upper panel, energetic 2Ds electrons are distributed over a wide region from
downstream to upstream of the shock wave. Some of them
are detrapped from the main pulse after being energized in
the pulse. The maximum γ of the 2Ds electrons is higher
than that of the 1Dt electrons.
Figure 2 shows typical orbits for two 2Ds electrons.
Both electrons are trapped in the main pulse and then escape from it to the upstream region retaining their high
energies. The particle shown in Fig. 2 (a) is detrapped at
ωpe t  2500. It then reenters the shock wave as a result
of its gyromotion and is accelerated to a higher energy by
the transverse electric ﬁeld Ey in the shock wave; the energy increases once in the gyroperiod. This process was
repeated several times, and γ rised stepwise. The particle shown in Fig. 2 (b) also departs from the main pulse at
ωpe t  2500. However, it does not gain energy after detrapping and moves away from the pulse without reentering it. Compared to electron (a), electron (b) has smaller γ
(hence, smaller gyroradius) when it escapes from the main

3. Simulation Method and Parameters
We use a 2D (two spatial coordinates and three velocity components) relativistic electromagnetic particle code
with full ion and electron dynamics. The system size is
L x × Ly = 16384Δg × 512Δg , where Δg is the grid spacing.
The total number of simulation particles is N  1.1 × 109 .
We follow the orbits of 2.1 ×106 electrons, which we call
2Ds electrons. For comparison, we calculate test particle
motions in the 1D ﬁelds, Ē(x, t) and B̄(x, t), obtained in
the 2D simulation. We denote these test electrons as 1Dt
electrons. The number of 1Dt electrons is the same as that
of 2Ds electrons. The initial positions and velocities of
the 1Dt electrons are exactly the same as those of the 2Ds
electrons.

Fig. 1 Phase space plots (x, γ) of 2Ds and 1Dt electrons and proﬁle of 1D magnetic ﬁeld B̄z (x) at ωpe t = 4500 for the case
of vsh = 0.90c cos θ (vsh  = 0.90).
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Fig. 2 Orbits of two 2Ds electrons detrapped to the upstream
region. Electron (a) suﬀers the subsequent acceleration,
and electron (b) does not.

Fig. 3 Maximum γ of 2Ds and 1Dt electrons, γm , at ωpe t = 4500
and increment of γm of 2Ds electrons from ωpe t = 3000
to 4500 as functions of vsh .

pulse. As a result, electron (b) does not reenter the shock
wave.
In this paper, we do not consider electrons detrapped
to the downstream region. Such electrons move backward
relative to the main pulse and their γ-values oscillate with
the gyroperiod [2]; γ decreases when the gyromotion is
parallel (antiparallel) to Ey that is positive in the downstream region. Therefore, the net increase in γ after detrapping is almost zero.
We now consider the dependence of electron motions
on vsh . Figure 3 shows maximum values of γ, denoted
by γm , for 2Ds electrons (red circles) and 1Dt electrons
(blue circles) at ωpe t = 4500 as functions of vsh  given
by Eq. (2). The solid line represents the theory (1), which
was derived under the assumption that a shock wave is 1D
and stationary. This theory is in good agreement with the
γm -values of 1Dt electrons for the range of vsh  < 1. The
values of γm for 2Ds electrons are greater than those of for

Fig. 4 Numbers of 2Ds electrons (a) detrapped to the upstream
region and (b) reentered the shock wave after detrapping
by ωpe t = 4500 as functions of vsh . (c) The numbers of
trapped 1Dt and 2Ds electrons and (d) magnitudes of 1D
and 2D ﬂuctuations.

1Dt electrons for all vsh  except quite close to vsh  = 1.
The 2Ds electrons are accelerated to the highest energies
when vsh   0.95. The lower panel shows the increment
of γm , Δγm , of 2Ds electrons from ωpe t = 3000 to 4500.
Some electrons reenter the shock after detrapping, which
produces Δγm . The value of Δγm is greatest at vsh   0.95.
Figure 3 is for N/109  1.1, where N is the total number of simulation particles. We also performed simulations
with N/109  0.55 and 2.2 and obtained essentially the
same results for maximum γ-values, although the phase
space plots in the (x, γ) plane shown in Fig. 1 are quite discrete in larger γ regions. This indicates that N/109  1.1
is large enough for us to compare the maximum γ-values
observed in the simulations with the theory (1).
Figure 4 (a) shows the number of electrons that are detrapped to the upstream region by ωpe t = 4500, Nd−u , as a
function of vsh . In the ﬁgure, Nd−u is normalized to the
number of electrons that were trapped in the main pulse
by that time, Ntr . When vsh  > 1, there are no electrons
detrapped to the upstream region. As vsh  decreases from
unity, Nd−u /Ntr increases. Figure 4 (b) shows the number
of electrons that reenter the shock wave after detrapping
to the upstream region and are then accelerated to higher
energies, Nre . Here, Nre is normalized to Nd−u and the values for vsh  > 1 are not plotted. The ratio Nre /Nd−u decreases as vsh  decreases from unity. Figure 4 (c) shows
Ntr for 2Ds electrons (black line) and 1Dt electrons (gray
line) normalized to the number of electrons that encountered the shock wave Nenc . This indicates that electron
trapping is enhanced by 2D ﬂuctuations [3]. As shown
in Fig. 4 (d), the amplitudes of 2D ﬂuctuations |δ fl2 | (black
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line) are greater than those of 1D ﬂuctuations |δ fl1 | (gray
line), where δ fl1 and δ fl2 are deﬁned by Eq. (5) and the
values are averaged over the period from ωpe t = 1000 to
4500.

