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A method to calculate the flux-surface-averaged anisotropy (the second Legendre order) in the

slowing down velocity distribution of the fast ions generated by tangentially injected neutral beams

is shown. This component is required for (1) perpendicular and parallel currents in MHD

equilibrium calculations including the fast ions’ pressure, (2) the anisotropic heating analyses on

the thermalized target plasma species, and (3) the classical and the Pfirsch-Schl€uter radial transport

of both the thermalized target plasma species and the fast ions themselves. For including the paral-

lel guiding center motion effect in non-symmetric toroidal configurations such as stellarators and

heliotrons, the adjoint equation and the eigenfunctions are applied. In contrast to the previously

investigated configuration dependence of the first Legendre order as the momentum input to the tar-

get plasma species, a quite different dependence of the second Legendre order on the magnetic field

strength modulation Bðh; fÞ on the magnetic flux-surfaces is found. Even in a low energy range of

the slowing down velocity distribution, the deviation (reduction) of the anisotropy from a result

neglecting the orbit effect is proportional to 1� hBi=Bmax. Published by AIP Publishing.
https://doi.org/10.1063/1.5025212

I. INTRODUCTION

In both present experiment devices for fusion interest

and future burning core plasmas in reactors, the fast ions

play roles as sources of particle, momentum, and energy for

thermal particles. In particular, after the development of

charge exchange recombination spectroscopy,1,2 determina-

tion of the velocity distribution of the thermalized ions (H,

D, T, He, C, etc.) including this momentum input has been

regarded as an important physics issue.2 This kind of present

study also is a step toward the future study on the burning

core. By a recent development of the neoclassical theory for

general non-symmetric toroidal configurations that is

expandable for multi-ion-species plasmas,3–5 we now can

consistently calculate various drift orbit effects in the

3-dimensional real space and collisional non-diagonal cou-

plings between various thermal particles. The inclusion of

the parallel momentum input due to the NB (neutral beam)-

produced fast ions in this framework was recently conducted

and its result successfully explained the experimentally

measured impurity flow velocity.6

The present study in this paper is motivated by follow-

ing different contributions of the NB-produced fast ions:

(1) Fast ions’ particle flux nfuf �
Ð

vffd
3v as a component of

the plasma current J �
P

a eanaua in the MHD equilib-

rium is non-negligible not only for the surface-averaged

parallel current hB � Ji determining the rotational trans-

form but also for the Pfirsch-Schl€uter (P-S) parallel

current determining the Shafranov shifts. Here, h�i
�
Þ Þ
� ffiffiffigp dhdf=

Þ Þ ffiffiffi
g
p

dhdf is the surface-averaging

operation for the poloidal angle h, and the toroidal angle

f in appropriately chosen flux-surface coordinates

ðs; h; fÞ with the Jacobian
ffiffiffi
g
p � ½ðrs�rhÞ � ðrfÞ��1

.

This modification of the shifts by high-energy tangential

NB injections (NBIs) is already recognized in various

experiments.7,8 This is one reason for which we investi-

gate tangential NBIs first not only for their flow driving

effect but also for their effect on the MHD equilibrium.

The anisotropic-pressure MHD equilibrium is defined as

a state that includes particle species with the pressure

anisotropy being hp?a � pkaihðp?a � pkaÞ=B2i > 0. This

definition of the “anisotropic-pressure species” is

based on the magnetic field curvature effects b � r ln B
and b � rb ffi r? ln B for the unit vector b � B=B that

are included in the parallel and the perpendicular force

balances.9 In the tangential NBI operations, the P-S cur-

rent becomes larger than that in the isotropic-pressure

equilibrium with
P

a pa �
P

að2p?a þ pkaÞ=3 while the

perpendicular current decreases. For constructing equilib-

rium10,11 and red stability12–15 theories regarding this sit-

uation and for executing such calculations, we should

know the pressure moments pkf ; p?f of the fast ions’

anisotropic gyro-phase-averaged velocity distribution
�f fðx; v; nÞ correctly. Hereafter, n � vk=v is the cosine of

the pitch-angle in the spherical velocity coordinates.

(2) An anisotropic heating for the thermalized target plasma

species is another effect of the anisotropic velocity distri-

bution �f fðx; v; nÞ. The usual isotropic heating power

source term
Ð

v2CafðfaM; ffÞd3v is an energy input in

usual energy balance analyses, and the previously inves-

tigated first Legendre order of the collision hB
Ð 1

�1
nCaf

ðfaM; �f fÞdni as an external momentum input term drives

the experimentally observable parallel flow moment

hB
Ð 1

�1
nfadni that is determined by the balance of the

friction collision and the parallel viscosity force.a)Electronic mail: nishimura.shin@lhd.nifs.ac.jp
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Hereafter, faMðs; vÞ in the Coulomb collision operators

Cabðfa; fbÞ or Cbaðfb; faÞ at the minor radial position s in

the flux-surface coordinates system is the Maxwellian

velocity distribution having the surface-averaged density

hnai of the species a, and the average temperatures

hTei � hpei=hnei of electrons or hTii �
P

a6¼e;fhpai=P
a 6¼e;fhnai of ions. Analogously to this balance, the sec-

ond Legendre order of the a� f collision
Ð 1

�1
P2ðnÞ

CafðfaM; �f fÞdn [P2ðnÞ ¼ 3
2
n2 � 1

2
: Legendre polynomial

of order l ¼ 2] will generate the surface-averaged pres-

sure anisotropy hp?a � pkaihðp?a � pkaÞ=B2i > 0 of the

thermalized target species a by a balance with the anisot-

ropy relaxation collision. The Coulomb collision opera-

tor in the neoclassical transport theory is handled based

on its characteristic that the test particle portion

Cabðfa; fbMÞ is a differential operator for the test particles’

velocity distribution faðx; vÞ while the field particle por-

tion CabðfaM; fbÞ is an integral operator for the field par-

ticles’ fbðx; vÞ. However, the difference between these

first and second Legendre orders is not so large.

Therefore, the next step issue after investigating the flow

driving effect of hB
Ð 1

�1
nCafðfaM; �f fÞdni is to investigateÐ 1

�1
P2ðnÞCafðfaM; �f fÞdn since the latter also may generate

some experimentally observable changes in the thermal-

ized particles’ velocity distributions. However, the ion

flow velocities driven by the beam in Ref. 6 were sub-

sonic velocities (i.e., small shifts of the Maxwellian

velocity distributions) hnaua � Bi=hnaBi < 10km=s

caused by the injection velocity of vb ¼ 2:28Mm=s.

Furthermore, it is well-known that the beam driven elec-

tron flow (so-called shielding current component in the

beam driven current) is an order of uke � Z2
f nfukf=

ðZeffneÞ.16,17 It also is a small shift of the electrons’

Maxwellian. Because of the aforementioned characteris-

tic of the Coulomb collision, the thermal/fast ratio of the

anisotropy ðpf=paÞjðpka � p?aÞ=ðpkf � p?fÞj also will not

exceed these jukaj=vb ratios. This qualitative understand-

ing is one reason for which only the fast ions are regarded

as the anisotropic-pressure species, and the thermalized

particle species are regarded as the isotropic-pressure spe-

cies in many previous theories for the MHD equilib-

rium.12,13,17 One purpose of this present study is to show

a method for confirming the validity of this assumption

quantitatively.

(3) In the situation of many present experiments where the

nfuf in the J �
P

a eanaua (in particular, the P-S parallel

current) is non-negligible, the P-S and the classical radial

particle/energy diffusions (defined in Ref. 9) of thermal-

ized particles caused by the friction (momentum

exchange) collision also are modified. This transport

process will be important especially for impurities.

Simultaneously, this friction causes also the classical and

the P-S diffusions of fast ions themselves. In past calcu-

lations of the �f fðx; v; nÞ, this kind of radial transport is

often regarded as a higher order of qf=Lr (qa: typical cir-

culating orbit deviation of the species a from the flux-

surfaces, Lr � jr?ln
P

a paj�1
: radial gradient scale

length) and is neglected. To investigate the radial

transport of fast ions themselves is important as a confir-

mation of the validity of these calculations of the
�f fðx; v; nÞ. Analogous to the calculation of the P-S paral-

lel and the perpendicular currents, this friction calcula-

tion also requires knowledge regarding the anisotropy

(the second Legendre order).

The purpose of this study is to show a method to calcu-

late the flux-surface-averaged anisotropy in the �f fðx; v; nÞ of

the NB-produced fast ions for these applications. However,

this velocity distribution in non-symmetric toroidal configu-

rations will have a complicated phase space structure

because the non-uniform magnetic field strength B � rB 6¼ 0

in the 3D real space makes three types of phase space

regions, i.e., circulating, toroidally trapped, and ripple-

trapped regions corresponding to different drift orbits. In

the drift kinetic equation (DKE) for the fast ions, a set of

r � vk=jvkj ¼ 61 and k � lBM=w � ðBM=BÞv 2
?=v

2 with the

maximum magnetic field strength BM on each flux-surface is

used mainly as the pitch-angle space parameter, rather than

n � vk=v ¼ rð1� kB=BMÞ1=2
. The circulating and the

trapped pitch-angle ranges are defined as 0 	 k 	 1 and

1 < k 	 BM=B, respectively. The latter region consists of

the ripple-trapped range 0 	 j2 	 1 and the toroidally

trapped range j2 > 1, where j2 is defined by j2 � ðBM=
�

B0Þ=k� ð1þ eT � eHÞg=ð2eHÞ for stellarator/heliotron mag-

netic fields B=B0 ¼ 1þ eTðs; hÞ þ eHðs; hÞ cos½Lh� Nf
þ cðs; hÞ� with the volume averaged field strength B0. In both

numerical (see the references cited in Ref. 3) and analytical18

methods for solving these kinds of kinetic equations, appro-

priate calculation methods for the drift orbit and the collision

effects must be chosen and used complementarily for these

pitch-angle ranges, if we need the complete determination of

the solution faðx; vÞ in the full phase space regions. From the

viewpoint of various effects of the fast ions on the thermal-

ized target plasma particle species such as that caused by the

Coulomb collision or the direct contribution of nfuf as the

component of the current in the MHD equilibrium, however,

we do not need to know the complete structure of ffðx; vÞ
itself. For its pitch- and gyro-angle space structure that is

handled by the spherical harmonic expansion, the Coulomb

collision operator (field particle portion19) CafðfaM; ffÞ is

an integral operator suppressing the higher Legendre

orders, and we should investigate the aforementioned lower

Legendre orders l¼ 0, 1, 2 (corresponding to the energy

input, the momentum input, and the anisotropic heating,

respectively) first. For the MHD equilibrium, we need only

to know pkf þ p?f ; ðpkf � p?fÞ=B2 for the perpendicular and

P-S parallel current, and hBnfukfi for the beam driven

current. On the real space structure of ffðx; vÞ in this MHD

calculation, it should be emphasized that the construction of

the aforementioned flux-surface coordinates system for the

transport analyses is included in the purpose of this calcula-

tion. This coordinates system is constructed for the B; J
vector fields basically satisfying r � B ¼ r � J ¼ B � rs
¼ J � rs ¼ 0. Therefore, only the surface-averaged contribu-

tions hpkf þ p?fi and hðpkf � p?fÞ=B2i of the fast ions’ pres-

sure are required9 even if the solution of the DKE for ffðx; vÞ
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itself may have complicated phase space structures. This is a

reason why we adopt the adjoint equation method20 for the

h
Ð

x2
aP2ðnÞLð5=2Þ

j ðx2
aÞCafðfaM; ffÞd3v=Bi integrals with j¼ 0, 1,

2 of the Coulomb collision operator (Sec. III) [L
ðaÞ
j ðKÞ

� ðeKK�a=j!Þdjðe�KKjþaÞ=dKj and xa � v=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hTai=ma

p
� v=vTa] and the h

Ð
vkP2ðnÞffd3v=Bi integrals with k ¼ �1;

1; 2; 4; 6 of the velocity distribution function (Sec. IV) in this

study, instead of direct solution methods for the ffðx; vÞ itself

such as the previously proposed eigenfunction that is defined

for the full pitch-angle range 0 	 k 	 BM=B.21

It was found in a previous study9 that the friction

moments of the collision between thermal and fast ions

hB
Ð

vnL
ð3=2Þ
j ðx2

aÞCafðfaM; ffÞd3vi in the tangential NBI opera-

tions have a strong dependence on the B-field strength modu-

lation on the flux surfaces hð1� B=BMÞ1=2i 6¼ 0. This is due

to the fast ions’ parallel (to B) guiding center motion con-

serving the magnetic moment l. Analogous to the banana

regime parallel viscosity of thermalized particles,22,23 a con-

nection of independently determined solutions for r ¼ 61 at

vk ¼ 0 is used also in the solving procedures of the DKE for

the fast ions. Therefore, the previously found dependence of

the velocity distribution function �f
ðoddÞ
f � ½�f fðx; v; r; kÞ

� �f fðx; v;�r; kÞ�=2 on the field strength modulation will

appear also in �f
ðevenÞ
f � ½�f fðx; v; r; kÞ þ �f fðx; v;�r; kÞ�=2.

Only one difference from the �f
ðoddÞ
f ðx; v; r; kÞ is that the

trapped pitch-angle range 1 < k 	 BM=B must be included

when we calculate the anisotropy
Ð 1

�1
P2ðnÞ�f fdn. In this pre-

vious investigation of �f
ðoddÞ
f , we used a direct solving method

for the fast ion DKE. This method was possible since this

component exists only in the circulating pitch-angle range

0 	 k 	 1. The mathematical method (eigenfunction) origi-

nally developed for axisymmetric tokamaks24 was easily

generalized to non-symmetric stellarator/heliotron configura-

tions. On the other hand, the
Ð 1

�1
P2ðnÞ�f fdn integral as the

purpose of this present study requires �f
ðevenÞ
f that can be

broadened to the full pitch-angle range 0 	 k 	 BM=B by

the pitch-angle scattering (PAS) collision during the slowing

down process. Cordey proposed a method for expressing this

velocity distribution function using the eigenfunctions that

are defined for the full pitch-angle range.21 However, numer-

ous analytical approximations assuming axisymmetric toka-

maks that can be justified only for hð1� B=BMÞ1=2i 
 1

were used. This method cannot be generalized to non-

symmetric stellarator/heliotron configurations. Instead of

that, we shall adopt the adjoint equation method that was

previously used by Taguchi for calculating the fast ions’ par-

allel particle flux hBnfukfi,20 since our purpose is not in the

�f
ðevenÞ
f ðx; v; kÞ itself but in some surface-averaged contribu-

tions of the velocity space integrals
Ð

d3v of this function.

Even though this adjoint equation also is defined for the full

phase space regions ðx; vÞ, we need its solution only at a spe-

cific pitch-angle range where the fast ion source exists. For

the tangential NBIs, the required solution is that in the circu-

lating pitch-angle range 0 	 k 	 1, and thus this method can

be commonly used for general toroidal configurations (not

only axisymmetric tokamaks but also non-symmetric stella-

rator/heliotron devices).

Therefore, the rest of this work is organized as follows.

In Sec. II, the DKE for the fast ions in the tangential NBI

operations and the adjoint equation method are introduced.

Based on them, a formula that is applicable for various

integrals in above applications with a common form

h
Ð

H2ðvÞP2ðnÞffd
3v=Bi is derived. The application of this

formula to the anisotropic heating analysis is shown in Sec.

III. However, an important issue in this section is a relation

of this newly added part in the thermalized particles’ DKE

with the previously studied parts for handling various radial

gradient forces and parallel forces. As responses to these

forces, the poloidally and toroidally varying anisotropies

pka � p?a and rka � r?a are generated corresponding to the

neoclassical viscosities that also have the CGL (Chew-

Goldberger-Low) form pa ¼ ðpka � p?aÞðbb� I=3Þ; ra � raI

¼ ðrka � r?aÞðbb� I=3Þ with the unit tensor I. The genera-

tion of these velocity distribution components is complicated

rather for the thermalized particles than for the fast ions in

Sec. II, since the thermalized particles’ velocity distribution

is strongly affected by the field particle portion CabðfaM; fb1Þ
in the linearized collision operator as a coupling between

DKEs for different particle species, and the E� B drift due

to the ambipolar radial electric field �@U=@s. The collision

and the drift approximations must be appropriately chosen

for these components. This difference between the fast ions

and the thermalized particles will be discussed in Sec. III. In

Sec. IV, methods for calculating the parallel and the perpen-

dicular flow moments of the fast ions and various fiction

integrals caused by them are shown for the P-S and the clas-

sical diffusions of both thermalized particles and the fast

ions themselves. The nfuf in the current caused by the fast

ions’ anisotropic pressure also will be obtained by a method

in this section. The summary is given in Sec. V. In these

discussions, the knowledge regarding the perpendicular and

the parallel particle/energy fluxes (in particular, that on the

solubility condition of the parallel fluxes) of general particle

species with non-negligible anisotropies is required. This

explanation is given in Appendix A. The anisotropic heating

analysis in Sec. III utilizes the Braginskii’s matrix expression

of the anisotropy relaxation collision based on the three

terms Laguerre expansion. The required matrix elements are

summarized in Appendix B.

II. ADJOINT EQUATION FOR INCLUDING FAST IONS’
PARALLEL GUIDING CENTER MOTION EFFECTS

The drift kinetic equation for the tangentially injected

fast ions is given by9,20,21

Vk�f f ¼
X

b

Cfb
�f f ; fb

� �
þ Sfðs; v; r; kÞ;

Vk � vkb � rðv;kÞ¼const

¼ vnb � rðv;nÞ¼const �
v

2

b � rB

B
ð1� n2Þ @

@n
: (1)

In this section, we shall investigate the 0th order of qf=Lr /
hBi�1

in the gyro-phase-averaged velocity distribution
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�f fðx; v; r; kÞ by using this equation excluding the perpendic-

ular guiding center drift velocity vdf ¼ ðc=efÞðmfv2
k=Bþ lÞb

�r ln B. Although we also will investigate the poloidal/

toroidal variations of the 1st Legendre order momentÐ 1

�1
n�f f1dn (contributing to the P-S current and causing the

P-S radial transport) as a response to the radial gradient term

ðvdf � rsÞ@�f
ðevenÞ
f =@s for �f

ðevenÞ
f � ½�f fðx; v; r; kÞ þ �f fðx; v;

�r; kÞ�=2 after this determination of the 0th order compo-

nent (see Sec. IV), this �f f1 is the 1st order of qf=Lr (a veloc-

ity distribution function component being / hBi�1
). Note

that the perpendicular differential r?fa in the DKEs in this

paper is that keeping constant ðv; nÞ, not only in the E� B

operator VE introduced below but also in this vda � rfa. Since

rB� B � rB ¼ 0, the field curvature effect b � rb ffi
r? ln B does not appear in the r?fa for the purpose of the

vda � rfa. This is in contrast to the gyro-phase-dependent

part in Sec. IV and the other curvature effect b � r ln B in Vk.

This procedure, in which ðvda � rsÞ@fa=@s is added after

obtaining the solution being Vkfa ¼ 0 of the equation exclud-

ing vda � rfa, is analogous to that for transport of fusion-born

fast ions in burning plasmas.24 The procedure will be applied

also for the fast-ion-driven component of

hB�1
Ð 1

�1
P2ðnÞfadni (a 6¼ f) in Sec. III if it is not negligibly

small. It also is known regarding this drift velocity vdf that

the poloidal precession of the deeply trapped particles in

j2 	 1 due to @eH=@s and @eT=@s is sometimes important

together with the radial component vdf � rs.25 In this study,

however, we shall assume that the fast ion source term

Sfðs; v; r; kÞ / dðv� vbÞ=v2 (given by HFREYA and

MCNBI codes26 that are used and/or assumed in recent

related works6,9) exists only in the circulating pitch-angle

range k < 1 (i.e., tangential NBI). In this case, the trapped

particles in j2 	 1 that will be generated by the PAS colli-

sion during the slowing down process exist only in the low-

energy region v < vc. Here, vc is the critical velocity that

will be introduced in the fast ion collision operator Eq. (2).

Therefore, to allow the �crU� B=B2 precession and the

collisionless detrapping/retrapping of the low-energy trapped

particles in j2 	 1 caused by the ambipolar electrostatic

potential27 in following discussions is more important than

the radial gradients @eH=@s; @eT=@s of the B-field strength.

In spite of this implicit allowing of �crU� B=B2 for

v < vc and j2 	 1 in the adjoint equation method, the elec-

tric field term E � @�f f=@v in the Vlasov operator is not taken

into account explicitly at least in Eq. (1) analogously to the

previous investigation of the parallel momentum input. In

particular, the E� B flow divergences in Eqs. (A14) and

(A15) caused by the ambipolar electrostatic potential being

an order of jrUj � jðrpaÞ=ðeanaÞj (a 6¼ f) are not important

for high-energy ions with mfv2
b=2� Te; Ti while the diver-

gences correspond to a part of the thermodynamic force

in the DKEs for thermalized particles.3–6 The variousÐ
vvk�2fad3v flow moments (in Sec. IV) of various particle

species caused by the �crU� B=B2 drift vanish in the per-

pendicular and the P-S parallel current, and the classical and

the P-S radial transport because of the charge neutrality and

the Galilean invariant property of the Coulomb collision. For

the inductive parallel electric field hB � EðAÞiB=hB2i, the

momentum conservation of electron-ion and ion-electron

collisions is the reason for this omission of E
ðAÞ
k @�f f=@vk.

