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The creation of holes and clumps in an energetic ion energy spectrum associated with Alfvén eigenmodes
was examined using the neutral particle analyzer (NPA) on the LHD shot #47645. The diﬀerence in slowingdown times between the holes and clumps suggested that the energetic ions were transported over 10% of the
plasma minor radius. The spatial profile and frequency of the Alfvén eigenmodes were analyzed with the AE3D
code. The phase space structures of the energetic ions on the NPA line-of-sight were investigated with Poincaré
plots, where an oscillating Alfvén eigenmode was employed for each plot. The phase space regions trapped by
the Alfvén eigenmodes appeared as islands in the Poincaré plots. The radial width of the islands corresponded to
the transport distance of the energetic ions. Since island width depends on Alfvén eigenmode amplitude, it was
found that Alfvén eigenmodes with amplitude δBr /B ∼ 10−3 transported energetic ions over 10% of the minor
radius.
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1. Introduction

2. Analysis of Alfvén Eigenmodes

The creation of hole and clump pairs in an energetic
ion energy spectra associated with Alfvén eigenmodes was
examined using the neutral particle analyzer (NPA) on the
LHD shot #47645 [1]. The frequencies of the Alfvén
eigenmodes were roughly 55 and 68 kHz, respectively.
Both the Alfvén eigenmodes had a toroidal mode number n = 1. The hole and clump pairs were created at an
energy of approximately 150 keV. The diﬀerence in the
slowing-down times between the holes and clumps suggested that the energetic ions were transported across 10%
of the plasma minor radius.
In this paper, we try to find candidates for the Alfvén
eigenmodes using the AE3D code [2]. We also investigate
the Alfvén eigenmode amplitude that is consistent with
the energetic-ion transport, as suggested by the NPA data.
Poincaré plots were prepared to investigate the phase space
structures of the energetic ions on the NPA line-of-sight.
The phase space regions trapped by the Alfvén eigenmodes
appear as islands in the Poincaré plots. The radial width of
the islands corresponds to the eﬀective transport distance
of the energetic ions. Since the island width depends on the
Alfvén eigenmode amplitude, we can determine the amplitude that is consistent with the NPA observation.

The Alfvén eigenmodes with a toroidal mode number n = 1 in the LHD shot #47645 were analyzed with
the AE3D code, which is based on the Galerkin approach
using a combined Fourier mode (poloidal/toroidal angle)
finite element (radial) representation in Boozer coordinates. An MHD equilibrium was constructed in the Boozer
coordinates. The safety factor profile and the Alfvén
continuous spectra with toroidal mode number n = 1 are
shown in Figs. 1 and 2, respectively. Two toroidal Alfvén
eigenmodes (TAE modes) were found with the eigenfrequencies of 42.7 and 79.1 kHz. The eigen-frequencies
are comparable to the Alfvén eigenmode frequencies observed in the experiment. The spatial profiles of the electrostatic potential are shown in Fig. 3. The frequencies are
also shown in Fig. 2. The primary poloidal harmonics of
the TAE modes are m = 1 and m = 2. The primary poloidal
harmonics have the same sign for the TAE mode with a frequency of 42.7 kHz, while they have the opposite signs for
the mode with a frequency of 79.1 kHz.
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3. Analysis of Energetic-ion Orbit
Energetic-ion orbits were calculated with diﬀerent
starting points on the NPA line-of-sight. The orbits were
calculated in an MHD equilibrium constructed with the
HINT code [3]. The energetic-ion energy was 150 keV
at which hole and clump creation in energy spectrum was

S1074-1

c 2008 The Japan Society of Plasma

Science and Nuclear Fusion Research

Plasma and Fusion Research: Regular Articles

Volume 3, S1074 (2008)

Fig. 1 Safety factor profile of the LHD shot #47645.

Fig. 3 Spatial profiles of the n = 1 toroidal Alfven eigenmodes
analyzed with the AE3D code for the LHD shot #47645.
The frequencies are (a) 42.7 kHz and (b) 79.1 kHz, respectively.

Fig. 2 Alfvén continuous spectra with toroidal mode number
n = 1 of the LHD shot #47645. Black lines represent the
frequencies of the toroidal Alfven eigenmodes analyzed
with the AE3D code.

observed with the NPA. The pitch angle was determined
by the direction of the NPA line-of-sight. A drift-kinetic
description was employed for the energetic ions. The
guiding-center velocity is given by
u = v∗// + vE + vB ,
v// 

v∗// = ∗ B + ρ// B∇ × b ,
B
1
vE = ∗ [E × b] ,
B

1 
vB =
−µ∇B × b ,
q h B∗
mh v//
,
ρ// =
qh B
b = B/B ,


B∗ = B 1 + ρ// b · ∇ × b ,
dv//


= v∗// · qh E − µ∇B ,
mh v//
dt
where v// is the velocity parallel to the magnetic field, µ is
the magnetic moment that is an adiabatic invariant, and mh

and qh are energetic ion mass and electric charge. In the
MHD equilibrium used in the orbit calculation reported in
this section, the electric field represented by E is zero.
The poloidal orbit frequency is defined by ωθ =
2π/T θ , where T θ is the poloidal circulation time. The
toroidal orbit frequency is defined by ωϕ = ∆ϕ/T θ , where
∆ϕ is the toroidal angle covered by the energetic ion during time T θ . In the experiment, the magnetic field was reversed so that the toroidal field is positive, Bϕ > 0, and
the poloidal field is negative, Bθ < 0. The toroidal field
is counter-clockwise when viewed from the top side. The
energetic ions on the NPA line-of-sight moved in the direction of the magnetic field.
The orbit frequency of the energetic ions is defined by