5. θ Dependence
In this section, we present results for the cases of
θ = 46◦ and 65◦ in addition to θ = 54◦ . Figure 5 shows
maximum γ of electrons, γm , at ωpe t = 4500 and the increment of γm , Δγm , from ωpe t = 3000 to 4500 as functions
of vsh  for θ = 46◦ (red), 54◦ (black), and 64◦ (blue). Figure 6 shows (a) Nd−u /Ntr , (b) Nre /Nd−u , and (c) v x where
v x is deﬁned by Eq. (4), in which time-averaged values of
|δ fl1 | and |δ fl2 | are substituted.

We compare the results shown in Figs. 5 and 6 with
the equations in Sec. 2. For the range of vsh  < 0.94, γm ,
Δγm , and Nre /Nd−u increase with decreasing θ. This can be
explained by eqs. (1) and (8). Equation (1) suggests that if
the value of vsh  is ﬁxed, γ-values of electrons trapped in
the main pulse would increase with decreasing θ. Hence,
for smaller θ, electrons could have greater γ-values when
they depart from the main pulse. Then, a large fraction of
detrapped electrons can reenter the shock wave because of
their large gyroradii and can be accelerated to higher energies. According to Eq. (8), the increment in γ due to this
process would be enhanced as γ increases. Therefore, we
can expect that γm , Δγm , and Nre /Nd−u would increase as θ
decreases, which is consistent with the results for the range
vsh  < 0.94. However, for the range of vsh  > 0.94, the
simulation results are not consistent with the above equations; γm -values for θ = 46◦ are smaller than those for
θ = 54◦ . Figure 6 (a) shows that electron detrapping to the
upstream region does not occur (Nd−u /Ntr  0) for θ = 46◦
and vsh  > 0.96. As described in Sec. 2, it can be expected that detrapping would be enhanced as v x increases.
This is consistent with the results for θ = 54◦ and 64◦ ;
both Nd−u /Ntr and v x increase as vsh  decreases from unity.
However, this is inconsistent with the results for θ = 46◦
and vsh  > 0.96; although the v x -values are not small,
Nd−u  0. We have not yet understood the reason for this
discrepancy and need further investigation.

6. Summary and Discussion
Fig. 5 Maximum γ of 2Ds electrons at ωpe t = 4500 and its increment from ωpe t = 3000 for the cases of θ = 46◦ (red),
54◦ (black), and 65◦ (blue).

We use a 2D relativistic electromagnetic particle code
with full ion and electron dynamics to study electron motions in an oblique shock wave; the study includes trapping in the main pulse, detrapping from the pulse to the
upstream region, and subsequent acceleration as a result
of gyromotion. We performed simulations for the cases of
various values of vsh and θ = 46◦ , 54◦ , and 65◦ . If θ is ﬁxed,
the electron γ becomes maximum at vsh slightly smaller
than c cos θ. If the value of vsh /(c cos θ) is ﬁxed, γ tends to
increase as θ decreases, for the range vsh /(c cos θ) < 0.94.
We examined the number of accelerated electrons.
In this paper, we set |Ωe |/ωpe = 5 and mi /me = 400.
These parameters can inﬂuence the structure of a shock
wave and electron motions in it. The Alfvén Mach number
of a shock wave with vsh  c cos θ is written as
MA  (mi /me )1/2 (ωpe /|Ωe |) cos θ.

Fig. 6 Numbers of electrons (a) detrapped to the upstream region and (b) then reentered the shock wave by ωpe t =
4500 for θ = 46◦ , 54◦ and 65◦ . (c) v x deﬁned by Eq. (4).

(9)

As shown in Fig. 6, the electron detrapping to the upstream
region was suppressed when vsh  > 0.95 and θ = 46◦ , for
which MA > 3. When |Ωe |/ωpe = 6, MA is reduced to
2.3 for θ = 45◦ and vsh   0.95. The 2D simulation for
this case clearly demonstrated that electron detrapping to
the upstream region and subsequent acceleration occur [7].
(For the case |Ωe |/ωpe = 3, θ = 45◦ , and mi /me = 100,
electron detrapping and subsequent acceleration were observed for a wave with vsh  = 0.95 and MA = 2.3 [2].) For

3401026-4

Plasma and Fusion Research: Regular Articles

Volume 9, 3401026 (2014)

future work, we intend to investigate the MA dependence
of electron motions in detail. In addition, it is desirable
to conﬁrm electron detrapping and subsequent acceleration
using simulations with the real ion-to-electron mass ratio.
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