When the Joule heating current is generated by E
ðAÞ
k , the con-

servation law proves that ma

Ð
vnCae

1
2

Ð 1

�1
�f adn; fe

� �
d3v

� �ðZa=ZeffÞeanaE
ðAÞ
k for both thermalized and fast ions

a 6¼ e. Here, the so-called effective charge number Zeff

�
P

a 6¼e;f Z2
ana=ne is assumed to be order unity. In the DKEs

for thermalized ions a 6¼ e; f, to retain E
ðAÞ
k @�f f=@vk for the

confirmation of the Onsager symmetric relation between the

bootstrap current and the Ware pinch is meaningful when the

collision term CaeðfaM; fe1Þ ffi mev �
Ð

v�ea
D ðvÞfed3v

� �
faM=pa

for fe ¼ feM þ fe1 given by the usual small mass ratio approx-

imation for the ion-electron collision is simultaneously

retained. On the other hand, in Eq. (1) for the fast ions, to

retain the inductive field term is meaningless as long as we

use the collision approximation Cfaðff ; faÞ ffi Cfaðff ; faMÞ for

a 6¼ f in which field particles’ flow velocity moments ua

�
Ð

vfad3v=na in their shifted Maxwellian distributions

faMðv� uaÞ generated by various mechanisms are neglected.

The reason for this collision approximation is that the flows

of the thermalized target plasma species are often subsonic

flows (i.e., the electron flow is juej 
 vb and that of thermal-

ized ions is juaj 
 vc) in various experimental measure-

ments and theoretical calculations.

This fast ion collision operator is given by9

X
a

Cfa ff ; fað Þ ffi
X
a 6¼f

Cfa ff ; faMð Þ

ffi 1

sS

1

v2

@

@v
v2vTe

3
ffiffiffi
p
p

2
G xeð Þ þ v3

c

	 

ff

�

þ Z2v3
c

v3
Lff

�
� Cf ff ;

L � 1

2

@

@n
1� n2
� � @

@n
þ 1

1� n2

@2

@/2

 !

¼ BM

B
2

vk
v
@

@k
k

vk
v
@

@k
þ 1

2k
@2

@/2

 !
: (2)

In contrast to the collision operators for the thermalized par-

ticles discussed in Sec. III, the nonlinear collision term

Cffðff ; ffÞ is omitted because of the low density of fast ions

themselves and the momentum/energy conservation of like-

particle collisions. In addition to the neglect of the shifts ua

of the Maxwellians and consequently of the Rosenbluth

potentials19 HðfaÞ; GðfaÞ for a 6¼ f, higher Legendre orders

l  2 in the potentials also are neglected because of their

characteristic as integral operators and a nearly thermalized

state jfa1j 
 faM for faðx; vÞ ¼ faMðs; vÞ þ fa1ðx; vÞ of the

thermalized target particles species at the thermal energy

range mav2 � 2Ta. This relation will be confirmed in

Sec. III. The constants sS, Z2, and v3
c being independent of

ðh; f; vÞ on each flux-surfaces are defined in Ref. 9. The PAS

parameter Z2 is a dimensionless coefficient of order unity

(Z2 � Zeff  1 for NB-produced fast ions), and the critical
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velocity vc has a relation ðvc=vTeÞ3 � 3
ffiffiffi
p
p

=8
� �

me=mamu

¼ 3:65� 10�4 with the electron thermal velocity where

mamu ¼ 1:66� 10�27kg is the atomic mass unit (Dalton).

This approximation of the PAS term / L in this study where

Z2v3
c=sS is handled as a constant in the full velocity range

0 	 v 	 vb is justified by a fact indicated by the resultant

solution that the PAS collision for the second Legendre order

h
Ð 1

�1
P2ðnÞffdn=Bi is substantially effective only in a slow

velocity range v � vc. The Chandrasekhar function GðxÞ
� 2ffiffi

p
p x�2

Ð x
0

y2 expð�y2Þdy with xe � v=vTe, which can be

easily calculated by using the usual error function, is

included corresponding to the slowing down collision fre-

quency of the f-e collision. Although this slowing down term

includes an artificial violation of the particle conservationÐ
Cfaðff ; faMÞd3v ¼ 0 of collisions of the fast and the thermal-

ized ions (a 6¼ e; f), this violation concerns only the non-zero

boundary value ffðv ¼ 0Þ 6¼ 0 of the lowest Legendre order

component f
ðl¼0Þ
f � 1

2

Ð 1

�1
�f fdn that determines the particle

fueling to the thermalized ion species with ma ¼ mf ; ea ¼ ef .

This fueling effect is irrelative to the generation of B

� rð
Ð 1

�1
n�f fdn=BÞ in the suprathermal energy range that will

be discussed in this section and Sec. IV.

In this study for some velocity space integrals with the

common form of
Ð

P2ðnÞH2ðvÞ�f fd
3v, the aforementioned

�f
ðevenÞ
f ðx; v; kÞ as an even function of vk defined for the full

pitch-angle range 0 	 k 	 BM=B is required. Although it

may be possible to obtain the expression of this function if

the configuration is a simple axisymmetric tokamak. In fact,

Cordey previously proposed an expressing method using

eigenfunctions that are defined for the full range.21 The

eigenfunction for expressing arbitrary functions in 0 	 k 	 1

was defined by using the surface-averaged parallel particle

velocity hð1� kB=BMÞ1=2i as shown in Refs. 9 and 24.

Hereafter, the surface-averaging operation hFðkÞi for func-

tions of k or n is the average keeping constant k values. In

the Cordey’s eigenfunction, this concept is extended to the

trapped pitch-angle range 1 < k 	 BM=B by using the

bounce-integrals. However, this method cannot be easily

generalized to non-symmetric stellarator/heliotron configura-

tions since there are two types of pitch-angle space regions

0 	 j2 	 1 and j2 > 1. Since our purpose is to obtain some

surface-averaged contributions of the
Ð

P2ðnÞH2ðvÞ�f fd
3v

integrals as stated in the introduction, instead of this kind of

direct solving method for Eq. (1), we shall adopt the follow-

ing adjoint equation method.20 The adjoint equation has the

following form:

Vk þCA
f

� �
fA¼ rAðx;v;r;kÞ;

CA
f �

1

sS

�
v2vTe 3

ffiffiffi
p
p

=2
� �

G xeð Þþ v3
c

v2

@

@v
þZ2v3

c

v3
L

� �
:

(3)

This differential operator CA
f satisfiesð

H CA
f F

� �
d3v ¼

ð
F CfHð Þd3v (4)

for arbitrary functions satisfying Fðv ¼ 0Þ ¼ 0 and

Hðv ¼ 1Þ ¼ 0. Following this relation and the anti-

symmetric property h
Ð 1

�1
FðVkHÞdni ¼ �h

Ð 1

�1
HðVkFÞdni of

the parallel orbit propagator Vk, we can obtain a relationð
rA

�f fd
3v

 �
¼

ð
�f f VkfA

� �
d3v

 �
þ

ð
�f f CA

f fA

� �
d3v

 �

¼ �
ð

fA Vk�f f

� �
d3v

 �
þ

ð
fA Cf

�f f

� �
d3v

 �

¼ �
ð

Sfðs; v; r; kÞfAd3v

 �
: (5)

When this method is applied to the tangential NBIs where

the fast ion source Sfðs; v; r; kÞ exists only in k < 1, we can

immediately know h
Ð

rA
�f fd

3vi only by solving Eq. (3) for

fA in k < 1 without solving Eq. (1) for �f f in the full pitch-

angle range. We shall calculate the h
Ð

x2
aP2ðnÞLð5=2Þ

j

ðx2
aÞCafðfaM; ffÞd3v=Bi integrals of the Coulomb collision

operator (for the anisotropic heating analyses in Sec. III) and

the h
Ð

vkP2ðnÞffd
3v=Bi integrals of the velocity distribution

function (for the current, and the P-S and the classical radial

transport in Sec. IV) in general toroidal configurations by

this method. As noted on Eq. (1), this adjoint equation

method implicitly allows the poloidal precession of the

deeply trapped particles in j2 	 1 and their collisionless

detrapping/retrapping by various mechanisms since the rela-

tion Eq. (5) holds even when the operator Vk is replaced by

Vk þ VE that is often used for the thermalized particles.

Here, VE is defined by27

VE� cEs
rs�B

B2
�rðv;nÞ¼constþ cEs

rs�B

2B2
�r lnB

� �

� ð1�n2Þn @
@n
þð1þn2Þv @

@v

	 

(6)

with Es � �@U=@s being constant on each flux-surface, and

satisfies h
Ð

HðVEFÞd3vi ¼ �h
Ð

FðVEHÞd3vi. The basic idea

of the fast/thermal separation9 that the ffðx; vÞ determined by

the collision operator in Eq. (2) will have the isotropic pitch-

angle space structure and the flat energy space structure at

the low energy limit v3 
 v3
c also due to this actual existence

of the �crU� B=B2 drift that eliminates the velocity space

loss region.25 The statement on Eq. (1) that we do not calcu-

late @eH=@s; @eT=@s, and @U=@s means an approximation

neglecting these quantities only for the solution of Eq. (3) in

k < 1 analogously to the theory of thermal particles’ banana

regime parallel viscosity in general toroidal plasmas.22,23

Although this method in Eqs. (3)–(5) can be applied for

arbitrary function rAðx; v; r; kÞ as long as the boundary con-

dition at v ¼ 0;1 in the energy space is satisfied, we investi-

gate only cases of rAðx; v; r; kÞ / P2ðnÞ=Bðh; fÞ in this

paper because of the following two reasons. The first reason

is the DKE for thermalized particles that will be shown in

Sec. III. The additional velocity distribution component

caused by the anisotropic heating effect has a form of

/ P2ðnÞ=B� 1=Bþ h1=Bi that satisfies VkðP2ðnÞ=B� 1=B
þh1=BiÞ ¼ 0. The determination of this component requires

hB�1
Ð 1

�1
P2ðnÞCafðfaM; �f fÞdni. An important advantage of

this hB�1
Ð 1

�1
P2ðnÞdni integral of the DKE is that the third

Legendre order component
Ð 1

�1
P3ðnÞfadn generated by vari-

ous mechanisms is excluded. The second reason is that the
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required parallel/perpendicular flow moments of the fast ions

for the P-S and the classical diffusions and the current are

determined by h
Ð

vkP2ðnÞffd
3vi and h

Ð
vkP2ðnÞffd

3v=B2i
with k ¼ �1; 1; 2; 4; 6 as shown in Sec. IV. Since theseÐ

vkP2ðnÞffd
3v integrals in the tangential NBI operations

are moderately varying functions in the ðh; fÞ space

(
Ð

vkP2ðnÞffd
3v / B61 at most) as discussed at the end of

this section, both types of the surface-averaging are obtained

by approximations h
Ð

vkP2ðnÞffd
3vi ffi h

Ð
vkP2ðnÞffd3v=Bi=

hB�1i and h
Ð

vkP2ðnÞffd
3v=B2i ffi h

Ð
vkP2ðnÞffd3v=BihB�1i.

Therefore, we should find the solution of

Vk þ CA
f

� �
fA ¼

H2ðvÞP2ðnÞ
sSB h; fð Þ : (7)

Here, H2ðvÞ can be arbitrary functions of energy having finite

values of ½v2H2ðvÞ�v¼0 such as xaGðxaÞ; 4ffiffi
p
p x�3

a

Ð xa

0
y4

expð�y2Þdy discussed in Sec. III, and vk with k ¼ �1; 1;
2; 4; 6 in Sec. IV. The previous application of this method by

Taguchi was a calculation of the fast ions’ parallel particle

flux hBnfukfi by solving ðVk þ CA
f ÞfA ¼ Bvn=sS.20 In this

past application, the solution fA being an odd function of vk
existed only in 0 	 k 	 1, and the result agrees with the

hB
Ð

FðvÞnffd
3vi integral formula in Ref. 9. In contrast to this

previous calculation, the solution of Eq. (7) for investigating

the anisotropy exists in the full pitch-angle range. However,

we need only the solution in 0 	 k < 1 as long as our pur-

pose is in the tangential NBI operations. As a preparation for

the solving procedure of Eq. (7), we shall define a function

VðvÞ for each flux-surface by

lnVðvÞ � 3v3
c

ð
dv

v v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

n o : (8)

Although various energy (v) space integrals including the func-

tion v2vTe 3
ffiffiffi
p
p

=2
� �

GðxeÞ þ v3
c

� ��1
will appear when handling

the fast ions in the NBI-heated and/or the burning plasmas,

indefinite integrals
Ð

vj v2vTe 3
ffiffiffi
p
p

=2
� �

GðxeÞ
�

þv3
cg
�1

dv with

integers in the range j  �1 such as lnVðvÞ can be easily

obtained by an approximation GðxÞ ffi 3
ffiffiffi
p
p

=2
� �

=xþ 2x2
� ��1

(a fitting formula that is exact for x2 
 1; x3 � 1, and x ’ 1)

and analytical integral formulas of
Ð

xjðx3 þ a3Þ�1
dx andÐ

xjþ3ðx3 þ a3Þ�1
dx. By this method, we find that a basic char-

acteristic of Eq. (8) is VðvÞ ’ v3=ðv3 þ v3
cÞ. There are some

formulas related to this function VðvÞ that are derived only by

the definition in Eq. (8) as follows:

�CA
f P2ðnÞ VðvÞ

� ��Z2

ðv

0

v2H2ðvÞ VðvÞ
� �Z2

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

dv

" #

¼ H2ðvÞP2ðnÞ
sS

; (9)

3av3
cF vð Þ þ v2vTe

3
ffiffiffi
p
p

2
G xeð Þ þ v3

c

	 

v
@F vð Þ
@v

¼ v2vTe

3
ffiffiffi
p
p

2
G xeð Þ þ v3

c

	 

VðvÞ
� ��a

v
@

@v
VðvÞ
� �a

F vð Þ
h i

;

(10)

VðvÞ
� ��a

ðv

0

vj VðvÞ
� �a

dv

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

ffi jþ 1

jþ 1þ 3a

ðv

0

vjdv

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

for j  0; a  0; and v3 
 v3
c

where

ðv

0

vjdv

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

ffi 1

jþ 1

vjþ1

v3
c

; (11)

3v3
c

ðv

0

VðvÞ
� �a

dv

v v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

n o ¼ VðvÞ
� �a

a
for a > 0:

(12)

Equation (7), which we should solve, can be rewritten by

using Eq. (9) and P2ðnÞ ¼ 1� 3
2
kB=BM as follows:

fA h; f; v; kð Þ ¼ �P2ðnÞ
B

VðvÞ
� ��Z2

�
ðv

0

v2H2ðvÞ VðvÞ
� �Z2

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

dv

þ GA h; f; v; kð Þ;

Vk þ CA
f

� �
GA ¼ vk b � r 1

B

� �
VðvÞ
� ��Z2

�
ðv

0

v2H2ðvÞ VðvÞ
� �Z2

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

dv: (13)

For this separated component GAðh; f; v; kÞ, we shall use the

usual asymptotic expansion method for the long mean free

path conditions Z2=ðvcsSÞ 
 jðdB=BÞ3=2
b � r ln Bj. The 0th

order of ðvsSÞ�1
in the solution will have a form of

G0
A h; f; v; kð Þ ¼ 1

B
� 1

BM

� �
VðvÞ
� ��Z2

�
ðv

0

v2H2ðvÞ VðvÞ
� �Z2

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

dvþ gAðv; kÞ:

The integration constant condition for the first term / 1=B
� 1=BM is chosen to minimize both this first term and the

second term gAðv; kÞ as the integration constant simulta-

neously. Then the solubility condition hðB=vkÞCA
f G0

Ai ¼ 0

for Eq. (13) in the circulating pitch-angle 0 	 k 	 1 is

� v2vTe

3
ffiffiffi
p
p

2
G xeð Þþ v3

c

	 

v
@gAðv;kÞ

@v

þ2Z2v
3
c

B

BM

v

vk

 ��1 @

@k
k

vk
v

D E@gAðv;kÞ
@k

¼ 1

BM

B

BM

v

vk

 ��1 v

vk
1� B

BM

� � �
v2vTe

3
ffiffiffi
p
p

2
G xeð Þþ v3

c

	 


� v
@

@v
VðvÞ
� ��Z2

ðv

0

v2H2ðvÞ VðvÞ
� �Z2

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þþ v3
c

dv

( )
:
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Although this function gAðv; kÞ also exists in the full pitch-

angle range 0 	 k 	 BM=B and its trapped range k > 1 is

determined by bounce-integrals instead of this surface-

averaging, we need only to know k < 1 of this function. We

shall use the eigenfunctions KnðkÞ with the eigenvalues jn in

Ref. 9 for this purpose. They are defined by

2
B

BM

v

vk

 ��1 @

@k
k

vk
v

D E @Kn

@k
¼ �jnKn

in 0 	 k 	 1; Kn 0ð Þ ¼ 1; Kn 1ð Þ ¼ 0: (14)

Since hðv=vkÞð1� B=BMÞi ¼ rhð1� B=BMÞ1=2i at k ¼ 1 is

finite, and hB=vki is often singular at k ¼ 1 (analogous to the

logarithmic singularity of the complete elliptic integral of 1st

kind), their ratio can be expressed by the appropriately trun-

cated orthogonal expansion9 using the eigenfunction KnðkÞ
as follows:

B

BM

v

vk

 ��1 v

vk
1� B

BM

� � �

¼
X

n

KnðkÞ
BM

B
� 1

� �ð1

0

Kn
@ 1� kB=BMð Þ1=2

@k
dk

* +,

ð1

0

K2
n

@ 1� kB=BMð Þ1=2

@k
dk

* +
: (15)

By using this expansion, Eq. (13) becomes an ordinary dif-

ferential equation for gAnðvÞ in a series expression gAðv; kÞ
¼
P

n gAnðvÞKnðkÞ. Using Eq. (10), and an integration by

part for
Ð

dv with Eq. (12), we find that the 0th order of

ðvsSÞ�1
in the solution of Eq. (7) at k < 1 is

fA s; v ¼ vb; k < 1ð Þ

¼ � 1

BM

1� 3

2
k

� �ðvb

0

v2H2ðvÞ
v2vTe 3

ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

� VðvÞ
VðvbÞ

	 
Z2

dv� 1

BM

ðvb

0

v2H2ðvÞ
v2vTe 3

ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

�
X

n

BM=B� 1ð Þ
ð1

0

Kn @ 1� kB=BMð Þ1=2=@k
n o

dk

 �
ð1

0

K2
n @ 1� kB=BMð Þ1=2=@k
n o

dk

 �

� Kn kð Þ VðvÞ
VðvbÞ

	 
Z2

þ jn

jn � 3

VðvÞ
VðvbÞ

	 
Z2jn=3
("

� VðvÞ
VðvbÞ

	 
Z2

)#
dv: (16)

In the integrations by parts, Eq. (11) is used for the boundary

condition at v¼ 0. Since the fast ions source term is a delta

function / dðv� vbÞ in the energy space, only this
Ð vb

0
dv

definite integral is required for Eq. (5). A function x
þðxjn=3 � xÞjn=ðjn � 3Þ for 0 	 x 	 1 and jn  1 that is

included in the part expressed by a series
P

n of the

eigenfunctions is shown in Fig. 1. In this calculation, a rela-

tion ½ðxaþ1 � xÞ=a�a!0 ¼ x ln x also is used.

In the eigenfunction method, the parallel guiding center

motions and the PAS effects in toroidal configurations with

finite modulations B � rB 6¼ 0, which can be measured by

the reduction of a pitch-angle integral
Ð 1

0
khð1� kB=

BMÞ1=2i�1
dk, are expressed as an increase in the eigenvalues

jn from nð2n� 1Þ of the usual Legendre polynomials

P2n�1ðnÞ. In the summation
P

n in Eq. (16) including this

xþ ðxjn=3 � xÞjn=ðjn � 3Þ, terms with large eigenvalues

jn � 1 being localized at v � vb cannot effectively contrib-

ute to the h
Ð

vkP2ðnÞffd
3v=Bi integrals with k � 1 that will

be calculated in Secs. III–IV by substituting Eq. (16) into

Eq. (5) with rA ¼ H2ðvÞP2ðnÞ=B=sS. This is one reason for

truncating the series
P

n appropriately. Analogous to the pre-

vious investigation of the surface-averaged parallel friction

integrals9,19 hB
Ð

vnL
ð3=2Þ
j ðx2

aÞCafðfaM; ffÞd3vi, the six eigen-

value numbers 1 	 n 	 6 are used also in this study.

Since this adjoint equation method gives only the quan-

tities with the velocity space integral and the surface-

averaging h
Ð

d3vi, a change of the velocity distribution

�f
ðevenÞ
f ðx; v; kÞ caused by the existence of the operator Vk

with b � r ln B 6¼ 0 in Eq. (1) cannot be investigated directly.