fm/n = nωϕ − mωθ /2π,
where n and m are toroidal and poloidal mode numbers.
We consider n = 1 and m = 1, which are identical to
the primary poloidal harmonic of the TAE modes shown
in Fig. 3. In Fig. 4, the orbit frequency is shown versus the
major radius of the starting point on the NPA line-of-sight.
We can see that energetic ions exist with the orbit frequencies 55 and 68 kHz, which are similar to the Alfvén eigenmode frequencies observed in the LHD experiment. These
energetic ions resonate with the Alfvén eigenmodes. The
major radius and pitch angle of the particles at the starting
point on the NPA line-of-sight with the orbit frequencies
of 55 and 68 kHz are (R = 4.19 m, v// /vtotal = 0.91) and
(R = 4.10 m, v// /vtotal = 0.89), respectively.
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Fig. 4 Blue curve represents energetic-ion orbit frequency with
m/n = 1/1 versus major radius of the starting point on the
NPA line-of-sight. Black lines denote Alfvén eigenmode
frequencies observed in the LHD experiment.

4. Phase Space Structure of Energetic
Ions
We now consider the distance the energetic ions are
transported by the finite amplitude eigenmodes. To study
this, we investigate Poincaré plots where only one eigenmode is taken into consideration and the amplitude of
the eigenmode is at a constant value. We need a conserved variable to make Poincaré plots interpretable. In
axisymmetric equilibria, we can find a conserved variable
E  ≡ E − ωPϕ /n in the interaction of a constant amplitude wave with frequency ω and toroidal mode number n.
Here, E is particle energy and Pϕ is canonical toroidal momentum. We choose particles that have a constant value
of E  . Then, with a single mode, we can obtain a conserved variable and make Poincaré plots that are easily interpretable. The phase space regions trapped by the eigenmodes appear as islands in the Poincaré plots. Since the
island width depends on the Alfvén eigenmode amplitude,
we can determine the amplitude that is consistent with the
energetic ion transport. On the other hand, in nonaxisymmetric equilibria, we cannot find such a conserved variable.
Then, we investigate an axisymmetric equilibrium comparable to the LHD equilibrium. Nevertheless, we would like
to emphasize that this is the first attempt to understand the
phase space structures in LHD plasmas with finite amplitude waves.
We investigate an axisymmetric equilibrium comparable to the LHD plasma #47645. The parameters of the
axisymmetric equilibrium are major radius R0 = 3.67 m,
minor radius a = 0.54 m, toroidal magnetic field 0.5 T,
and safety factor profile q(r) = 2.11 − 1.23(r/a)2 . This
safety factor profile is a good approximation for that of
the LHD plasma shown in Fig. 1. The value of E  is defined on the outer edge mid-plane at (R − R0 )/a = 0.7
with energy 150 keV and pitch angle v// /vtotal = 1. As
the harmonics of the two TAE modes other than n = 1
are negligibly small, the major four poloidal harmonics

Fig. 5 Poincaré plots for the lower frequency TAE with amplitude (a) δBr /B = 10−3 , and (b) δBr /B = 2 × 10−3 , and (c)
δBr /B = 5 × 10−3 .

with n = 1 were mapped to the axisymmetric equilibrium. The calculation of the electromagnetic field of the
Alfvén eigenmodes from their potential harmonics is illustrated in Ref. [4]. The frequencies are renormalized to the
experimental values, 55 kHz for the lower frequency TAE
shown in Fig. 3 (a) and 68 kHz for the higher frequency
TAE shown in Fig. 3 (b). The energetic-particle orbits were
calculated in the electromagnetic field as the sum of the
equilibrium magnetic field and the electromagnetic field of
the Alfvén eigenmodes. In the Poincaré plot, we consider
the major radius (R − R0 )/a and phase, nϕ − ωt, of a particle each time the poloidal angle of the particle reaches the
value of θ = 0◦ .
The Poincaré plots for the lower frequency TAE are
shown in Fig. 5. The phase space regions trapped by the
Alfvén eigenmodes appear as islands in the Poincaré plots.
The radial width of the islands corresponds to the transport
distance of the energetic ions. The island width depends on
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plitude of δBr /B = 10−3 is consistent with the transport of
energetic ions over 10% of the minor radius.

5. Summary
The spatial profile and frequency of Alfvén eigenmodes have been examined using the AE3D code for
the LHD shot #47645, where the creation of hole/clump
pairs in the energetic ion energy spectrum associated with
the Alfvén eigenmodes was observed. The diﬀerence in
slowing-down times between the holes and clumps observed in the experiment suggests that the energetic ions
experienced rapid transport over 10% of the plasma minor
radius. The phase space structures of the energetic ions
on the NPA line-of-sight were investigated with Poincaré
plots, where an oscillating Alfvén eigenmode is employed
for each plot. The phase space regions trapped by the
Alfvén eigenmodes appear as islands in the Poincaré plots.
The radial width of the islands corresponds to the transport distance of the energetic ions. Since the island width
depends on the Alfvén eigenmode amplitude, the Alfvén
eigenmodes with amplitude δBr /B ∼ 10−3 resulted in island widths at about 10% of the minor radius, which is
consistent with the experimental observations.
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Fig. 6 Poincaré plots for the higher frequency TAE with amplitude (a) δBr /B = 5 × 10−4 , (b) δBr /B = 10−3 , and (c)
δBr /B = 2 × 10−3 .

the Alfvén eigenmode amplitude. For the lower frequency
TAE, the amplitude δBr /B = 2 × 10−3 transports energetic
ions over 10% of the minor radius. The phase space structures for the higher frequency TAE in Fig. 6 are analyzed.
Comparing Figs. 6 (a), (b), and (c), we infer that the am-
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