To investigate this contribution of Vk, we shall consider a

method for comparing a calculation removing Vk and that

includes this DKE term by using Eqs. (5) and (16). We shall

assume fast ion sources localized at k
 1 since accurate

calculations of the anisotropy are required in those cases.

There will not be this requirement if the beam ionization

pitch-angle is k � 2=3. In addition to this assumption, we

previously clarified that Sxkðx; r; kÞ in the source term

Sxkðx; r; kÞdðv� vbÞ=v2 must be a function of only ðs; r; kÞ
in 0 	 k 	 1 because of a consistency of the B- and the J-

vector fields in the MHD equilibrium, and of a characteristic

of the initial drift orbit conserving the magnetic moment just

after the beam ionization.9 Therefore, analogous to this pre-

vious momentum input calculation, we shall use a delta func-

tion approximation of the source term

FIG. 1. The function f ðx; jnÞ ¼ xþ ðxjn=3 � xÞjn=ðjn � 3Þ.
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Sxkðs;r¼1;kÞdðv�vbÞ=v2

¼2S0

BMdðk�kbÞ
hBð1�kbB=BMÞ�1=2i

dðv�vbÞ
v2

¼S0

Bð1�kbB=BMÞ�1=2

hBð1�kbB=BMÞ�1=2i
d n� 1�kbB=BMð Þ1=2
h i

dðv�vbÞ
v2

;

Sxkðs;r¼�1;kÞdðv�vbÞ¼0;

S0�
ð1

0

Sxkðs;r¼1;kÞdn

 �
; (17)

that can be obtained by appropriate Monte Carlo codes such

as that in Ref. 26 for tracing the initial drift motion in a time

scale 2pR=vb 
 t
 sS just after the beam ionization. A

fixed value kb ¼ 0:17 is used in numerical examples in Secs.

III–IV. When using this model source term, the

BMhB�1
Ð 1

�1
P2ðnÞdni integral of Eq. (1) is

v
BM

B
B �r

ð1

�1

n�f fdn

B

* +

¼ BM

B

ð1

�1

P2ðnÞ Cf
�f f

� �
dn

 �

þS0

BM 1�kbB=BMð Þ�1=2
1�3

2
kbB=BM

� � �
hBð1�kbB=BMÞ�1=2i

d v� vbð Þ
v2

:

(18)

Here, a formula

Vk PlðnÞFðx; vÞ
� �

¼ v
l

2lþ 1
Pl�1ðnÞBðlþ1Þ=2b � r F

Bðlþ1Þ=2

þ v
lþ 1

2lþ 1
Plþ1ðnÞ

1

Bl=2
b � r FBl=2ð Þ (19)

for Legendre polynomials PlðnÞ is convenient not only for

this kind of pitch-angle integral of the DKEs for fast ions,

but also for various derivation steps of various formulas

for thermalized particles in Sec. III. An integration by part

hHB � rFi ¼ �hFB � rHi for arbitrary scalar quantities

FðxÞ and HðxÞ also is used to derive this LHS. In the lowest

order of ðvsSÞ�1
in the asymptotic expansion method for the

long mean free path conditions, the 1st Legendre order must

be
Ð 1

�1
n�f

0

f dn / Bðh; fÞ (i.e., a function with a symmetric

phase Fð�h;�fÞ ¼ Fðh; fÞ in toroidal configurations with

the stellarator symmetry Bð�h;�fÞ ¼ Bðh; fÞ), and thus van-

ishes in the LHS of Eq. (18). In the next order of ðvsSÞ�1
,

there will be a component of the odd function �f
ðoddÞ
f ðx; v; r; kÞ

with the anti-symmetric phase Fð�h;�fÞ ¼ �Fðh; fÞ in the

real space that is caused by the poloidal/toroidal variations of

the slowing down collision for �f
ðl¼0Þ
f . The generation of this

component in hB�1B � rð
Ð 1

�1
n�f fdn=BÞi ¼ hB�1ð

Ð 1

�1
n�f fdnÞ

b � r ln Bi is analogous to the “parallel viscosity force”

hð
Ð 1

�1
P2ðnÞ�f fdnÞB � r ln Bi of the fast ions themselves in the

previous momentum input calculation. To measure this con-

tribution of Vk that is included in results of Eq. (5), we

compare the results with calculations omitting the LHS of

Eq. (18). Analogously to the usual Legendre polynomial

expansion method28 for b � r ln B ¼ 0, the solution omitting

the LHS is given by

BM

B

ð1

�1

P2ðnÞ�f ðb�rB¼0Þ
f dn

 �

¼ S0sS

BM 1� kbB=BMð Þ�1=2
1� 3

2
kbB=BM

� � �
hBð1� kbB=BMÞ�1=2i

�
H vb � vð Þ

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þ þ v3
c

VðvÞ
VðvbÞ

	 
Z2

for B�1B � r
ð1

�1

n�f fdn=B

 !* +
¼ 0; (20)

with the unit step function Hðvb � vÞ. This is an artificial

function only for the comparison with Eq. (5) that will be

shown for the h
Ð

x2
aP2ðnÞLð5=2Þ

j ðx2
aÞCafðfaM; ffÞd3v=Bi inte-

grals with a 6¼ e; f in Sec. III and the h
Ð

vkP2ðnÞffd3v=Bi
integrals in Sec. IV. This comparison will clarify that the

parallel guiding center motion described by the Vk operator

reduces not only the previously investigated 1st Legendre

order moments hB
Ð

FðvÞnffd
3vi but also these 2nd Legendre

order moments h
Ð

H2ðvÞP2ðnÞffd
3v=Bi depending on the

B-field strength modulation on the flux-surfaces. However,

these reductions are quantitatively different since the even

function �f
ðevenÞ
f ðx; v; kÞ can be broadened to the full pitch-

angle range 0 	 k 	 BM=B while the odd function

�f
ðoddÞ
f ðx; v; r; kÞ is limited in the circulating range 0 	 k 	 1.

The reduction of the anisotropy is order of 1� hBi=BM at

most.

Although the adjoint equation method does not give us

the phase space structure of ffðx; vÞ itself, one clear fact is

that the lowest order of ðvsSÞ�1
must be Vk�f f ¼ 0 in Eq. (1).

The previous investigation of the first Legendre order

moments hB
Ð

FðvÞnffd
3vi also was based on this fact.9,21

Because of this constraint, the basic structure of �f
ðevenÞ
f

ðx; v; kÞ in the ðh; f; kÞ space at a low energy range v < vc

where the higher Legendre order structures �f
ðlÞ
f � 2lþ1

2

PlðnÞ
Ð 1

�1
PlðnÞ�f fdn with l  4 are suppressed will be

�f
evenð Þ

f h; f; v; kð Þ � hf ðl¼0Þ
f i / P2ðnÞ

B
� 1

B
þ 1

B

 �

¼ 1

B

 �
� 3

2

k
BM

on each flux-surface that satisfies Vk�f
ðevenÞ
f ¼ 0. The collision

term CafðfaM; �f
ðl¼2Þ
f Þ in the DKEs for thermalized ions a 6¼

e; f that will be investigated in Sec. III and
Ð

v�1P2ðnÞffd3v

of fast ions themselves in Sec. IV are integrals operations, in

which only this low energy range of �f
ðevenÞ
f ðh; f; v; kÞ can

contribute, and thus will have the real space structures of

/ 1=Bðh; fÞ on the each surface. On the other hand,
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CefðfeM; �f
ðl¼2Þ
f Þ in the electron DKE and

Ð
vkP2ðnÞffd

3v with

k  1 are different integral operations that are determined by

the full energy range 0 	 v 	 vb of the �f
ðevenÞ
f ðh; f; v; kÞ. In

the high-energy region vc < v 	 vb, the existence of this

velocity distribution function will be still limited to a pitch-

angle range of k
 1. (Recall that our interest is not in beam

ionization pitch-angles of kb � 2=3.) For this type of func-

tion depending only on ðs; v; kÞ in k < 1, the 2nd Legendre

order becomes

ð1

�1

F kð ÞP2ðnÞdn

¼ B

2BM

X
r

ð1

0

F kð Þ 1� 3

2
k

B

BM

� �
1� k

B

BM

� ��1=2

dk

’ B

2BM

X
r

ð1

0

F kð Þ 1� k
B

BM

� �
dk for k
 1:

Therefore, the real space structures of the integrals will deviate

from the form / 1=Bðh; fÞ and instead will approach different

forms CefðfeM; �f
ðl¼2Þ
f Þ / P2ðnÞBðh; fÞ and

Ð
vkP2ðnÞffd

3v

/ Bðh; fÞ when the high-energy range vc < v 	 vb contributes

to them. These characteristics of the real space structures must

be taken into account in solving procedures for the DKEs for

thermalized target plasmas (Sec. III), and in the estimation ofÐ 1

�1
n�f fdn in Eq. (18) (Sec. IV).

III. ANISOTROPIC HEATING ANALYSIS

A. Collision between thermalized particle species

In this section, we shall consider the difference between

the previously investigated part and the newly added aniso-

tropic heating part in the DKE

Vk þ VE
� �

fa1 �
X
b 6¼f

Cab
�f a; �f b

� �

¼ vda � rsð Þ Xa1 � Xa2L
ð3=2Þ
1 ðx2

aÞ
n o

faM

hTai

þ Caf faM; �f f

� �
þ vnea

BhB � EðAÞi
hB2i

faM

hTai
;

Xa1 ¼ �
1

hnai
@hpai
@s
� ea

@U
@s

; Xa2 ¼ �
@hTai
@s

(21)

for the thermalized particles’ gyro-phase velocity distribution
�f a¼ faMþ fa1. Here, analogously to Sec. II, vda¼ðc=eaÞðmav2

k=

BþlÞb�rlnB is the perpendicular guiding center velocity,

and @
@shpai; @@shTai in Xa1;Xa2 correspond to ðvda �rsÞ@faM=@s

given by the differential keeping constant ðv;nÞ that is men-

tioned in Sec. II. The radial electric field @
@sU in Xa1 corre-

sponds to VEfaM given by Eq. (6). This equation is solved

under a constraint h
Ð 1

�1
fa1dni¼0 for the full ðh;f;nÞ range as

the definition of the density hnai (number of particles) and the

pressure hpai (energy) of the species a. We must take care of

the fact that we already calculated responses to these radial gra-

dient forces @
@shpai;ma

@
@shrai ¼ 5

2
@
@shpaTai; @@sU, and the parallel

force terms E
ðAÞ
k ; CafðfaM;f

ðl¼1Þ
f Þ in this RHS before adding the

anisotropic heating source term CafðfaM;f
ðl¼2Þ
f Þ. Here, f ðlÞa �

PlðnÞ2lþ1
2

Ð 1

�1
PlðnÞ�f adn is the Legendre expansion term of

order l in the gyro-phase-averaged velocity distribution.

Reasons for which we omit Cafðfa1;ffÞ of collision with the fast

ions are stated in Refs. 9 and 19. The reason for
Ð 1

�1
PlðnÞCaf

ð�f a; �f fÞdn with l¼0, 1 (i.e., energy/momentum input) is the

conservation of energy and momentum in the combined use

with Eq. (2). For higher Legendre orders l2, the relation

jCafðfa1;ffÞj
j
P

b 6¼f Cabðfa1;fbMÞþCaaðfaM;fa1Þj due to a low

density of fast ions is a main reason. Therefore, it also should

be noted that j
Ð 1

�1
PlðnÞCafðfa1; �f fÞdnj
j

Ð 1

�1
PlðnÞ

CafðfaM; �f fÞdnj is not guaranteed for general Legendre orders l,

and thus to retain CafðfaM;f
ðlÞ
f Þ with too large l values in Eq.

(21) is meaningless. This is one reason why we restrict our

investigation of the fast-ion-driven effects only to Caf

ðfaM;f
ðl	2Þ
f Þ. For the friction collision term CafðfaM;f

ðl¼1Þ
f Þ, we

should include not only the previously investigated Sonine

(generalized Laguerre) polynomial expansion coefficients of

hB
Ð 1

�1
nCafðfaM; �f fÞdni,6 but also those of the poloidal and

toroidal variations
Ð 1

�1
nCafðfaM; �f fÞdn �hB

Ð 1

�1
nCaf

ðfaM; �f fÞdniB=hB2i/ ~Uðh;fÞ for which an obtaining method

will be shown in Sec. IV. Essential differences between the

DKEs for fast ions (Sec. II) and for thermalized particles (this

section) appear in the LHS of Eq. (21). One difference is in the

linearization Cabð�f a; �f bÞ¼Cabðfa1;fbMÞþCab ðfaM;fb1Þ of the

collisions between thermalized particle species a;b 6¼ f, in

which Cabðfa1;fbMÞ is a differential operator for the test par-

ticles’ fa1 while CabðfaM;fb1Þ is an integral operator for the

field particles’ fb1, and the other is the explicit inclusion of the

E�B operator VE. When this Vk þVE operator is included,

various pitch-angle space structures (Legendre orders) in fa1;
fb1; fc1;… with various phases in the ðh;fÞ space are generated

by the source terms in the RHS of Eq. (21). This situation

is complicated in Eq. (21) rather than in Eq. (1) for the fast

ions.

For avoiding confusion in considering these ðh; f; nÞ
space structures of fa1; fb1; fc1;… of thermalized particles

simultaneously, we shall separate the problem described

by Eq. (21) into three parts: (1) viscosity, (2) Pfirsch-

Schl€uter (P-S), and (3) anisotropic heating. This separation

is based on following characteristics of the Coulomb

collisions between the thermalized particle species

a; b; c;… 6¼ f. One is that the field particle portion

CabðfaM; fb1Þ causing the coupling between equations for

thermalized species is an integral operator and an eigenop-

erator of spherical harmonics suppressing its higher

Legendre orders. Another reason is the unimportance of

the lowest Legendre order moment of the collision term

that is indicated by the relation CabðfaM; fbMÞ ¼ 0 for

hTai ¼ hTbi, the energy conservation of like-particle colli-

sions
Ð

v2Caaðfa; faÞd3v ¼ 0, and the particle conservation

of general colliding species pairs
Ð

Cabðfa; fbÞd3v ¼ 0. An

important difference between Eqs. (1) and (21) exists also

in the self-adjoint relations
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ð
ĝaCab f̂ afaM; fbM

� �
d3v ¼

ð
f̂ aCab ĝafaM; fbMð Þd3v;ð

ĝaCab faM; f̂ bfbM

� �
d3v ¼

ð
f̂ bCba fbM; ĝafaMð Þd3v

of thermal-thermal collisions. In the neoclassical transport

theory for deriving the transport matrix, however, it is

required that these relations must be satisfied only in their

surface-average. We can consider the separation into the

three parts also based on this fact. In particular, the necessity

of the field particle portion CabðfaM; fb1Þ depends on velocity

distribution function components with various ðh; f; nÞ space

structures, and thus is important in this separation. Here, we

summarize the necessity of CabðfaM; f
ðl¼0;1;2Þ
b1 Þ.

First, the first Legendre moment f
ðl¼1Þ
a1 consists of two

components with different ðh; fÞ space structures. For this

kind of consideration, we shall recall Eq. (19). One compo-

nent is the poloidal/toroidal variation that is determined by

the lowest Legendre order (l¼ 0) term [corresponding to the

particle/energy balance equations Eqs. (A14) and (A15)] of

this equation. The other component is the integration con-

stant hB
Ð 1

�1
nfa1dniB=hB2i of this balance equation that is

determined by the hB
Ð 1

�1
ndni integral of the DKE (i.e.,

surface-averaged parallel force balance). Because of these

different determination procedures, their v-space structures

also are different. Both components exist dominantly in fa1

in various collisionality conditions and thus the field particle

portion CabðfaM; f
ðl¼1Þ
b1 Þ is a main cause of the coupling of the

DKEs for different species. On this Legendre order, it also

should be noted that the first Legendre momentÐ 1

�1
nðVEfa1Þdn of the E� B operator Eq. (6), and that of the

rB and the curvature drift term
Ð 1

�1
nðvda � rfa1Þdn must be

omitted as long as we use the flux-surface coordinates sys-

tem based on the MHD equilibrium where the CGL tensor

formula is used with neglecting the inertia force as in Eqs.

(A1) and (A2). Although the DKE solution is always deter-

mined under the constraint of the parallel force balance as

the
Ð 1

�1
ndn integral of the DKE, the VE þ vda � r operators

are irrelative to this force balance.

Second, explicit handling of the energy scattering/

exchange collision for the lowest Legendre order l¼ 0 will

be required only for calculating the P-S diffusions of

multi-ion species plasmas.17 In contrast to the fast ion

DKE shown in Eqs. (1) and (2) where the poloidal/toroidal

variations of the slowing down collision for ions with

suprathermal energies may generate hb � rð
Ð 1

�1
n�f fdn=BÞi,

the energy exchange between unlike thermalized species

approximately given by

�ma

ð
v2Cabðfa; fbÞd3v

¼ mb

ð
v2Cba fb; fað Þd3v

ffi 6
na

sab

ma

mb
1þ vTb

vTa

� �2
( )�3=2

pa

na
� pb

nb

� �

¼ 6
nb

sba

mb

ma
1þ vTa

vTb

� �2
( )�3=2

pa

na
� pb

nb

� �

is only a minor function of the collision operator. Therefore,

the Cabðf ðl¼0Þ
a1 ; fbMÞ þ CabðfaM; f

ðl¼0Þ
b1 Þ as a cause of the poloi-

dal/toroidal variation of f
ðl¼1Þ
a1 in Eq. (19) is explicitly

included only in a collisional limit where the poloidal/toroi-

dal variations of the local temperatures pa=na; pb=nb may

become dominant components of fa1; fb1. It also should be

noted that, even for the fast ions, this B � rð
Ð 1

�1
n�f fdn=BÞ in

the suprathermal velocity range does not effectively contrib-

ute to the poloidal/toroidal variations of the friction integrals

as explained in Sec. IV [negligible in comparison with the

diamagnetic flux divergence described by ðvdf � rsÞ@�f f=@s].

Also for the thermalized particles’ DKEs, in which our pur-

pose is in the determination of the faðx; vÞ in the thermalized

velocity range mav2 � 2Ta within an accuracy where the first

few Laguerre orders in each Legendre moments are correct,

the parallel flow divergence due to the lowest order

Legendre moment
Ð 1

�1
Cabð�f a; �f bÞdn with the aforementioned

characteristics is not important. Analogously, only for the P-

S diffusion calculation, crU� B � rf ðl¼0Þ
a in the VE operator

is regarded as substantial divergences of the parallel particle/

energy fluxes that can contribute to the parallel friction colli-

sion. Since it corresponds to rU� B � rðna=B2Þ and rU
�B � rðpa=B2Þ in Eqs. (A14) and (A15) in Appendix A, it

substantially contributes to the friction only when jf ðl¼0Þ
a1 j=

faM � ðBM � BminÞ=ðBM þ BminÞ.
Finally, the necessity of the CabðfaM; f

ðl¼2Þ
b1 Þ for the sec-

ond Legendre order is considered. Although the poloidal/

toroidal variations of the anisotropy
Ð 1

�1
P2ðnÞfa1dn� hB�1Ð 1

�1
P2ðnÞfa1dniB�1=hB�2i corresponding to the neoclassical

viscosity tensor can become a dominant component in the

fa1ðx; vÞ in the long mean free path conditions of non-

symmetric stellarator/heliotron plasmas, its amplitude is

jf ðl¼2Þ
a1 j � jf ðl¼1Þ

a1 j at most as long as the ambipolar condition

hJ � rsi ¼ 0 is satisfied. Because of a relationð
x2

aP2ðnÞCab faM; x2
bP2ðnÞfbM

� �
d3vð

xanCab faM; xbnfbMð Þd3v

¼ 6

5

vTa

vTb
1þ vTa

vTb

� �2
( )�1

¼ 6

5

vTb

vTa
1þ vTb

vTa

� �2
( )�1

for the thermal-thermal collisions, the l  2 field particle

portion CabðfaM; f
ðl2Þ
b1 Þ of unlike-particle collision a 6¼ b is

often neglected, and only CabðfaM; f
ðl¼1Þ
b1 Þ is retained as the

coupling between the DKEs for the thermalized species. The

assumption of the ambipolar conditions with j @@s Uj �
2Taje�1

a
@
@s ln Bj in the present study is required not only for

the drift approximation of Vlasov operator where vda � rfa1

(in particular the drift being tangential to the flux-surface) is

neglected as in Eq. (21), but also for this collision approxi-

mation where an appropriate suppression of the so-called

1=� diffusion of ions by this radial electric field is assumed.

Based on this assumption, the poloidal/toroidal variations of

CabðfaM; f
ðl2Þ
b1 Þ are still neglected in the determination of the
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responses to vda � rs; E
ðAÞ
k , and CafðfaM; f

ðl¼1Þ
f Þ in the RHS in

Eq. (21), while we add a surface-averaged component

CabðfaM; f
ðl¼2Þ
b Þ / P2ðnÞ=Bðh; fÞ (b¼ f, ions) caused by the

anisotropic heating effect due to the fast ions. [The aniso-

tropic heating source term CefðfeM; f
ðl¼2Þ
f Þ in the electron

DKE may have a different real space structure as discussed

in the end of Sec. II.] When this term is included, a velocity

distribution function component having a real space structure

satisfying the local parallel force balance in the ðh; f; v; nÞ
space VkðP2ðnÞ=B�1=Bþh1=BiÞ¼Vk h1=Bi� 3

2
k=BM

� �
¼ 0

is generated as the response. Since this determination is irrela-

tive to the first Legendre order in the velocity distribution and

collision operators, the field particle portion CabðfaM; f
ðl¼2Þ
b1 Þ

for this component (both for like-particle collisions a¼b and

unlike-particle collisions a 6¼ b) also is included. For collision

between the electrons and the thermalized ions, however, we

shall use the usual small mass ratio approximation for allowing

jTe�Tij� Te;Ti, in which CeiðfeM; f
ðl¼2Þ
i1 Þ and CieðfiM; f

ðl¼2Þ
e1 Þ

are not included. The necessity of the l¼2 like-particle field

particle portion CaaðfaM; f
ðl¼2Þ
a1 Þ depends also on the generation

of higher Legendre orders l  3. In the previous theories for

the neoclassical viscosity such as Ref. 3, the CaaðfaM; f
ðl¼2Þ
a1 Þ

is often neglected because of a relation jCaaðfaM; f
ðl2Þ
a1 Þj


 j
P

b 6¼f Cabðf ðl2Þ
a1 ; fbMÞj due to the generation of the orders

l  3. In the anisotropic heating calculation for the additional

velocity distribution component f
ðl¼2Þ
a1 / P2ðnÞ=Bðh; fÞ,

however, the CaaðfaM; f
ðl¼2Þ
a1 Þ also is retained since the orders

l  3 are scarcely generated by the anisotropic heating

source term. In this method where the l¼2 field particle

portion CabðfaM; f
ðl¼2Þ
b1 Þ is neglected for the poloidal/toroidal

variations while it is retained for the surface-averaged com-

ponent / P2ðnÞ=Bðh; fÞ, the aforementioned self-adjoint

relations are retained in their surface-average. The poloidal/

toroidal variations corresponding to the neoclassical viscos-

ity are not important for the anisotropic-pressure MHD equi-

librium because of a relation hp?a � pkaihðp?a � pkaÞ=
B2i < 0. When only this type of the anisotropy exists, the

radial gradients discussed in Appendix A are regarded as

those of isotropic-pressure species. From the viewpoint of

the drift approximation, this handling of the radial gradients

corresponds to a neglect of jvda � rfa1j 
 jðVk þ VEÞfa1j for

the solubility condition of the parallel particle/energy fluxes.

On the other hand, this DKE term approximation is not

appropriate for the velocity distribution component gener-

ated by the anisotropic heating effect CafðfaM; f
ðl¼2Þ
f Þ. If the

generated anisotropy is non-negligible in Eqs. (A14) and

(A15) (i.e., comparable or larger than the poloidal/toroidal

variations), the absolute value of the radial gradient term

ðvda � rsÞ@faM=@s must be corrected for a consistency with

the P-S current in the MHD equilibrium. This correction

corresponds to a drift approximation retaining a part of

ðvda � rsÞ@fa1=@s analogous to the radial gradient of the fast

ions’ velocity distribution that was mentioned in Sec. II. [As

mentioned below, not only the parallel velocity term Vk but

also the E�B term VE for this velocity distribution compo-

nent / P2ðnÞ=Bðh; fÞ is neglected.]

B. Separation of the DKE for thermalized particles

Based on these characteristics of the collision operator,

the aforementioned three parts in Eq. (21) are considered.

From the discussion based on Eq. (19) in Sec. II, it is obvious

that f
ðl¼3Þ
a1 generated by various mechanisms is excluded in

the hB�1
Ð 1

�1
P2ðnÞdni integral of the DKE. The calculations

in this section also utilize this fact. However, poloidal/toroi-

dal variations of the first Legendre order
Ð 1

�1
nfa1dn

�hB
Ð 1

�1
nfa1dniB=hB2i with the anti-symmetric phase

Fð�h;�fÞ ¼ �Fðh; fÞ may remain there. Even when solving

Eq. (21) with excluding the anisotropic heating source

term CafðfaM; f
ðl¼2Þ
f Þ, the existence of hB�1

Ð 1

�1
P2ðnÞ

ðVk þ VEÞ�f a

� �
dni ¼ hB�1

Ð 1

�1
P2ðnÞ

P
b 6¼f Cabð�f a; �f bÞdni is

not forbidden. Although this quantity is irrelative to the defi-

nition of hnai and hpai, it may change radial gradients dis-

cussed in Appendix A. On the operator Vk, based on the fact

that
Ð 1

�1
n�f adn=B in

BM

B

ð1

�1

P2ðnÞ Vk�f a

� �
dn

 �
¼ v

BM

B

ð1

�1

n�f adn

 !
b � r ln B

* +

¼ v
BM

B
B � r

ð1

�1

n�f adn

B

* +

must satisfy the solubility condition hB � rð
Ð 1

�1
n�f adn=BÞi

¼ 0, we investigate the lowest order j¼ 0 in the Laguerre

expansion of this quantity by using Eq. (A15) as follows:

BM

B

ð
v2P2ðnÞ Vk�f a

� �
d3v

 �

¼ 2

ma

BM

B
B � r

Qka
B

 �

¼ �3cEs
BM

B

rs� B

B2
� r ln B

� �
pa

ma

 �

þ BM

B

ð
v2CaðfaÞd3v�

ð
v2CaðfaÞd3v

 �� � �
: (22)

On the other hand, the hB�1
Ð 1

�1
P2ðnÞdni integral of the

E� B operator in Eq. (6) is irrelative to this solubility condi-

tion, and thus given by

BM

B

ð
v2P2ðnÞ VE

�f a

� �
d3v

 �

¼�cEs

3

BM

B

rs�B

B2
�r lnB

� �ð
v2 1þ 2P2ðnÞ
� �

�f ad3v

 �
;

(23)

which is obtained by straightforward integrations by parts.

The lowest Laguerre order of the hB�1
Ð 1

�1
P2ðnÞ ðVk

�
þVEÞ�f agdni integral given by these methods is negligible in

the viscosity part, and may be generated in the P-S part with
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finite radial electric fields @U=@s 6¼ 0 in following

discussions.

Next, we shall discuss the approximation and solving

procedure for the viscosity and the P-S parts. The viscosity

part handles responses to a part of the radial drift term

rXa � vda � rs� c

ea
maVk vk ~U

� �

¼ � c

ea
mav

2P2ðnÞ
rs� B

B2
þ ~Ub

� �
� r ln B (24)

and the surface-averaged parallel force term by a method in

Refs. 3, 5, 29, and 30. Here, ~U is the solution of B � rð ~U=BÞ
¼ ðB�rsÞ � rB�2; hB ~Ui ¼ 0. The solution ga of the sepa-

rated equation

Vk þ VDKES
E

� �
ga �

X
b 6¼f

Cab gðl 6¼0Þ
a ; fbM

� �

¼ rXa Xa1 � Xa2L
ð3=2Þ
1 ðx2

aÞ
n o

faM

hTai
þ 3

2

rUa

mavhB2i

� B

ð1

�1

nfa1dn

 �
þ 3

2
n

B

hB2i

� B

ð1

�1

n
X
b 6¼f

Cab
�fa; �fb

� �
þ Caf faM; �ff

� �	 

dn

* +

þ vnea
BhB � EðAÞi
hB2i

faM

hTai
;

rUa � �maVk vkB
� � ¼ �mav

2P2ðnÞb � rB (25)

is obtained by the following approximations. One approxi-

mation is that for the collision operator

X
b 6¼f

Cab ga; fbMð Þ þ Cab faM; gbð Þ½ � ffi
X
b 6¼f

Cab gðl 6¼0Þ
a ; fbM

� �

in the LHS. In this approximation, the field particle portions

CabðfaM; gbÞ are omitted and gðl¼0Þ
a is excluded for the parti-

cle/energy conservation since the definition of this ga

includes hB
Ð 1

�1
ngadni ¼ 0, and since various parallel flow

divergences explained in Sec. III A such as
Ð 1

�1
Cabð�f a; �f bÞdn

and VEf
ðl¼0Þ
a1 are not important in this LHS handling the

higher Legendre orders gðl2Þ
a as dominant components.

Second is the use of

VDKES
E � cEshB2i�1rs� B � rðv;nÞ¼const

instead of Eq. (6) in the LHS for the solubility condition

and the anti-symmetric property h
Ð

ĝaðVDKES
E f̂ afaMÞd3vi

¼ �h
Ð

f̂ aðVDKES
E ĝafaMÞd3vi.27 This approximation is justi-

fied by the fact that dominant components in the ga are the

poloidal/toroidal variations of the higher Legendre orders

and therefore @=@n and @=@v in Eq. (6) become a higher

order of the B-field strength modulation on the surfaces. One

important advantage of this approximation together with the

further approximation
P

b 6¼f Cabðgðl 6¼0Þ
a ; fbMÞ ffi �a

DðvÞLga for

handling the higher Legendre orders l  3 mainly is a reduc-

tion of the phase-space dimension of the LHS to 3D ðh; f; nÞ.
Therefore, the solution ga is given by a combination of solu-

tions GXa and GUa of the equation

Vk þ VDKES
E � �a

DL
� �

GXa

GUa

� �
¼ rXa

rUa

� �
(26)

as shown in Ref. 3. It also should be noted that the anisot-

ropy relaxation Krook operator17 P
b6¼f Cabðgðl¼2Þ

a ; fbMÞ
ffi ��a

TðvÞgðl¼2Þ
a including the energy scattering effect,

instead of this PAS operator, is used for a low energy region

�a
T=v > ð8=5pÞð4p2=V0Þjv0m� w0nj=hB2i1=2

of each Fourier

modes sin ðmh� nfÞ; cos ðmh� nfÞ in the ðh; f; nÞ space for

which the higher Legendre orders l  3 are suppressed.5

Here, v0 � dv=ds; w0 � dw=ds, and V0 � dV=ds are radial

gradients of the poloidal flux, the toroidal flux, and the

volume enclosed by the flux-surface s ¼ const in the contra-

variant expression of the B-vector field, respectively.3,9

This problem results in an algebraic handling of

hB
Ð

vnL
ð3=2Þ
j ðx2

aÞfad3vi using the Braginskii’s matrix expres-

sion of the full linearized collision operator for the first

Legendre order l¼ 1, and these surface-averaged parallel

flow moments included in the RHS of Eq. (25) also are deter-

mined. Since the poloidal/toroidal variations of the parallel

friction
Ð 1

�1
nCabð�f a; �f bÞdn� hB

Ð 1

�1
nCabð�f a; �f bÞdniB=hB2i

are negligible in this part, the “frictionless” local paral-

lel force balance determines the lowest Legendre order

gðl¼0Þ
a as a minor component. A basic characteristic of

this component is easily understood by approximated

relations

pa � hpai ffi �
2

3
hB3=2i

pka � p?a

B3=2
�

pka � p?a

B3=2

D E� �
;

ra � hrai ffi �
2

3
hB3=2i

rka � r?a

B3=2
�

rka � r?a

B3=2

D E� �

with an approximation B3=2 ’ hB3=2i. Based on this charac-

teristic, the hB�1
Ð 1

�1
P2ðnÞ ðVk þ VEÞga

� �
dni in Eqs. (22)

and (23) is considered. The contribution of the operator Vk in

Eq. (22) is negligible since hb � rðQka=BÞi in this viscosity

part is scarcely generated. The E� B operator VE in Eq. (23)

also is negligible because of this local parallel force balance.

The integrals
Ð

v2 �f ad3v � 3pa=ma and 2
Ð

v2P2ðnÞ�f ad3v

� 2ðpka � p?aÞ=ma will cancel each other there within an

accuracy of the approximation B3=2 ’ hB3=2i. Therefore, the

anisotropy generated in Eq. (25) is a poloidally and toroi-

dally varying one that satisfies hp?a � pkaihðp?a � pkaÞ=
B2i < 0. This characteristic justifies the drift approximation

neglecting jvda � rgaj 
 jðVk þ VEÞgaj, and the collision

approximation neglecting CabðfaM; g
ðl¼2Þ
b Þ for the calculation

that is independent of the anisotropic heating part shown

below. On the other hand, the P-S part must handle the sepa-

rated component Vkðvk ~UÞ in the radial drift term and the

poloidal/toroidal variations of the parallel friction forces.

This equation is given by
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Vk þVE
� �

f PS
a1 �

X
b 6¼f

Cab f PS
a1 ; fbM

� �
þCab faM; f

PS
b1

� �h i

¼ ma

hTai
Vk vk ~U
� � c

ea
Xa1�Xa2L

ð3=2Þ
1 ðx2

aÞ
n o

faM

þCaf faM; f
ðl¼1Þ
f

� �
�3

2
n

B

hB2i B

ð1

�1

nCaf faM; f
ðl¼1Þ
f

� �
dn

 �
:

Because of the approximation
Ð 1

�1
nðVEfa1Þdn ¼ 0 for the

consistency with the MHD equilibrium, this equation is

rewritten as

Vk þVE
� �

gPS
a �

X
b6¼f

Cab gPS
a ; fbM

� �
þCab faM;g

PS
b

� �h i

¼ ~U
X
b 6¼f

Cab
ma

hTai
vk

c

ea
Xa1�Xa2L

ð3=2Þ
1 ðx2

aÞ
n o

faM; fbM

� ��

þCab faM;
mb

hTbi
vk

c

eb
Xb1�Xb2L

ð3=2Þ
1 ðx2

bÞ
n o

fbM

� ��

þCaf faM; f
ðl¼1Þ
f

� �
� 3

2
n

B

hB2i B

ð1

�1

nCaf faM; f
ðl¼1Þ
f

� �
dn

 �
(27)

for

gPS
a � f PS

a1 �
ma

hTai
vk ~U

c

ea
Xa1 � Xa2L

ð3=2Þ
1 ðx2

aÞ
n o

faM:

The radial electric field @U=@s in Xa1 vanishes in the first

term / ~U in the RHS at this step because of the Galilean

invariant property of the Coulomb collision. This first term

/ ~U will be easily expressed as a Sonine polynomial expan-

sion series using the Braginskii’s matrix elements, and the

second term corresponding to the friction (momentum

exchange) collision with the fast ions also will be calculated

as the polynomial expansion series by a method in Sec. IV.

When these terms in the RHS are given, the response gPS
a

¼ ha þ ka will be determined by

Vkha
� �ðl¼0;1Þ þVDKES

E hðl¼0Þ
a �

X
b6¼f

Cab ha; fbMð ÞþCab faM;hbð Þ½ �

¼ ~U
X
b 6¼f

Cab
ma

hTai
vk

c

ea
Xa1�Xa2L

ð3=2Þ
1 ðx2

aÞ
n o

faM; fbM

� ��

þCab faM;
mb

hTbi
vk

c

eb
Xb1�Xb2L

ð3=2Þ
1 ðx2

bÞ
n o

fbM

� ��

þCaf faM; f
ðl¼1Þ
f

� �
� 3

2
n

B

hB2i B

ð1

�1

nCaf faM; f
ðl¼1Þ
f

� �
dn

 �
;

Vk þVDKES
E

� �
ka�

X
b6¼f

Cab ka; fbMð ÞþCab faM;kbð Þ½ �

¼� Vkha

� �ðl¼2Þ; (28)

where the first function ha includes only the lower Legendre

orders l¼ 0, 1 and satisfies hB
Ð 1

�1
nhadni ¼ 0; h

Ð 1

�1
hadni

¼ 0. The notation ðVkhaÞðlÞ � 2lþ1
2

PlðnÞ
Ð 1

�1
PlðnÞðVkhaÞdn is

used. The use of VDKES
E hðl¼0Þ

a for the solubility condition is

justified by this definition in which @hðl¼0Þ
a =@v in VEhðl¼0Þ

a

becomes a higher order of the B-field strength modulation.

This problem can be converted to simultaneous algebraic

equations for each Fourier modes ðm; nÞ 6¼ ð0; 0Þ of the

Laguerre expansion coefficients
Ð

L
ð1=2Þ
j ðx2

aÞhad3v andÐ
vnL

ð3=2Þ
j ðx2

aÞhad3v=B by taking
Ð

L
ð1=2Þ
j ðx2

aÞd3v andÐ
vnL

ð3=2Þ
j ðx2

aÞd3v integrals of this equation. As in Refs. 17

and 31, the three terms Laguerre expansion with j¼ 0, 1, 2

will be appropriate. The Fourier expansion in the Boozer

coordinates is suited for the ambipolar condition with the

finite radial electric field in VDKES
E hðl¼0Þ

a . Therefore, the func-

tion ~U also is expressed by using eðBoozerÞ
mn � 1

2p2

Ð 2p
0

dhBÐ 2p
0

dfBðhB2i=B2 � 1ÞcosðmhB �nfBÞ.3,9 This is a method for

including the field particle portion for these lower Legendre

orders CabðfaM; h
ðl¼0;1Þ
b Þ and for retaining the momentum/

energy conservation. The Onsager symmetric P-S diffusion

matrix is obtained at this step since this algebraic method

can retain also the self-adjoint relation of the collision opera-

tor and the anti-symmetric property h
Ð

ĝa ðVk þ VDKES
E Þf̂ a

n
faMgd3vi ¼ �h

Ð
f̂ a ðVk þ VDKES

E ÞĝafaM

� �
d3vi of the Vlasov

operator. After solving these algebraic equations for the

Fourier-Legendre-Laguerre series expression of ha in the 4D

space ðhB; fB; v; nÞ, the second equation for the response ka

driven by the source term �ðVkhaÞðl¼2Þ
will be handled by a

method that is analogous to the aforementioned procedure

for rXa / P2ðnÞ in Eq. (25). The contribution of the E� B

being
Ð 1

�1
P2ðnÞðVDKES

E haÞdn ¼ 0 is not important in the RHS

of this equation. An analytical solution given by the Fourier

expansion method for the plateau and the P-S collisionality

conditions5,32 �a
D=v > jðdB=BÞ3=2

b � r ln Bj is useful.

However, the details of these procedures determining gPS
a

¼ ha þ ka are beyond the scope of this paper. In particular,

the second function ka is not practically important, since the

RHS of Eq. (27) is non-negligible in comparison with that of

Eq. (25) only in the P-S collisionality condition, and there-

fore this function is suppressed by the strong anisotropy

relaxation collision in that condition. We shall consider here

only a difference between this generation of �ðVkhaÞðl¼2Þ

and rXa from the viewpoint of the hB�1
Ð 1

�1
P2ðnÞðVk�f aÞdni

in Eq. (22). When the radial electric field in the VDKES
E hðl¼0Þ

a

is finite, the first function ha includes this hb � rðQka=BÞi
6¼ 0 and thus hB�1

Ð 1

�1
P2ðnÞkadni 6¼ 0 is generated by the

balance of the Vlasov and the collision operators. This bal-

ance is analogous to the anisotropic heating effect that will

be shown in Sec. III C. But this is only a minor component

in ka that is basically a poloidally and toroidally varying

function. By using Eq. (19) again, we find also that

hB3=2
Ð 1

�1
P2ðnÞðVkhaÞdni ¼ 0. Therefore, the ka in the P-S

collisionality condition also is hBJ
Ð 1

�1
P2ðnÞkadni ¼ 0 for

J � 3=2. As discussed in Appendix A, for the drift kinetic

problems where the Fourier expansion in the Boozer coordi-

nates is essential, we can regard the radial gradient term

ðvda � rsÞ@h�f ai=@s as that of the isotropic-pressure species

even when hB2ðp?a � pkaÞihp?a � pkai < 0 and hB2ðr?a

�rkaÞihr?a � rkai < 0. (Instead of the usual surface-

042509-13 Shin Nishimura Phys. Plasmas 25, 042509 (2018)



averaging for actual geometrical shapes of the flux-surfaces, a

simple plane-averaging 1
4p2

Ð p
�p

Ð p
�p FdhBdfB ¼ hB2Fi=hB2i for

the ðhB; fBÞ space is used for this judgment on the isotropic-

pressure and anisotropic-pressure species.) Therefore, the

approximation ðvda � rsÞ@h�f ai=@s ffi ðvda � rsÞ @faM=@s in

Eq. (21) is still appropriate even when hB�1
Ð 1

�1
P2ðnÞkadni

6¼ 0 is generated. The velocity distribution component fa1 in

Eq. (21) generated without the anisotropic heating term

is handled by the approximation neglecting jvda � rfa1j

 jðVk þ VEÞfa1j for both long-mean-free-path conditions,

where ga in Eq. (25) is its dominant component and short-

mean-free-path conditions, where gPS
a in Eq. (27) is dominant.

However, it also should be noted that, for the perpendicular

particle/energy fluxes and the resulting classical diffusions

hCcl
a � rsi and hQcl

a � rsi, this anisotropy generated in the P-S

part in Eq. (28) corresponds to a finite contribution of

hBi @@s h
Ð

vkP2ðnÞkad3v=B3i with k¼ 2, 4 in ðr � paÞ?=B2

¼ 1
3
Br? ðp?a�pkaÞ=B3

� �
and r�ðra� raIÞ

� �
?=B2¼ 1

3
Br?

ðr?a� rkaÞ=B3
� �

.

In addition to these viscosities and the P-S parts for han-

dling vda � rs; E
ðAÞ
k , and CafðfaM; f

ðl¼1Þ
f Þ in the RHS in Eq.

(21), we must investigate also the response to the anisotropic

heating term CafðfaM; f
ðl¼2Þ
f Þ. As already mentioned, how-

ever, this newly generated velocity distribution component

has contrasting characteristics. One is that the assumption

jvda � rfa1j 
 jðVk þ VEÞfa1j is not appropriate for this com-

ponent. The second is that the first Legendre order f
ðl¼1Þ
a1 and

the higher Legendre orders f
ðl3Þ
a1 are scarcely generated by

this source term. Therefore, after the determination including

the CabðfaM; f
ðl¼2Þ
b1 Þ (except the small mass ratio approxima-

tion for the electron-ion and the ion-electron collisions), we

may need to include the obtained anisotropy in the radial

gradients @hp?a þ pkai=@s; @hr?a þ rkai=@s in Eqs. (A14)

and (A15) and the corresponding DKE term ðvda �
rsÞ@faM=@s in Eq. (21). In this study, however, we still

assume the nearly thermalized states for which

hCbn
a � rsi; hqbn

a � rsi; hB � Ji � efhB �
Ð

vffd
3vi; hCPS

a � rsi,
and hqPS

a � rsi can be expressed by Onsager symmetric

transport matrices as in Refs. 3–6 and 33. This symmetry

requires the ðh; f; v; nÞ space structure of the radial gradient

term ðvda � rsÞ@hf ðevenÞ
a i=@s / v2ð1þ n2Þ 1þ aL

ð3=2Þ
1 ðx2

aÞ
n o

faMrs� B � rB�2 even when absolute values of @hpai=@s
and @hrai=@s in it are modified. There are two reasons for

which we do not consider this matrix expression for the

radial and the parallel particle/energy fluxes of the NB-

produced fast ions. One is that the self-adjoint property of

the collision does not exist there, and the second is that their

radial gradient @hf ðevenÞ
f i=@s does not have this v-space struc-

ture. In contrast to this, we assume nearly isotropic states

jhf ðl¼2Þ
a =Bi=hB�1ij 
 faM for thermalized particle species

and thus the above v-space structure of the radial gradient

term is used. One purpose of this section is to show a method

for confirming the validity of this assumption for each exper-

imental condition. The basic ðh; f; v; nÞ space structure of the

response to the new source term CafðfaM; f
ðl¼2Þ
f Þ is the

aforementioned

gan
a ffi

1

hB�2i
P2ðnÞ

B
� 1

B
þ 1

B

 �� �
mav2

3hTai
faM

�
X1
j¼0

p2aj

B

D E
L
ð5=2Þ
j ðx2

aÞ 
 faM (29)

that is expressed by the series of the Sonine polynomial

L
ð5=2Þ
j ðx2

aÞ. Although we shall consider only this basic struc-

ture in the DKEs for thermalized ions (a 6¼ e; f), a small

deviation from this form will be included in the electron

velocity distribution function (a ¼ e) as discussed below.

The operator Vk vanishes for this basic structure. The contri-

butions of the l¼ 0 energy scattering/exchange collision

effect
Ð 1

�1
Cabð�f a; �f bÞdn and crU� B � rf ðl¼0Þ

a in the VE

operator for the lowest Legendre order component /
�1=Bþ h1=Bi to the parallel flow divergence B �
rð
Ð 1

�1
n�f adn=BÞ and the resultant parallel friction collision

can be neglected analogously to the viscosity part Eq. (25).

Therefore, the equation

Vk þ VE
� �

gan
a �

X
b 6¼f

Cab gan
a ; fbM

� �
þ Cab faM; g

an
b

� �h i

¼ Caf faM; f
ðl¼2Þ
f

� �
(30)

for this determination is independent of the P-S part Eq.

(27). However, VE for the dominant component P2ðnÞ must

be that in Eq. (6). This VEgan
a will have a role that is analo-

gous to VEfaM in the RHS in Eq. (21). Here, we shall investi-

gate this effect for the lowest Laguerre order term j¼ 0

(corresponding to the pressure anisotropy) P2ðnÞv2faM=B. It

is given by

VE
P2ðnÞ

B
v2faM

� �

¼ cEs
rs� B

B3
� r ln B

� �
v2 � 12

35
x2

aP4ðnÞ
	

þ 2

3
1� 16

7
x2

a

� �
P2ðnÞ þ

2

15

5

2
� x2

a

� �

faM:

When this type of source term is included in the RHS of Eq.

(21), the solving procedure will be analogous to the vda � rs
in the viscosity and the P-S parts in Eqs. (25) and (27), and

analogous velocity distribution components will be gener-

ated there. However, this generation is not important as long

as the nearly isotropic condition jgan
a j 
 faM is satisfied. As

shown in Eqs. (A14) and (A15), this contribution of the

anisotropy to the divergences of the E� B particle/energy

fluxes / rU� B � rB�2 is small compared with the diver-

gences of the diamagnetic perpendicular particle/energy

fluxes, and is only to change 5hpaiEsrs� B � rB�2 to

h3pa þ p?a þ pkaiEsrs� B � rB�2 in B � rðQka=BÞ. This

fact can be confirmed also by integrations by parts for Eq.

(6), and is unchanged even when the higher Laguerre orders
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j  1 in Eq. (29) are included. Therefore, we shall neglect

VEgan
a in comparison with ðvda � rsÞ Xa1 � Xa2L

ð3=2Þ
1 ðx2

aÞ
n o

faM=hTai. These approximations are commonly used for the

thermalized ions and the electrons. One remaining issue is

the small deviation of the electron solution from the basic

form in Eq. (29). This deviation is caused by the fact that the

real space structure of the electron heating term

CefðfeM; f
ðl¼2Þ
f Þ will not have the form of / P2ðnÞ=Bðh; fÞ as

mentioned at the end of Sec. II. Rather than this form, this

term may be close to CefðfeM; f
ðl¼2Þ
f Þ ’ 5

2
P2ðnÞhB�1

Ð 1

�1
P2ðnÞ

CefðfeM; �f fÞdniB. Since this problem is independent of the

anisotropic heating of thermalized ions because of

CeiðfeM; f
ðl2Þ
i1 Þ ¼ 0 in the usual small mass ratio approxima-

tion, we should solve only

�
X
b6¼f

Ceb gan
e0; fbM

� �
þ Cee feM; g

an
e0

� �� �
¼ Cef feM; f

ðl¼2Þ
f

� �

(31)

and

Vkg
an
e1 �

X
b6¼f

Ceb gan
e1

� �ðl 6¼0Þ
; fbM

� �
¼ �Vkg

an
e0: (32)

When the anisotropic heating source term has a form of

CefðfeM; f
ðl¼2Þ
f Þ ¼ f ðvÞP2ðnÞFðh; fÞ on each flux-surface in

the first equation, its solution also has the same real space

structure and thus gan
e0 ¼ gðvÞP2ðnÞFðh; fÞ. This problem is

solved by using the anisotropy relaxation matrix in

Appendix B. In Eq. (32) for a small component gan
e1, the

VEgan
e0 being smaller than ðvde � rsÞ Xe1 � Xe2L

ð3=2Þ
1 ðx2

eÞ
n o

feM=hTei is neglected in the RHS as already stated, and the

approximation neglecting jðVE þ vde � rÞgan
e1j 
 jVkgan

e1j in

the LHS is appropriate because of the large thermal velocityffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Te=me

p
. For the collision operator for this gan

e1, we shall

adopt the method for Eq. (25) [only �e
DðvÞLgan

e1 substantially].

The purpose of this investigation is only to understand that

the deviation of gan
e ¼ gan

e0 þ gan
e1 from the form in Eq. (29)

includes only the poloidal/toroidal variations of the even

function of n with the symmetric phase [PlðnÞ cos ðmh� nfÞ
with l ¼ 0; 2; 4;…] and those of the odd function with the

anti-symmetric phase [PlðnÞ sin ðmh� nfÞ with l ¼ 3; 5;…]

and that these velocity distribution components are irrelative

to hCbn
a �rsi; hqbn

a �rsi; hB �Ji� efhB �
Ð

vffd
3vi; hCPS

a �rsi,
and hqPS

a �rsi. Analogous to the analytical methods for solv-

ing Eq. (26),18 two methods for the two v-space regions of

the second function gan
e1 are considered. The first method

is that for the plateau and P-S energy region �e
D=v

> jðdB=BÞ3=2
b �r lnBj using the Fourier expansion for the

ðh;f;nÞ expressions of the solution and the DKE terms, and

the second is that for the long-mean-free-path (banana)

energy region using the ðh;f;kÞ expression that is analogous

to Sec. II for the fast ions. First, the plateau and the P-S

energy region is calculated by using Eq. (19) for the source

term �Vkg
an
e0¼�gðvÞVk P2ðnÞFðh;fÞ

� �
in Eq. (32) as

follows:

Vk P2ðnÞF h; fð Þ
� �
¼ vn

hF=Bi
hB�2i b � r 1

B
þ 2

5
B3=2b � rF� hF=BiB�1=hB�2i

B3=2

 !

þ 3

5
vP3ðnÞ

1

B
b � r FBð Þ: (33)

By the “frictionless” local parallel force balance, this first

term / vn generates a velocity distribution component being

the lowest Legendre order l¼ 0

f 0 ¼ �hF=Bi
hB�2i

1

B
� 1

B

 �� �
� 2

5
hB3=2i F

B3=2
� F

B3=2

 �	

�hF=Bi
hB�2i

1

B5=2
� 1

B5=2

 �� �

(34)

in the response gan
e1=gðvÞ. Here, an approximation B3=2

ffi hB3=2i is used for the minor components. When F / B�1,

this second term vanishes. The response to the second term

/ vP3ðnÞ in Eq. (33) is obtained by using the Fourier expan-

sions of

1

B
b � r FBð Þ ¼ 1

hB2i
4p2

V0
v0

@

@hB

þ w0
@

@fB

� �
FBð Þ

FB ¼
X
m;n

FBð Þmn cosðmhB � nfBÞ (35)

and the solution

gan
e1=g vð Þ � f 0 ¼

X
ðm;nÞ6¼ð0;0Þ

f c
mnðv; nÞ cosðmhB � nfBÞ

þ
X

ðm;nÞ6¼ð0;0Þ
f s
mn v; nð ÞsinðmhB � nfBÞ (36)

in the Boozer coordinates, and an approximation of the oper-

ators Vk � �e
DL ’ ðhBi=BÞvnb � rðv;nÞ¼const þ 6�e

D in the

LHS of Eq. (32). The electron Krook collision operator is

chosen to be �6�e
D for the polynomial P3ðnÞ. The result of

this method for the short-mean-free-path energy region is

f s
mn¼

3

5

vP3ðnÞ
hB2i

4p2

V0
6�e

D

vn=hBið Þ 4p2=V0ð Þ v0m�w0n
� �� �2þ 6�e

Dð Þ2

� v0m�w0n
� �

FBð Þmn;

f c
mn¼�

3

5

vP3ðnÞ
hB2i

4p2

V0
vn=hBið Þ 4p2=V0

� �
v0m�w0n
� �

vn=hBið Þ 4p2=V0ð Þ v0m�w0n
� �� �2þ 6�e

Dð Þ2

� v0m�w0n
� �

FBð Þmn: (37)

Because of a rough approximation in the LHS of the equation,

this solution cannot be used for the purpose of
Ð 1

�1
nf s

mndn that

does not exist actually due to the particle/energy conservation.

This solution cannot be used also for
Ð 1

�1
f c
mndn because of this

violation of
Ð 1

�1
nf s

mndn ¼ 0. The “frictionless” local parallel

force balance will determine the correct value of this lowest

Legendre order. The method for the long-mean-free-path

energy region is analogous to that in Sec. II, and is easier since

we should calculate only the PAS operator L. The solution

will have the form
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gan
e1=g vð Þ ¼ �P2ðnÞF h; fð Þ þ g2ðkÞ; (38)

and we determine the integration constant g2ðkÞ by the solu-

bility condition for the next order of �e
D=v. For the circulating

pitch-angle range k 	 1, this calculation is

B

vk
L �P2ðnÞF h;fð Þþg2ðkÞ
� � �

¼0;

@g2

@k
¼�3

2

vk
v

D E�1 B

BM

vk
v

F h;fð Þ
 �

’�3

2

B

BM

F h;fð Þ
 �

: (39)

Analogous to the calculation in Sec. II, this g2ðkÞ exists in

the full pitch angle range 0 	 k 	 BM=B, and the trapped

range k > 1 is determined by the bounce integral

@g2

@k
¼ � 3

2

þ
vk
v

dl

� ��1 þ B

BM

vk
v

F h; fð Þ
	 


dl

’ � 3

2

þ
dl

� ��1 þ B

BM

F h; fð Þ
	 


dl (40)

instead of the surface-averaging. This @g2=@k is continuous

at the trapped/circulating boundary k ¼ 1. Since

Bðh; fÞFðh; fÞ is a moderately varying function on the flux-

surface in comparison with the parallel particle velocity vk,
this solution g2ðkÞ is almost a linear function of k in the full

pitch-angle range. The boundary condition of this
Ð

dk inte-

gral is determined by h
Ð 1

�1
g2dni ¼ 0 for the full ðh; f; kÞ

range corresponding to the definition of hnei and hpei.
Therefore, this function is roughly estimated to be g2

’ hFðx; vÞ=BiðP2ðnÞ=B� 1=Bþ h1=BiÞ=hB�2i. Therefore,

the solution gan
e ¼ gan

e0 þ gan
e1 in the long-mean-free-path

energy region becomes insensitive to the deviation of the

anisotropic electron heating term CefðfeM; f
ðl¼2Þ
f Þ from the

form of / P2ðnÞ=Bðh; fÞ that was mentioned in Sec. II. In

conclusion on the newly added part Eq. (30) (both the ther-

malized ions and the electrons), this part is irrelative to the

previous obtaining procedures for the transport matrix

elements and can be calculated independently even if its

result may become minor corrections of the radial gradients

@hp?a þ pkai=@s; @hr?a þ rkai=@s as the thermodynamic

forces in this matrix expression.

C. Solution of the anisotropic heating part

Since Eq. (30) with the neglect of VEgan
a is a integro-

differential equation including the integral operator

CabðfaM; g
an
b Þ of like-particle collisions a¼ b and of unlike-

ion collision a 6¼ b, we shall convert it to the simultaneous

algebraic equations for obtaining hp2aj=Bi � 15�2jj!
ð2jþ5Þ!! ma

�h
Ð

v2P2ðnÞLð5=2Þ
j ðx2

aÞfad3v=Bi=hpai by taking the Laguerre

expansion moments of

�
X
b 6¼f

B�1

ð1

�1

P2ðnÞ Cab gan
a ; fbM

� �
þ Cab faM; g

an
b

� �h i
dn

 �

¼ B�1

ð1

�1

P2ðnÞCaf faM; �f f

� �
dn

 �
; (41)

and using the Braginskii’s matrix expression of the full

linearized collision operator in Appendix B. One con-

trasting situation, which is quite different from the

previous determination of the first Legendre order com-

ponents hBukaji� 3�2j j!
ð2jþ3Þ!!hB

Ð
vnL

ð3=2Þ
j ðx2

aÞfad3vi=hnai, is that

we eliminated the operator Vk even for the electrons by taking

the hB�1
Ð 1

�1
P2ðnÞdni integral of the DKE. In the determination

of the hBukaji, the parallel viscosity matrix Ma
jþ1;kþ1 for these

parallel flow moments that expresses a part of hB
Ð 1

�1
nðVkfaÞdni

was required together with the friction matrix lab
jþ1;kþ1 since

the latter matrix does not have its inverse matrix because of

the momentum conserving and Galilean invariant property

of the Coulomb collision.4–6 In contrast to this, the contribu-

tion of the Vk operator is not essential for the determination

of the hp2aj=Bi integrals. Therefore, we should solve only a

simple algebraic equation

�

Qaa Qab Qac : : QaN

Qba Qbb Qbc : : QbN

Qca Qcb Qcc : : QcN

:

:

QNa

:

:

QNb

:

:

QNc

:

:

:

:

:

:

:

:

QNN

2
6666666664

3
7777777775

Pa

Pb

Pc

:

:

PN

2
6666666664

3
7777777775
¼

Ca

Cb

Cc

:

:

CN

2
6666666664

3
7777777775
:

(42)

Here, Qab are matrices of the Braginskii’s elements in

Appendix B (Qeb ¼ Qbe ¼ 0 for b 6¼ e), Pa is a vector of
2
3
hp2aj=Bi, and Ca is a vector of hB�1

Ð
x2

aP2ðnÞLð5=2Þ
j

ðx2
aÞCafðfaM; ffÞd3vi of the thermalized particle species a. In

a previous investigation on the parallel flow moments

hBukaji, it was found that the Laguerre expansion with the

three terms j¼ 0, 1, 2 is sufficiently accurate for various con-

ditions of various thermalized particle species.5,6 Following

this experience, the three terms expansion is used also for

this anisotropic heating analysis. As pointed out on the P-S

part in Eq. (28) with Es 6¼ 0, the Laguerre expansion coeffi-

cients of hB�1
Ð 1

�1
P2ðnÞ ðVk þ VEÞha

� �
dni also can be

included in this RHS as the source term. However, the

response to this source term component due to Eq. (28) will

not substantially change the radial gradients @hp?a þ pkai=
@s; @hr?a þ rkai=@s in the DKE for determining the gyro-

phase-averaged velocity distribution, even if it may be a part

of a finite contribution hBi @@s h
Ð

vkP2ðnÞkad3v=B3i in the per-

pendicular particle/energy fluxes and the resultant classical

diffusions. Here, we investigate only the response to

hB�1
Ð

x2
aP2ðnÞLð5=2Þ

j ðx2
aÞCafðfaM; ffÞd3vi for the gyro-phase-

averaged velocity distribution. This integral of the aniso-

tropic heating source term is calculated by the formulas19ð
x2

aP2ðnÞCab faM; fbð Þd3v

¼ 16p2na
eaeb

ma

� �2

ln Kab

ð1
0

ma

mb
þ 3

2

� ��

�
3G xað Þ

xa
� 2ffiffiffi

p
p exp �x2

a

� �	 

� xaG xað Þ

�

�
ð1

�1

P2ðnÞ�f bdn

 !
x2

adxa; (43)
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ð
x2

aL
ð5=2Þ
1 x2

a

� �
P2ðnÞCab faM; fbð Þd3v

¼ 16p2na
eaeb

ma

� �2

ln Kab

ð1
0

4 1þ ma

mb

� �
x2

affiffiffi
p
p

"

� exp �x2
a

� �
� 3

3G xað Þ
xa

� 2ffiffiffi
p
p exp �x2

a

� �	 
�

�
ð1

�1

P2ðnÞ�f bdn

 !
x2

adxa; (44)

andð
x2

aL
ð5=2Þ
2 ðx2

aÞP2ðnÞCab faM; fbð Þd3v

¼ 24p3=2na
eaeb

ma

� �2

ln Kab

ð1
0

7
ma

mb
þ 2

	

�2
ma

mb
þ 1

� �
x2

a

)
exp �x2

a

� � ð1

�1

P2ðnÞ�f bdn

 !
x4

adxa:

(45)

Here, a function

3G xð Þ � 2ffiffiffi
p
p x exp �x2ð Þ ¼ 4ffiffiffi

p
p x�2

ðx

0

y4 exp �y2
� �

dy

¼ 4ffiffiffi
p
p x3

X1
n¼0

ð�1Þn

ð2nþ 5Þn!
x2n

is included in the Laguerre orders j¼ 0, 1 in Eqs. (43) and

(44). This function will often appear also in Sec. IV. We

shall use Eqs. (5) and (16) for numerical integrals of theseÐ
x2

aL
ð5=2Þ
2 ðx2

aÞP2ðnÞCafðfaM; ffÞd3v formulas. For the bound-

ary condition at v¼ 0 assumed in this adjoint equation

method, straightforward use of these formulas is favorable.

Although the
Ð

x2
eL
ð5=2Þ
j ðx2

eÞP2ðnÞCefðfeM; ffÞd3v integrals of

the e-f collision in injection conditions with v2
b < 2Te=me

may be obtained also by using h
Ð

vkP2ðnÞffd3v=Bi with k 
2 that will be discussed in Sec. IV, this method needs appro-

priate polynomial expressions of GðxÞ; 3GðxÞ � 2ffiffi
p
p

x expð�x2Þ, and expð�x2Þ that depend on the injection veloc-

ity vb. The straightforward numerical integral is a method for

handling arbitrary vb. For a qualitative understanding, how-

ever, the following approximations for v2
b 
 2Te=me also are

useful:ð
x2

eP2ðnÞCef feM; ffð Þd3v ’ 2

5sS

pkf � p?f

hTei
;

ð
x2

eL
ð5=2Þ
1 ðx2

eÞP2ðnÞCef feM; ffð Þd3v ’ 6

5sS

pkf � p?f

hTei
;

ð
x2

eL
ð5=2Þ
2 ðx2

eÞP2ðnÞCef feM; ffð Þd3v ’ 9

4sS

pkf � p?f

hTei
: (46)

Here, sS � 3mfmev 3
Te= 16

ffiffiffi
p
p

e4Z2
f hnei ln Kfe

� �
is the slowing

down time that is already used in Eq. (2). The dependence of

these
Ð

x2
eL
ð5=2Þ
j ðx2

eÞP2ðnÞCefðfeM; ffÞd3v integrals on the B-

field strength modulation discussed in Sec. II is close to

that of hðpkf � p?fÞ=Bi. This dependence will be shown in

Sec. IV. In this section, only the dependence of
Ð

x2
aL
ð5=2Þ
j

ðx2
aÞP2ðnÞCafðfaM; ffÞd3v with j¼ 0, 1 of ions (a 6¼ e; f) is

shown in Fig. 2. As understood by Eq. (12), this j¼ 1 inte-

gral is determined by a velocity range 0 	 v�vc of the slow-

ing down velocity distribution and must be included as a

typical application example of Eqs. (5) and (16) of the

adjoint equation method. On the other hand,
Ð

x2
aL
ð5=2Þ
2

ðx2
aÞP2ðnÞCafðfaM; ffÞd3v is only a contribution of the thermal

velocity region v2 � 2Ti=ma and thus is negligibly smaller

than the j¼ 0, 1 integrals. Since various approximations in

Eqs. (1) and (2) become physically meaningless for this ther-

mal velocity region, this j¼ 2 integral is not shown. In Fig.

2, these results of the adjoint equation method are normal-

ized by
Ð

x2
aL
ð5=2Þ
j ðx2

aÞP2ðnÞCafðfaM; �f
ðb�rB¼0Þ
f Þd3v that are

given by Eq. (20). The assumed magnetic configurations and

the plasma parameters are chosen to be almost identical to

those in Ref. 9, and thus

B=B0 ¼ 1� etðsÞ cos hB þ etðsÞ 1� cos hBð Þcos LhB � NfBð Þ
(47)

with L¼ 1, N¼ 4, and 0 	 eT 	 0:26 are used for the B-field

strength. The e� þ Dþ þ C6þ multi-ion-species plasma with

Zeff ¼ 1:9; Ti ¼ Te ¼ 0:5keV; ne ¼ 1� 1019m�3 [resultant

parameters in Eq. (2) are vc ¼ 1:01Mm=s and Z2 ¼ 3:70]

that is sustained by a hydrogen beam with mfv2
b=2 ¼ 27keV

is assumed. Analogous to the previously investigated parallel

momentum input by the tangential NB injections, the

dependence on et is large when the energy space weighting

to low energy regions is large in this kind of integral

h
Ð

H2ðvÞP2ðnÞffd
3v=Bi. However, the contrasting fact is that

the reduction of these second Legendre order moments due to

the B-field strength modulation is proportional to 1� hBi= BM,

while the reduction of the first Legendre order moments

hB
Ð

FðvÞnffd
3vi was determined by hð1� B=BMÞ1=2i. This

difference is due to a difference between �f
ðoddÞ
f that is limited to

FIG. 2. The configuration dependence of the ion anisotropic heating termÐ
x2

aL
ð5=2Þ
2 ðx2

aÞP2ðnÞCafðfaM; ffÞd3v with j¼ 0, 1 for Dþ and D6þ in the model

field Eq. (47). The result is normalized by the calculation using Eq. (20) for

b � rB ¼ 0.
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the pitch-angle range k 	 1 and �f
ðevenÞ
f that is broadened to the

full range 0 	 k 	 BM=B as mentioned in Secs. I and II.

Next, by using the anisotropic heating term given by

this method, we investigate the pressure anisotropy hðpka �
p?aÞ=Bi that is given as the response in the LHS of Eq. (42).

Based on past experimental and theoretical studies on the

Shafranov shifts in the NBI-heated plasmas,7,8,10,11 we shall

assume a possibility of jpkf � p?f j � pf � pe �
P

a 6¼e;f pa,

and investigate the dependence of jhpka � p?aij=hpai �
ðhpei=hpaiÞjhðpka � p?aÞ=Bi=hðpkf � p?fÞ=Bij in that condi-

tion on the plasma parameters (na, Ta) and the beam energy

mfv2
b=2. When considering this problem with a fixed Zeff

value, the ratio hðpka � p?aÞ=Bi=hðpkf � p?fÞ=Bi is insensi-

tive to the plasma density, and the dependence on it is due to

only a weak dependence of the Coulomb logarithm on the

density. In addition to this fact, the ratio hðpke � p?eÞ=
Bi=hðpkf � p?fÞ=Bi of the electron anisotropy is insensitive

also to the injection velocity vb and the electron temperature

hTei as understood by the v2
b 
 2Te=me approximation in

Eq. (46). Furthermore, the electron anisotropy ratio is small

because of a mass ratio relation hðpke � p?eÞ=Bi=
hðpkf � p?fÞ=Bi � s�1

S =
P

a 6¼f s�1
ea � me=mf=Zeff . In contrast

to this simple situation of the electron anisotropy, this kind

of simple scaling on the parameters vb; hTii �
P

a6¼e;fhpai=P
a 6¼e;fhnai, and the masses does not exist for the anisotropic

ion heating. Therefore, the anisotropy of the thermalized

ions must be investigated by the numerical solution of Eq.

(42). The numerical examples of the ratio ðhpei=hpaiÞ
jhðpka � p?aÞ=Bi=hðpkf � p?fÞ=Bij of the thermalized ions

a 6¼ e; f together with that of the electron are shown in Fig.

3. The assumed B-field strength is eT ¼ 0:1 in Eq. (47). For

investigating the temperature dependence, the other parame-

ters are changed from those in Fig. 2, and thus we assume

the e� þ Dþ þ C6þ multi-ion-species plasmas with ne ¼ 1

�1019m�3; Zeff ¼ 1:9, and 0:2keV 	 Ti ¼ Te 	 5keV that

are sustained by a hydrogen beam with mfv2
b=2 ¼ 50keV.

The critical velocity vc / vTe in the fast ion velocity distribu-

tion is varying in this temperature scan even though Z2 ffi 3:7

is unchanged. The relation of the injection and the critical

velocities becomes vb � vc at Te � 5keV. This numerical

result indicates that ion anisotropy may become large for

high-Ti conditions (in particular, when vb � vc) while the

electrons’ anisotropy ratio is insensitive to the temperature

following the above scaling based on the v2
b 
 2Te=me

approximation of the source term. In these conditions,

however, the ions’ anisotropy ratios are still ðhpei=hpaiÞ
jhðpka � p?aÞ=Bi=hðpkf � p?fÞ=Bij < 10�2 and thus they can

be regarded as isotropic-pressure species for the MHD equi-

librium, the DKE Eq. (21), and the classical diffusions. It

also should be noted that the ion “anisotropic heating” source

term has a polarity of
Ð

x2
aP2ðnÞCafðfaM; ffÞd3v=ðpkf � p?fÞ

< 0 and the resultant ions’ anisotropies also become hðpka
�p?aÞ=Bi=hðpkf � p?fÞ=Bi < 0 in these investigated cases.

This is a contrasting characteristic compared with the elec-

tron heating and the previously investigated beam driven

flows. The anisotropy of the thermalized ions tends to cancel

that of fast ions in the slow velocity range v < vc.

IV. FLOW AND FRICTION MOMENTS IN PARALLEL
AND PERPENDICULAR DIRECTIONS

In this section, we shall develop a method to obtain fric-

tion integrals including the slowing down velocity distribu-

tion function for the parallel direction for the P-S diffusions

hCPS
a � rsi � �e�1

a c h ~UFk a1i; hQPS
a � rsi � �e�1

a cma

h ~UGkai, and the perpendicular direction for the classical dif-

fusions hCcl
a � rsi � e�1

a chB�2Fa1�B � rsi; hQcl
a � rsi � e�1

a

cmahB�2Ga�B � rsi due to Fa1 � ma

Ð
v
P

b Cabðfa; fbÞd3v;

Ga � ðma=2Þ
Ð

vv2
P

b Cabðfa; fbÞd3v of both the thermalized

target plasma species and the fast ions themselves. The

required integrals are
Ð

vL
ð3=2Þ
j ðx2

aÞCafðfaM; ffÞd3v [basically

with j¼0, 1, 2 for Eq. (28)] of thermalized species andÐ
vv2j

P
b6¼f Cfbðff ; fbMÞd3v (with j¼0, 1) of fast ions. The

fast ion friction integrals should be obtained not by Eq. (2)

but by the standard formula of the test particle portion

Cfbðff ; fbMÞ. For obtaining the fast ions’ gyro-phase-averaged

slowing down velocity distribution function �f fðx; v;r;kÞ that

should be j�f ðl1Þ
f j 
 �f

ðl¼0Þ
f (an isotropic structure in the pitch-

angle space) and j@2 �f
ðl¼0Þ
f =@v2j=�f

ðl¼0Þ
f 
 mf=Ti (a flat energy

space structure) at the thermalized energy range v2 � 2Ti=
mf , Eq. (2) includes some minor modifications to the stan-

dard formula [mainly, ðmfva=Te þ @=@vaÞff ffi mfvaff=Te for

the f-e collision and ðmfv=Tiþ @=@vÞff ffi mfvff=Ti for the f-i

collisions]. After determining such �f fðx; v;r;kÞ based on

Eqs. (1) and (2), various collision integrals such as the

momentum/energy transfer to the thermalized target plasma

particle species, and
P

b 6¼f Cfbðf ðl¼0Þ
f ; fbMÞ giving the particle

fueling to the thermalized ion species with ma ¼ mf and

ea ¼ ef should be calculated by the standard formulae. A dif-

ference between Eq. (2) and the standard formula in the

energy transfer mf

Ð
v2Cfaðff ; faMÞd3v¼�ma

Ð
v2CafðfaM; ffÞ

d3v and the physical meaning of the difference are already

explained in Ref. 9, and analogous differences in Gf

� ðmf=2Þ
Ð

vv2
P

b 6¼f Cfbðff ; fbMÞd3v and
Ð

GðxaÞv�1
P

b 6¼f Cfb

FIG. 3. The temperature dependence of the anisotropy ratios ðhpei=hpaiÞ
jhðpka � p?aÞ=Bi=hðpkf � p?fÞ=Bij. The assumed B-field strength is Eq. (47)

with et ¼ 0:1 and the beam injection energy is 50 keV.
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ðff ; fbMÞd3v will be shown in this section. Most of the

required friction integral formulas are already shown in Ref.

19 except this Gf . It is obtained by usingð
v3nCab fa; fbMð Þd3v

¼ 8p2nb
eaeb

ma

� �2

lnKab

ð1
0

2UðxbÞþ4G xbð Þ
�

�3
ma

mb
þ1

� �
mbv2

Tb
G xbð Þ

) ð1

�1

nfadn

 !
v2dv; (48)

with the error function UðxÞ � 2ffiffi
p
p
Ð x

0
e�y2

dy. First, the paral-

lel friction for the P-S diffusions is considered. From the

viewpoint of a consistency with the P-S current in the MHD

equilibrium, the first order Legendre moment
Ð 1

�1
n�f f1dn of

�f f1 as the first order of qf=Lr basically has a form of9

ð1

�1

n�f f1dn� B

ð1

�1

n�f f1dn

 �
B

hB2i

¼ � c

ef

mfv

4
~U
@

@s

ð1

�1

1þ n2
� �

�f fdn

 �
: (49)

For general particle species a in general toroidal plasmas,

the response to ðvda � rsÞ@�f
ðevenÞ
a =@s usually includes the

spontaneously generated integration constant hB
Ð 1

�1
n�f a1dni

of the particle/energy balance equation (corresponding to the

well-known bootstrap current). This generation also should be

investigated for fusion-born fast ions,24 and thus a calculation

method for non-symmetric stellarator/heliotron plasmas will

be reported in a separated article. For the NB-produced fast

ions in the tangential NBI operations, however, the 0th order

of qf=Lr determined by Eq. (1) already includes the large first

Legendre order component hB
Ð 1

�1
n�f fdni as the response to

the fast ion source term that is already investigated for non-

symmetric stellarator/heliotron configurations in Ref. 9.

Therefore, the integration constant in the first order of qf=Lr

is neglected here. Basically, the parallel friction integrals

must be obtained by substituting Eq. (49) into the aforemen-

tioned formulas of
Ð

vnL
ð3=2Þ
j ðx2

aÞCafðfaM; ffÞd3v andÐ
v2jþ1n

P
b 6¼f Cfbðff ; fbMÞd3v. For the lowest Legendre order

component @
@s h
Ð 1

�1
�f fdni in the RHS in Eq. (49), an analytical

solution that can be commonly used for this purpose in gen-

eral toroidal configurations is already known.9 The application

of the adjoint equation method in Sec. II for obtaining

h
Ð

vkffd
3vi with k  �2 is easy and straightforward, and sup-

ports the validity of the analytical expression. However, the

energy space structure of @
@s h
Ð 1

�1
P2ðnÞ�f fdni cannot be given

by this method since it is a method to obtain h
Ð

d3vi integrals

in Eq. (5). Instead of @
@s h
Ð 1

�1
P2ðnÞ�f fdni, we shall useð

vk�1n�f f1d3v� B

ð
vk�1n�f f1d3v

 �
B

hB2i

¼ � c

ef

mf

4
~U
@

@s

ð
vk 1þ n2
� �

ffd
3v

 �
; (50)

with k ¼ �1; 1; 2; 4; 6 as
Ð1

0
dv integrals of Eq. (49), and use

Eqs. (5) and (16) for obtaining h
Ð

vkP2ðnÞffd
3v=Bi=hB�1i in

this RHS. The numerical differential of the radial distribu-

tion of the numerically obtained h
Ð

vkP2ðnÞffd
3v=Bi=hB�1i

will be adequate for this purpose since the poloidal/toroidal

variations of the NB-produced fast ions’ anisotropy in the

tangential NBI operations are
Ð

vkP2ðnÞffd
3v / Bðh; fÞ61

at

most. As shown below, the required friction integrals are

obtained by using only these radial gradients.

The approximated friction formulas for thermalized ions

use an approximation GðxbÞ ffi ð2x2
bÞ
�1

for the situation

j@f
ðl¼2Þ
f =@sj 
 j@f

ðl¼0Þ
f =@sj at v2 � 2Ti=mf as follows:

ma

ð
vnCaf faM; ffð Þd3v

¼ �mf

ð
vnCfa ff ; faMð Þd3v

¼ 8p2
na eaefð Þ2 ln Kaf

ma

ma

mf

þ 1

� �ðvb

0

ð1

�1

n�f fdn

 !
dv;

ma

ð
vnL

ð3=2Þ
1 x2

a

� �
Caf faM; ffð Þd3v

¼ �24p2
na eaefð Þ2 ln Kaf

ma

ðvb

0

ð1

�1

n�f fdn

 !
dv;

ma

ð
vnL

ð3=2Þ
j x2

a

� �
Caf faM; ffð Þd3v ¼ 0 for j  2: (51)

These are obtained by using only
Ð

v�2n�f f1d3v driven by
@
@s ðh

Ð
v�1P2ðnÞffd

3v=Bi=hB�1iÞ. For the approximated fric-

tion formulas for electrons, we shall basically use the first

three terms in the power series expressions

GðxÞ ¼ 2ffiffiffi
p
p x

X1
n¼0

ð�1Þn

ð2nþ 3Þn!
x2n; exp �x2ð Þ ¼

X1
n¼0

ð�1Þn

n!
x2n:

Therefore, the e-f friction integrals are given by

me

ð
vnCef feMffð Þd3v

¼�mf

ð
vnCfe ff ;feMð Þd3v

¼16p3=2
ne eefð Þ2 lnKef

Te

ðvb

0

xe

1

3
�x2

e

5
þ x4

e

14

� � ð1

�1

n�f fdn

 !
v2dv;

me

ð
vnL

ð3=2Þ
1 x2

e

� �
Cef feM;ffð Þd3v

¼24p3=2
ne eefð Þ2 lnKef

Te

ðvb

0

xe

1

3
�3

5
x2

eþ
5

14
x4

e

� �

�
ð1

�1

n�f fdn

 !
v2dv;

me

ð
vnL

ð3=2Þ
2 x2

e

� �
Cef feM;ffð Þd3v

¼10p3=2
ne eefð Þ2 lnKef

Te

ðvb

0

xe 1�3x2
eþ

5

2
x4

e

� �

�
ð1

�1

n�f fdn

 !
v2dv: (52)
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When vb=vTe < 0:8, the e-f friction integrals can be obtained

by these formulas that require only
Ð

vk�1n�f f1d3v driven by
@
@s ðh

Ð
vkP2ðnÞffd

3v=Bi=hB�1iÞ with k¼ 2, 4, 6. When more

accurate calculations for a wide range of vb=vTe ratio are

required, it is better to obtain these integrals having a com-

mon form
Ð vb

0
FðxeÞð

Ð 1

�1
n�f fdnÞv3dv, in which FðxeÞ is a mod-

erately varying function and
Ð 1

�1
n�f fdn / v�2 at v > vc, by a

polynomial expression

F xe 	
vb

vTe

� �

ffi 3

2
F

vb

3vTe

� �
� 3

5
F

2vb

3vTe

� �
þ 1

10
F

vb

vTe

� �

�3
13

8
F

vb

3vTe

� �
� 2F

2vb

3vTe

� �
þ 3

8
F

vb

vTe

� �( )
v

vb

� �2

þ 27

5

5

8
F

vb

3vTe

� �
� F

2vb

3vTe

� �
þ 3

8
F

vb

vTe

� �( )
v

vb

� �4

:

(53)

This formula converges to the first three terms in the power

series expression of FðxeÞ when ðvb=vTeÞ2 
 1. (The purpose

for which we consider a calculation method of
Ð

vk�1n�f f1d3v

with k¼ 4, 6 below is not in these integrals themselves with

large k values but in the e-f friction integrals where the

weighting of the high energy range v � vb is reduced.) A

method for Ff1 � mf

Ð
v
P

b 6¼f Cfbðff ; fbMÞd3v of the fast ions

themselves is already obvious because of the momentum

conserving relations in Eqs. (51) and (52). The formula for

the energy weighted friction integral Gf is obtained by sum-

ming Eq. (48), and using UðxbÞ ffi 1; GðxbÞ ffi ð2x2
bÞ
�1

for the

f-i collision b 6¼ e; f as follows:ð
v3n
X
b 6¼f

Cfb ff ; fbMð Þd3v

¼ � 2p
sS

ðvb

0

3v2vTe

3
ffiffiffi
p
p

2
G xe 	

vb

vTe

� �(

þv3
c 3þ Z2 �

4Ti

mfv2

� �) ð1

�1

n�f fdn

 !
v2dv: (54)

This calculation also requires only @
@s ðh

Ð
vkP2ðnÞffd3v=Bi=

hB�1iÞ with k ¼ �1; 1; 4; 6. For covering a wide range of the

vb=vTe ratio only by these limited integrals, the Chandrasekhar

function GðxeÞ is calculated by a polynomial expression

G xe 	
vb

vTe

� �
ffi v

vb

2
ffiffiffi
2
p

G
vbffiffiffi
2
p

vTe

� �
� G

vb

vTe

� �"

�2
ffiffiffi
2
p

G
vbffiffiffi
2
p

vTe

� �
� G

vb

vTe

� �( )
v

vb

� �2
#
:

(55)

Although UðxeÞ þ 2GðxeÞ can be retained in the f-e collision

integral itself, this term is negligible in this totalÐ
v3n
P

b 6¼f Cfbðff ; fbMÞd3v integral formula. Therefore, an

essential difference between the
Ð

vv2d3v integrals of Eq. (2)

and the standard formula of
P

b 6¼f Cfbðff ; fbMÞ exists only in

the last term / 4Ti=ðmfv2Þ in Eq. (54) originated in colli-

sions with thermalized ions b 6¼ e; f. In the straightforward

use of the standard formula instead of Eq. (2), ff at mfv2

� 4Ti=ð3þ Z2Þ cannot contribute effectively to hQPS
f � rsi

and hQcl
f � rsi. The radial transport of this thermalized

energy range must be handled in the kinetic equation for the

thermalized ion species with ma ¼ mf and ea ¼ ef , and the

ffðv2 � 2Ti=mfÞ has only a role as a particle source to that

species. Therefore, Eq. (2) overestimating the contribution of

mfv2 � 4Ti=ð3þ Z2Þ is not used for the purpose of the P-S

and the classical energy diffusions.

On the parallel flow moments given by Eq. (50) and the

resultant parallel friction integrals, it also should be noted

that, when the first order of ðvsSÞ�1
that will appear in the

straightforward solving procedure of Eq. (1) (i.e., the proce-

dure of Cordey mentioned in the introduction) is included,

the real space structure of parallel flow moments will deviate

from the form / ~U . Although the parallel particle flux given

by k¼ 2 of Eq. (51) has this form for the consistency with

the J-vector field in the MHD equilibrium, other parallel

flow moments k 6¼ 2 can deviate from this form without any

inconsistencies. The existence of hb � rð
Ð 1

�1
n�f fdn=BÞi 6¼ 0

that consists of
Ð 1

�1
n�f fdn being / ðvsSÞ�1

in Eq. (18) and

with the anti-symmetric phase Fð�h;�fÞ ¼ �Fðh; fÞ is

obvious in comparisons of Eq. (20) neglecting this term and

Eq. (5) for including it. Examples for hB�1
Ð

x2
aL
ð5=2Þ
j

ðx2
aÞP2ðnÞCafðfaM; ffÞd3vi with j¼ 0, 1 in the DKE for ther-

malized ions were already shown in Sec. III. In the compari-

sons for h
Ð

vkP2ðnÞffd
3v=Bi that will be shown below, the

contribution of the hb � rð
Ð 1

�1
n�f fdn=BÞi 6¼ 0 in the DKE

term balance is large for k � �1 and small for k  2. These

results suggest that
Ð 1

�1
n�f fdn with the anti-symmetric phase

substantially exists only in a relatively low energy range

v�vc analogous to the hð
Ð 1

�1
P2ðnÞ�f fdnÞB � r ln Bi as the par-

allel viscosity force of the fast ions themselves.9 Therefore,

k  2 of Eq. (50) determined by the full energy range 0 	
v 	 vb is basically correct even when the first order of

ðvsSÞ�1
is included. The deviation may appear in integrals

that are determined only by the limited energy range v�vc

such as the momentum exchange between the fast and the

thermalized ions in Eq. (51). Even in this low energy range,

the
Ð 1

�1
n�f fdn in Eq. (1) is estimated to be small by the fol-

lowing comparison of
Ð 1

�1
dn integrals of Eq. (1) and

ðVk � CfÞ�f f1 ¼ �vdf � r�f
ðevenÞ
f . The integral of Eq. (1) is

B � r

ð1

�1

n�f fdn

B

¼ v�1
X
b 6¼f

Cfb

ð1

�1

�f fdn�
ð1

�1

�f fdn

 �
; fbM

 !

þv�1

ð1

�1

Sfðs; v; r; kÞdn�
ð1

�1

Sfðs; v; r; kÞdn

 � !

(56)

and is compared with
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B � r

ð1

�1

n�f f1dn

B

¼ c

4ef

mfvrs� B � r 1

B2

@

@s

ð1

�1

1þ n2
� �

�f fdn

 �

¼ c

4ef

mfv
B2

hB2i2
4p2

V0

X
ðm;nÞ6¼ð0;0Þ

B Boozerð Þ
f mþ B Boozerð Þ

h n
� �

� e Boozerð Þ
mn sinðmhB � nfBÞ

@

@s

ð1

�1

1þ n2
� �

�f fdn

 �
(57)

that determines the response to vdf � r�f
ðevenÞ
f . Hereafter, the

covariant expression of the B-vector field

B ¼ B Boozerð Þ
s rsþ B Boozerð Þ

h rhB þ B Boozerð Þ
f rfB (58)

in the Boozer coordinates is assumed. In Eq. (56), we should

exclude the surface-averaged term
P

b 6¼f Cfbðh
Ð 1

�1
�f fdni; fbMÞ

þh
Ð 1

�1
Sfðs; v; r; kÞdni that includes the particle source to the

thermalized ion species with ma ¼ mf and ea ¼ ef . This

averaged term balances not with the operator Vk�f f but with

@
@t na þ @

@V hnaua � rVi of that ion species at the thermalized

energy range v2 � 2Ti=mf . We will compare the RMS(root

mean square)s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðB � r

Ð 1

�1
n�f fdn=BÞ2i

q
andffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hðB � r
Ð 1

�1
n�f f1dn=BÞ2i

q
after following investigation on

the energy space structure of the collision term
P

b 6¼f Cfb

ð
Ð 1

�1
�f fdn; fbMÞ, because these are oscillating functions in the

ðh; fÞ space with the symmetric and the anti-symmetric

phases Fð�h;�fÞ ¼ Fðh; fÞ; Fð�h;�fÞ ¼ �Fðh; fÞ, respec-

tively. Since the purpose of this comparison is in the momen-

tum exchange integrals being /
Ð1

0
v2GðxaÞð

Ð 1

�1
n�f fdnÞdv,

we shall derive an integral formula of
Ð1

0
vGðxaÞ

P
b 6¼f Cfb

ð�f ðl¼0Þ
f ; fbMÞdv of individual thermalized target particle spe-

cies a. Integrations by parts using a boundary condition

G xbð Þ
1

v
3G xað Þ �

2ffiffiffi
p
p xa exp �x2

a

� �� �	�

þG xað Þ
mfv

Tb
þ @

@v

� �

ff

�
v¼0;1

¼ 0

give

4p
efe

mf

� �2 ð1
0

G xað Þv�1 @

@v
v
X
b6¼f

nbZ2
b ln KfbG xbð Þ

mfv
Tb
þ @

@v

� �
ff

( )
dv

¼ 4p
efe

mf

� �2 ð1
0

1

v2
3G xað Þ �

2ffiffiffi
p
p xa exp �x2

a

� �� �X
b 6¼f

nbZ2
b ln Kfb 2 1þ mf

mb
x2

b

� �
G xbð Þ þ 3G xbð Þ �

2ffiffiffi
p
p xb exp �x2

b

� �( )2
4

� 4ffiffiffi
p
p x3

a exp �x2
a

� �X
b 6¼f

nbZ2
b ln KfbG xbð Þ

3
5ffdv

’ 1

sS

ð1
0

1

v2
3G xað Þ �

2ffiffiffi
p
p xa exp �x2

a

� �� �
v2vTe

3
ffiffiffi
p
p

2
G xeð Þ þ v3

c

� �
� 2ffiffiffi

p
p ma

mf

Te

Ta
xa exp �x2

a

� �
v2vTe

3
ffiffiffi
p
p

2
G xeð Þ þ

Ti

Te

v3
c

� �" #

� ffdv if ff v2 � 2Ti=mf

� �
¼ 0: (59)

This calculation also includes the function
Ð x

0
y4 expð�y2Þdy

that is already explained for the
Ð

x2
aL
ð5=2Þ
j ðx2

aÞP2ðnÞ
CabðfaM; fbÞd3v integrals in Sec. III. In the second equality

for cases of ffðv2 � 2Ti=mfÞ ¼ 0, the first term including theÐ xa

0
y4 expð�y2Þdy that gives a positive contribution can be

obtained also by the
Ð1

0
vGðxaÞðCf f

ðl¼0Þ
f Þdv integral of Eq.

(2). Analogously to the energy transfer integral and the

energy weighted friction integral
Ð

vv2
P

b 6¼f Cfbðff ; fbMÞd3v,

an essential difference between Eq. (2) and
P

b6¼f Cfbðff ; fbMÞ
exists in the second term / expð�x2

aÞ making a negative

contribution. The existence of the broadened tail component

of B � rð
Ð 1

�1
n�f fdn=BÞ at v2 > 2Ti=mf , which must be han-

dled by the fast ions’ DKE Eq. (1) with the collision term

Eq. (2), will be indicated by the positive contribution of the

first term. On the other hand, the second term / expð�x2
aÞ in

the integrals for the thermalized ions a 6¼ e; f is only a

contribution of the ffðv2 � 2Ti=maÞ at the thermalized

energy range. When this integral formula is used for the pur-

pose of Eq. (56), this contribution corresponds to the possi-

bility of small poloidal and toroidal variations of the particle

fueling effect that is order of the aforementioned @
@t na þ @

@V
hnaua � rVi. We shall exclude this term / expð�x2

aÞ with

a 6¼ e; f. Equation (5) of the adjoint equation method is use-

ful also for investigating this collision integral. Analogous

to Eq. (18), the hB�1
Ð1

0
v2GðxaÞdvi integral of Eq. (56) is

used. The boundary condition at v¼ 0 required for this cal-

culation is automatically satisfied by straightforward calcu-

lations of the functions G(x) and 3GðxÞ � 2ffiffi
p
p x expð�x2Þ

without any approximations. To solve this adjoint equation

ðVk þ CA
f ÞfA0 ¼ H0ðvÞð1=B� h1=BiÞ=sS for the lowest

Legendre order, l¼ 0 is easy and straightforward, and the

solution is
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fA0ðv ¼ vb; k < 1Þ ¼ � 1
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7775dv: (60)

This solution is used for the first term in

BM b � r
Ð

nG xað Þ�f fd
3v

B
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¼ BM

B

ð
G xað Þv�1

X
b 6¼f

Cfb
�f f � h�f

ðl¼0Þ
f i; fbM
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: (61)
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c

8>>>>><
>>>>>:

indicates that the first Legendre order of the velocity distribution
Ð 1

�1
n�f fdn and the lowest Legendre order of the collision

term
Ð 1

�1
Cfbð�f f ; fbMÞdn in Eq. (1) are generated mainly in the relatively low energy range v�vc. This scaling on the B-field

strength modulation / 1� hBM=Bi is consistent with the fact that reductions of hB�1
Ð

x2
aL
ð5=2Þ
j ðx2

aÞP2ðnÞCafðfaM; ffÞd3vi
caused by hb � rð

Ð 1

�1
n�f fdn=BÞi in Eq. (18) are proportional to the field strength modulation as shown in Fig. 2. Although the

fast ion source term being / dðv� vbÞ in Eq. (56) and in resultant Eq. (61) balances not with the operator Vk�f f but with the

collision term
P

b 6¼f Cfbðff ; fbMÞ only, as a result of this balance, poloidal and toroidal variations of the source term make anal-

ogous variations of the collision term at the slowing down energy range v < vb (mainly v < vc) that balance with Vk�f f .

Equation (61) includes this effect of the source term. When this equation is calculated for the friction collisions between the

fast and the thermalized ions a 6¼ e; f, this source term contribution is only a minor component in the

B � r
Ð

nGðxaÞ�f fd
3v=B

� �
. For friction collisions between the electrons and the fast ions a ¼ e, the first term in Eq. (61) is

very small because of the particle conservation
Ð P

b 6¼f Cfbðff ; fbMÞd3v ¼ 0, and thus the second term as the source term effect

is dominant. Next, since the adjoint equation method gives only the surface-averaged quantity hb � r
Ð

nGðxaÞ�f fd
3v=B

� �
i,

the comparison of Eqs. (56) and (57) requires an assumption on the real space structure of
P

b6¼f Cfbð�f ðl¼0Þ
f ; fbMÞ. When this

collision term is generated at the low energy range v�vc as discussed above, because of the “parallel force balance” that was

mentioned at the end of Sec. II,

B � r

ð
nGðxaÞ�f fd

3v

B
’ b � r

ð
nGðxaÞ�f fd

3v

B

* +
1

B
� 1

B

 �� �2
* +�1

1

B
� 1

B

 �� �
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B � r

ð
nGðxaÞ�f fd

3v

B

0
@

1
A

2* +
vuuuut ’ b � r

ð
nGðxaÞ�f fd

3v

B

* +��������

��������
1

B
� 1

B

 �� �2
* +�1=2

(62)

will be appropriate. Then this quantity is compared with the radial gradient effect in Eq. (57). For a rough estimation, the sec-

ond Legendre order moment h
Ð 1

�1
P2ðnÞ�f fdni in @

@s h
Ð 1

�1
ð1þ n2Þ�f fdni ¼ 4

3
@
@s h
Ð 1

�1
ð1þ 1

2
P2ðnÞÞ�f fdni is neglected. TheÐ1

0
GðxaÞv3dv integral of this radial gradient is estimated by
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(63)

with the minor radius r that can be obtained by analytical integral formulas as already mentioned on Eq. (8). The RMS of the

ðh; fÞ space oscillation is calculated byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2

hB2i
X
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B Boozerð Þ

f mþB Boozerð Þ
h n

� �
e Boozerð Þ

mn sinðmhB�nfBÞ
( )2

4
3
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2* +vuuut ffi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
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X
ðm;nÞ6¼ð0;0Þ

B Boozerð Þ
f mþB Boozerð Þ

h n
� �

e Boozerð Þ
mn

n o2
s

:

(64)

By this method, we can confirm that the contribution of the slowing down collision in Eq. (56) is smaller than the radial gradient

effect in Eq. (57) by factors of 10�5 � 10�4 in conditions assumed in Refs. 6 and 9 and this paper. In spite of this large value of

the diamagnetic flux divergence effect, it is irrelative to the surface-averaged DKE term balances such as Eqs. (18) and (61) in

configurations with the stellarator symmetry Bð�h;�fÞ ¼ Bðh; fÞ within an accuracy neglecting @hnfuf � rVi=@V in the parti-

cle balance and @hQf � rVi=@V in the energy balance for the fast ions themselves. Because of this difference between the two

types of the parallel flow generations, the procedure in Sec. II neglects this diamagnetic (perpendicular gradient) effect and

includes only Eq. (56) due to the slowing down collision, while we must include
Ð 1

�1
nCafðfaM; �f f1Þdn� hB

Ð 1

�1
nCaf

ðfaM; �f f1ÞdniB=hB2i / ~U determined by Eq. (49) and can neglect Eq. (56) in the DKEs for thermalized particle species a 6¼ f

(the P-S part in Sec. III B).This estimation method for the
P

b6¼f Cfbð�f f � h�f
ðl¼0Þ
f i; fbMÞ may be applicable also for the poloidal/

toroidal variation of
Ð

L
ð1=2Þ
j ðx2

aÞCafðfaM; ffÞd3v for the thermalized particles that can be included in Eq. (28) together with the

Fourier-Laguerre series expressions of
P

b 6¼f ½Cabðhðl¼0Þ
a ; fbMÞ þ CabðfaM; h

ðl¼0Þ
b Þ�. However, this variation is smaller than the con-

tribution of h�f ðl¼0Þ
f i in Eq. (A6) that should be removed in Eq. (21). Therefore, in Eq. (28) for the purpose of the parallel friction

collision, the
Ð

L
ð1=2Þ
j ðx2

aÞCafðfaM; ffÞd3v also is neglected together with B � rð
Ð 1

�1
n�f fdn=BÞ given by Eq. (56).

Next, the perpendicular flow moments
Ð

v?vk�2 ~f fd
3v with k ¼ �1; 1; 2; 4; 6 of the gyro-phase-dependent part of the fast

ion velocity distribution for the perpendicular friction integrals in the classical diffusions must be considered. For consistency

in the construction of the flux-surface coordinates systems that is mentioned in the introduction (i.e., r � B ¼ r � J
¼ B � rs ¼ J � rs ¼ 0 is assumed), we shall derive the perpendicular particle flux nfu?f �

Ð
v?~f fd

3v as a component of the

perpendicular current by using a component of r � ðpfIþ pfÞ that satisfies r � ðnfufÞ ¼ 0 and nfuf � rs ¼ 0. It also should be

noted that the surface-averaged radial transport flux hnfuf � rsi is excluded in calculations of the friction integralsÐ
v?L

ð3=2Þ
j ðx2

aÞCafðfaM; ffÞd3v;
Ð

v?L
ð3=2Þ
j ðx2

aÞCafðfaM; ffÞd3v and the current J?. Therefore, the radial pressure gradient

rsð Þ � r � pfIþ pfð Þ ffi jrsj2 @hpfi
@s
� 1

6

@

@s

p?f � pkf
B

D E.
hB�1i

� �
þ B2

2

@

@s

p?f � pkf
B

D E
hB�1i

� �" #

is used for the perpendicular particle flux. The friction integrals also are obtained by using
Ð

v?vk�2 ~f fd
3v driven by

@
@s ðh

Ð
vkP2ðnÞffd

3v=Bi=hB�1iÞ and @
@s ðh

Ð
vkP2ðnÞffd

3v=BihB�1iÞ with k ¼ �1; 1; 2; 4; 6, which are generalizations of the

method for the current. In contrast to the parallel flow moments
Ð

vkvk�2 �f f1d3v, here, we should include the field curvature

effect b � rb ffi r? ln B in the CGL tensor formula that we did not handle explicitly forr?�f f in the fast ion DKE. The perpen-

dicular component of the
Ð

vvk�2d3v integral of the full Vlasov operator for the fast ions givesð
v?v

k�2 ~f fd
3v ¼ �mfc

ef

1

B2
r �
ð

vk�2vvffd
3v

� �
� B

¼ � 1

3

mfc

ef

1

B2
r
ð

vkffd
3v

� �
� B� mfc

ef

1

B2
r � bb� I=3ð Þ

ð
vkP2ðnÞffd3v

	 

� B;

¼ � 1

3

mfc

ef

1

B2
r
ð

vkffd
3v

� �
� B� 1

6

mfc

ef

1

B2
r
ð

vkP2ðnÞffd
3v

� �
� Bþ 1

2

mfc

ef

r

ð
vkP2ðnÞffd3v

B2
� B: (65)

In this determination of
Ð

v?vk�2 ~f fd
3v vectors, the perpendicular friction integrals

Ð
v?vk�2

P
b Cfbðff ; fbÞd3v are neglected since

efc
�1B=mf � 1=sS, and the perpendicular electric field term ðr?UÞ � @ff=@v also is neglected by a reason noted on Eq. (1).

These perpendicular gradient forces are given by a generalization of usual formulas for the CGL tensors pa ¼ ðpka � p?aÞ
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ðbb� I=3Þ and ra � raI ¼ ðrka � r?aÞðbb� I=3Þ to

k ¼ �1; 1; 6. This CGL method corresponding to a replace-

ment vvffi v2I=3þðv2
k � v2

?=2Þðbb� I=3Þ¼ v2I=3þ v2P2ðnÞ
ðbb� I=3Þ neglects a possibility of non-diagonal elements in

the tensors
Ð
vk�2vvffd

3v. Although the co-existence of the

large first Legendre order in the gyro-phase-averaged partÐ 1

�1
n�f fdn and the gyro-phase-dependent part ~f f ffi mfc

efB
v � ðb�

r�f fÞ may generate these non-diagonal elements (since

nP1
1ðnÞcos/¼ 1

3
P1

2ðnÞcos/), this method for r�
Ð
vk�2v

vffd
3v with k 1, where the full energy range 0	 v	 vb con-

tributes to this integral, is justified by the fact that the inertia

force /r� nfðufuf�ukfukfÞ
� �

¼ nfðuf �ruf�ukf �rukfÞ
þukfr�ðnfu?fÞ is negligible in comparison with the pressure

gradient rpf even in the unbalanced tangential NBI opera-

tions giving mfnfu
2
kf � pf . It also should be noted that the

“parallel pressure” in this tensor calculation is defined by

pkf �mf

Ð
v2
kffd

3v as in Sec. II and Appendix A (not mf

Ð
jvk

�ukf j2ffd
3v) for including the parallel flow curvature effect

nfukf �rukf in the viscosity tensor term r�pf instead of the

explicit calculation of the flow vector field nfukf in this force

term r�
Ð

vvffd
3v. In the extension of this method to k¼�1

where r�
Ð
v�3vvffd

3v must be handled, we should recall

that the high-energy region v> vc of both the gyro-phase-

averaged distribution �f f and the gyro-phase-dependent com-

ponent ~f f cannot effectively contribute to the integralÐ
v�3vvffd

3v. The neglect of the possibility of the non-

diagonal elements in it is justified for situations of j
Ð

v?v�3

~f fd
3vjj
Ð

vkv�3 �f fd
3vj
 ð

Ð
v�2ffd

3vÞ2, and this condition is

satisfied when the radial gradient scale length is mf c
efB

vc


jrln
Ð
v�2ffd

3vj�1
. As a result of the field curvature b �rb

¼r? lnB, the perpendicular flow integrals
Ð

v?vk�2 ~f fd
3v con-

sist of two types of contributions of the anisotropy. One is

rðh
Ð
vkP2ðnÞffd

3v=Bi=hB�1iÞ�B=B2 that satisfies r�Ð
vvk�2ffd

3v¼0 as a sum of this perpendicular component

and the parallel component in Eq. (50), and the other is

rðh
Ð
vkP2ðnÞffd

3v=BihB�1iÞ�B that does not cause the

divergence.

Therefore, the inclusion of the fast ions’ anisotropy in

the P-S and the classical diffusions and the parallel and the

perpendicular currents requires only h
Ð

vkP2ðnÞffd
3v=Bi with

k ¼ �1; 1; 2; 4; 6. Here we show some numerical examples

on the configuration dependences of these quantities in Fig.

4. The assumed magnetic field and the plasma parameters

are those in Fig. 2 in Sec. III C. Also in this figure, the ratios

h
Ð

vkP2ðnÞ�f fd
3v=Bi=h

Ð
vkP2ðnÞ�f ðb�rB¼0Þ

f d3v=Bi are shown.

The collision integral h
Ð

x2
aP2ðnÞCafðfaM; ffÞd3v=Bi in Fig. 2

and the velocity distribution integral h
Ð

v�1P2ðnÞffd
3v=Bi in

Fig. 4 have analogous configuration dependence since they

are obtained by an analogous energy space weighting. The

deviation of the ratios from the unity is proportional to

1� hBi=BM. Although this scaling on the B-field strength is

different from that of the previously investigated parallel

momentum input, the dependence on the energy space

weighting vk indicates an analogous physical process. The

reason for this scaling on the field strength modulation has

already been stated in Sec. III C. In the tangential NBIs, this

reduction of
Ð 1

�1
n�f fdn and/or

Ð 1

�1
P2ðnÞ�f fdn caused by the

parallel guiding center motion conserving the magnetic

moment is important for a slow velocity range v�vc where

the velocity distribution is broadened in the pitch-angle

space, and is unimportant for the high energy range where

the velocity distribution is still localized around the injection

pitch-angle. This characteristic of �f fðx; v; r; kÞ gives the

dependence on vk in Fig. 4.

Finally, for the radial gradient of the lowest Legendre

order @h�f ðl¼0Þ
f i=@s in both Eq. (50) and the gyro-phase-

dependent component of the distribution mf c
ef B

v � ðb�rsÞ
@h�f ðl¼0Þ

f i=@s that should be directly substituted into the fric-

tion integral formulas
Ð

vL
ð3=2Þ
j ðx2

aÞCafðfaM; ffÞd3v and
Ð

vv2jP
b 6¼f Cfbðff ; fbMÞd3v, the aforementioned analytical solution

is used. The radial gradient is given by

1

2

@

@s

S0sS

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þþ v3
c

H vb� vð Þ

¼ 1

2

S0sS

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þþ v3
c

H vb� vð Þ

� @ ln S0sSð Þ
@s

�@ lnvc

@s

3v3
c

v2vTe 3
ffiffiffi
p
p

=2
� �

G xeð Þþ v3
c

"

�@ lnvTe

@s

3

2
vTev

2
3
ffiffiffi
p
p

G xeð Þ�2xe exp �x2
e

� �
v2vTe 3

ffiffiffi
p
p

=2
� �

G xeð Þþ v3
c

#
: (66)

Within the aforementioned accuracy neglecting @hnfuf �
rVi=@V and @hQf � rVi=@V þ efhnfuf � rVi@U=@V, we do

not need to consider the dependence of this h�f ðl¼0Þ
f i on the

field strength modulation Bðh; fÞ on the flux-surfaces.

FIG. 4. The configuration dependence of the h
Ð

vkP2ðnÞffd
3v=Bi integrals

for the model field Eq. (47). The result is normalized by the calculation

using Eq. (20) for b � rB ¼ 0.
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V. DISCUSSION

Since this work was conducted assuming the tangential

NBI operations, analogous to Refs. 9, 20, and 21, the 0th

order of qf=Lr / hBi�1
in the fast ion velocity distribution

was investigated based on Eq. (1) in which the perpendicular

guiding center velocity vdf ¼ e�1
f cðmfv2

k=Bþ lÞb�r ln B
is excluded. In other different injection conditions causing

the beam ionization at the deeply trapped pitch-angle

range,34 together with the radial drift velocity vdf � rs that is

investigated in Sec. IV, the poloidal precession of the deeply

trapped particles in j2 	 1 due to @eH=@s and @eT=@s also

will be required.25 In this injection method, however, the

injection energy will be chosen to be low. As a result of the

strong pitch-angle-scattering collision in the slow velocity

range v < vc, the anisotropy cannot become so large. Rather

than this situation, the present study is focused on tangential

NBI operations with the injection energies of v2
c < v2

b

�2Te=me where the contribution of the high-energy range

v > vc of the fast ions’ velocity distribution, for which the

slowing down is the dominant collision process, to the pres-

sure anisotropy pkf > p?f is large. In the low energy range,

this velocity distribution is broadened to the full pitch-angle

range because of the PAS collision, and the calculation of

the anisotropy (the second Legendre order) requires this full

range. For the purpose of the surface-averaged velocity space

integrals such as integrals with a form of h
Ð

H2ðvÞ
P2ðnÞffd

3v=Bi in the tangential NBIs, however, only the

solution of the adjoint equation at the circulating pitch-angle

range 0 	 k 	 1 is required. The �crU� B=B2 precession

and the collisionless detrapping/retrapping of the low-energy

trapped particles in j2 	 1 are implicitly allowed in this

adjoint equation method. In actual experimental conditions,

the velocity space loss region25 is often eliminated by this

mechanism. This is another reason for which the direct solv-

ing for the DKE for �f
ðevenÞ
f itself is difficult. The result of the

adjoint equation method for the h
Ð

H2ðvÞP2ðnÞffd
3v=Bi inte-

grals includes the previously known analytical solution in

Ref. 28 as a limit of B ¼ BM. The deviation of the actual

integrals from this limit was proportional to 1� hBi=BM.

This is a contrasting appearance of the parallel guiding cen-

ter motion effect compared with that in the previously inves-

tigated parallel momentum input (especially that for

thermalized ions)9 where the deviation is almost determined

by
Ð 1

0
khð1� kB=BMÞ1=2i�1

dk. [Note also that the compari-

sons shown in this paper are those of the results of the

adjoint equation method for including hB�1ð
Ð 1

�1
n�f fdnÞb �

r ln Bi in Eq. (18) and the results of Eq. (20) where this

term is neglected.] This difference is caused by the fact that

the full pitch-angle range 0 	 k 	 BM=B determines the

anisotropy, while the momentum input is determined only by

the circulating pitch-angle range 0 	 k 	 1.

After this derivation of formulas for the h
Ð

H2ðvÞ
P2ðnÞffd

3v=Bi integrals in Sec. II, we applied this method

for the anisotropic heating analysis of the thermalized

target plasma species in Sec. III. The handling of the newly

added DKE term CafðfaM; f
ðl¼2Þ
f Þ is independent of the previ-

ously investigated parts for handling the radial gradient

forces @
@s hpai; @

@s hrai; @
@s U and the parallel force terms

E
ðAÞ
k ; CafðfaM; f

ðl¼1Þ
f Þ, and thus a precedent calculation is pos-

sible. In contrast to the parallel momentum input

hB
Ð 1

�1
nCafðfaM; �f fÞdni causing hCbn

a � rsi; hQbn
a � rsi, and

hJ � Bi, and to the poloidal and the toroidal variations of the

friction
Ð 1

�1
nCafðfaM; �f fÞdn� hB

Ð 1

�1
nCafðfaM; �f fÞdniB=hB2i

/ ~U being a direct contribution to hCPS
a � rsi and

hQPS
a � rsi, this newly added source term does not generate

velocity distribution components nor collision terms con-

cerning these transport fluxes. Another contrasting situation

in this anisotropic heating analysis is that the algebraic con-

version of the DKE as an integro-differential equation

including the full linearized collision operator for the second

Legendre order l¼ 2 does not require any contribution of the

operator Vk. When solving the parallel force balance equa-

tion in the previously investigated part, the parallel viscosity

matrix Ma
jþ1;kþ1 for the parallel flow moments was essentially

required together with the friction matrix lab
jþ1;kþ1 since the

latter matrix does not have its inverse matrix because of the

momentum conserving and Galilean invariant property of

the Coulomb collision. This viscosity matrix corresponded to

a part of the Vk operator. In the anisotropic heating analysis,

this kind of role of Vk is not essential since the collisional

anisotropy relaxation matrix (Appendix B) has its inverse

matrix. As a result of this inverse matrix and theÐ
x2

aP2ðnÞLð5=2Þ
j ðx2

aÞCafðfaM; ffÞd3v integrals given by the

adjoint equation method in Sec. II, it is found that the fast-

ion-driven anisotropies are hðpke � p?eÞ=Bi=hðpkf � p?fÞ=Bi
� 3� 10�5 for electrons (Zeff ¼ 1:9) and ðhpei=hpaiÞ
jhðpka � p?aÞ=Bi=hðpkf � p?fÞ=Bij < 10�2 for thermalized

ions a 6¼ e; f (even when vb � vc) in typical operational con-

ditions (assumed in Refs. 6 and 9). Although these ratios

must be confirmed for individual experimental conditions, if

these small values are obtained, these thermalized species

can be regarded as the “isotropic-pressure” species in all of

the parallel and perpendicular currents in the MHD equilib-

rium, the radial gradient term ðvda � rsÞ@faM=@s in the

DKEs, and the classical diffusions. Even though a relation

CafðfaM; ffÞ ffi CafðfaM; f
ðl	1Þ
f Þ is not generally guaranteed for

the NB-produced fast ions, the response to CafðfaM; f
ðl2Þ
f Þ

can be neglected in these radial gradient calculations in

many practical cases.

In Sec. IV, the adjoint equation method was applied for

the perpendicular friction and the poloidal/toroidal variations

of the parallel friction causing the classical and the P-S radial

diffusions of both the thermalized target plasma species and

the fast ions themselves. Basically, the friction integralsÐ
vv2j

P
a 6¼f Cfaðff ; faMÞd3v (j¼ 0, 1) and

Ð
vL
ð3=2Þ
j ðx2

aÞ
CafðfaM; ffÞd3v (j 	 2) including the fast ion velocity distri-

bution ffðx; vÞ must be obtained by substituting the distribu-

tion function directly into these integral formulas explained

in Refs. 9 and 19 since the conventional methods for

thermal-thermal collisions such as the Braginskii’s matrix

expression cannot be applicable for this function. The radial

gradient of the lowest Legendre order @hf ðl¼0Þ
f i=@s can be

handled by this direct substituting, since an analytical

expression of it that is applicable for general toroidal config-

urations is already known. However, the adjoint equation

method adopted for the anisotropy is a method to obtain
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appropriate
Ð1

0
dv integrals instead of the energy space struc-

ture of the radial gradient @
@s h
Ð 1

�1
P2ðnÞ�f fdn=Bi. Therefore,

we shall apply this method for obtaining numerical radial

differentials @
@s h
Ð

vkP2ðnÞffd
3v=Bi with k ¼ �1; 1; 2; 4; 6.

The P-S and the classical diffusions are obtained by sum-

ming these differentials, and the fast ions’ particle flux

nfuf �
Ð

vffd
3v in the perpendicular and the P-S parallel cur-

rents also is obtained as k¼ 2 in this series. Numerical exam-

ples for this h
Ð

vkP2ðnÞffd3v=Bi clarified that the absolute

value of the aforementioned deviation / 1� hBi=BM

depends on the energy space weighting vk, and this depen-

dence indicates that the parallel guiding center motion effect

is important in lower energy ranges where the ffðx; vÞ is

broadened in the pitch-angle space. This dependence on the

energy space weighting is analogous to that in the previous

momentum input calculation.

In addition to these surface-averaged effects of

the anisotropy, the parallel viscosity forces hB � r � pfi
¼ �hðpkf � p?fÞB � r ln Bi; hB � r � rfi ¼ �hðrkf � r?fÞB �
r ln Bi of the fast ions themselves caused by the poloidal

and toroidal variations of the anisotropy are the other effect

of the anisotropy. The previous investigation on the momen-

tum input by the unbalanced tangential NBIs clarified also

the existence of these parallel forces.9 The poloidally and

toroidally varying anisotropy included there will simulta-

neously generate also the viscosity-driven radial particle/

energy transport fluxes hCbn
f � rsi ¼ �e�1

f chðpkf � p?fÞ
ðrs� B=B2 þ ~UbÞ � r ln Bi and hQbn

f � rsi ¼ �e�1
f cmf

hðrkf � r?fÞðrs� B=B2 þ ~UbÞ � r ln Bi that are defined

there. Since these anisotropies pkf � p?f ; rkf � r?f themselves

were not determined directly in this previous investigation, an

appropriate calculation method for these radial transport fluxes

is a future theme. Since these quantities also are definite inte-

grals of the fast ions’ velocity distribution in the 4D space

ðh; f; v; nÞ, the adjoint equation method will be a convenient

and powerful method also for this purpose. In contrast to the

P-S and the classical diffusion being the intrinsically ambipolar

transport process, this viscosity-driven transport is non-

ambipolar and must be included in the determination of the

ambipolar potential by the ambipolar condition hJ � rsi ¼ 0.

Another difference between hðCPS
f þ Ccl

f Þ � rsi; hðQPS
f

þQcl
f Þ � rsi, and hCbn

f � rsi; hQbn
f � rsi in the tangential NBIs

is that the former is the dominant loss at the high-energy range

while the latter is substantially generated in a relatively low-

energy range v�vc of the ffðx; vÞ since the finite B-field modu-

lation effect causing hB � r � pfi; hB � r � rfi is important in

that energy range where the ffðx; vÞ is broadened to a wide

range of the pitch-angle space. The determination of the 0th

order of qf=Lr based on Eq. (1) is justified when the total parti-

cle/energy losses @hCf � rVi=@V; @hQf � rsi=@V, which are

sums of these transport processes with different roles, are small

compared with the fast ion source term. These issues will be

studied and reported in a separated article.
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APPENDIX A: THE PERPENDICULAR AND THE
PARALLEL PARTICLE/ENERGY FLUXES OF SPECIES
WITH NON-NEGLIGIBLE ANISOTROPIES

In this Appendix, we shall summarize the determination

of the perpendicular particle/energy fluxes and the resultant

parallel flow divergences based on the
Ð

d3v (particle bal-

ance),
Ð

vd3v (force balance),
Ð

v2d3v (energy balance), andÐ
vv2d3v (energy weighted force balance) integrals of the

Vlasov-Fokker-Planck equation analogous to Ref. 9. The

steady-state (@ðnauaÞ=@t ¼ 0; @Qa=@t ¼ 0) force balance

equations are given by

r � paIþ pað Þ � eana Eþ ua � B

c

� �
¼ Fa1; (A1)

r � ra �
ea

ma
E � 5

2
paIþ pa

� �
þQa � B

c

� �
¼ Ga; (A2)

with na �
Ð

fad3v; Qa � ðma=2Þ
Ð

vv2fad3v, and the CGL

tensors pa ¼ ðpka � p?aÞðbb� I=3Þ and ra � raI ¼ ðrka
�r?aÞðbb� I=3Þ including p?a � ma

Ð
jv? � u?aj2 fad3v=2;

pka � ma

Ð
v2
kfad3v; pa � ð2p?a þ pkaÞ=3; r?a � ðma=2ÞÐ

v2v2
?fad3v=2; rka � ðma=2Þ

Ð
v2v2
kfad3v, and ra � ð2r?a

þrkaÞ=3. The perpendicular forces caused by these tensors

are

r � paIþ pað Þ
� �

? ¼
1

2
r?ðp?a þ pkaÞ þ B2r?

p?a � pka
B2

� �
(A3)

and

r � rað Þ? ¼
1

2
r?ðr?a þ rkaÞ þ B2r?

r?a � rka
B2

� �
: (A4)

Next, the steady-state (@pa=@t ¼ 0) energy balance equa-

tion is

r �Qa � eanaua � E ¼
ma

2

ð
v2CaðfaÞd3v

þ other source=loss terms; (A5)

with CaðfaÞ �
P

b Cabðfa; fbÞ. When using this equation for

the purpose of the parallel energy flux divergence r �Qka,

the surface-averaged component

@

@V
hQa � rVi þ eahnaua � rVi @U

@V
� eahnaua � EðAÞi

¼ ma

2

ð
v2CaðfaÞd3v

 �
þ other source=loss terms; (A6)

which is given by using the Gauss’ theorem for the volume V
enclosed by the flux-surface s ¼ const, must be separated for

the solubility condition hr �Qkai ¼ hB � rðQka=BÞi ¼ 0.

Although the source/loss terms and the collision term in this
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RHS also must be separated from the DKE for thermalized

particles [Eq. (21)], this RHS is included in the DKE for the

fast ions [Eq. (1)] since the main purpose of this equation is

in the balance of the fast ion source term and the slowing

down collision term. Nevertheless, the separation of @hQa �
rVi=@V is commonly required for these general DKEs.

Analogously, hr � ðnauaÞi ¼ @hnaua � rVi=@V must be

removed in the particle balance for the purpose of the deter-

mination of the steady-state gyro-phase-averaged distribu-

tion. For the thermalized particles handled by Eq. (21), the

heating energy input by the fast ions
Ð

v2CafðfaM; ffÞd3v and/

or the electron-ion temperature relaxation me

Ð
v2Cea

ðfeM; faMÞd3v¼�ma

Ð
v2CaeðfaM; feMÞd3v¼�6nes�1

ea ðme=maÞ
ðTe � TaÞ for a 6¼ e; f is included in the RHS of Eq. (A6).

The contribution of the electrostatic potential in the LHS is

that for cases with jrs�B � rUj 
 2Taje�1
a rs�B �

r ln Bj () cB�2jrs�B � rUj 
 jvda � rsj in the DKEs for

thermalized particles (the potential is almost a surface-quan-

tity). Analogous to Ref. 9, it also is assumed that the induc-

tive electric field, which is retained only for the confirmation

of the Onsager symmetric relation of the Ware pinch and the

bootstrap current, has only a parallel component EðAÞ

¼ hB �EðAÞiB=hB2i. Therefore, we shall calculate

fundamentally

r �Qka ¼�r �Q?a� eanau?a � r?U

þma

2

ð
v2CaðfaÞd3v�

ð
v2CaðfaÞd3v

 �� �
: (A7)

The local collisional energy exchange between the species

due to the poloidal/toroidal variations of the lowest Legendre

order
Ð

v2CaðfaÞd3v may be important for the P-S diffusion

calculation of multi-ion-species plasmas in an extremely col-

lisional condition17 and the fast ions’ slowing down process

discussed in Sec. II. By using Eqs. (A1) and (A2), the perpen-

dicular particle and energy fluxes are given by

nau?a¼�
c

2ea

1

B2
rðp?aþpkaÞþr

p?a�pka
B2

� �
�B

�na
crU�B

B2
; (A8)

Q?a¼�
c

ea

ma

2

1

B2
rðr?aþ rkaÞþr

r?a� rka
B2

� �
�B

� 5

2
paþ

p?a�pka
3

� �
crU�B

B2
: (A9)

In these perpendicular fluxes for the purpose of the parallel

flux divergences r � ðnaukaÞ and r �Qka, the perpendicular

friction forces F?a1 and G?a (i.e., collision effects against the

gyro-motion) are neglected since efc
�1B=mf � 1=sS for fast

ions and eac�1B� jlaa
22j=na for thermalized particles where laa

22

is the friction coefficient.17 The divergences of Eqs. (A8) and

(A9) given by r � ðHrF� BÞ ¼ rF� B � rH � H 4p
c J �

rF for arbitrary scalar quantities FðxÞ; HðxÞ are

r�ðnau?aÞ¼�
c

2ea
rðp?aþpkaÞ�B �r 1

B2
�crU�B �rna

B2

(A10)

and

r �Q?a ¼ �
c

ea

ma

2
rðr?a þ rkaÞ � B � r 1

B2

� crU� B � r 5

2

pa

B2
þ

p?a � pka
3B2

� �
;

¼ � c

ea

ma

2
rðr?a þ rkaÞ � B � r 1

B2

� crU� B � r 3

2

pa

B2
þ

p?a þ pka
2B2

þ
p?a � pka

2B2

� �
:

(A11)

Even though p?a þ pka; ðp?a � pkaÞ=B2; r?a þ rka, and ðr?a

� rkaÞ=B2 of individual species are not always constant on

the flux-surfaces s ¼ const, and the J? vector also sometimes

may deviate from the surfaces (i.e., J � rs 6¼ 0), the HJ � rF
in r � ðHrF� BÞ was neglected by a low-beta approxima-

tion. On the other hand, the second term in r �Qka in

Eq. (A7) is

nau?a �r?U¼
c

2ea
rU�B � 1

B2
rðp?aþpkaÞþr

p?a�pka
B2

� �
(A12)

because of Eq. (8). Therefore, the first and the second terms

in Eq. (A7) become

�r �Q?a � eanau?a � r?U

¼ c

ea

ma

2
rðr?a þ rkaÞ � B � r 1

B2

þ crU� B � 3

2
r pa

B2
þ

p?a þ pka
2

r 1

B2

� �
: (A13)

As already noted, we can retain only components in these

equations that satisfy the solubility conditions hr � ðnaukaÞi
¼ hB � rðnauka=BÞi ¼ 0 and hr �Qkai ¼ hB � rðQka=BÞi
¼ 0 for the steady-state conditions with @na=@t ¼ 0 and

@pa=@t ¼ 0. Components corresponding to @hnaua � rVi=
@V and @hQa � rVi=@V þ eahnaua � rUi must be removed.

For thermalized particles, this is one reason for which we

cannot retain the full terms in Eq. (6) that reproduces the

electric field term in Eq. (A13). The differential operator

vda � r with the perpendicular guiding center velocity vda

¼ e�1
a cðmav2

k=Bþ lÞb� r ln B also cannot be used for the

full part of the velocity distribution faðx; vÞ because of

this solubility condition. When the electrostatic potential

is a constant on the surfaces, such parallel flux diver-

gences guaranteeing the solubility condition by the theo-

rem hrs� B � rFi ¼ 0 for arbitrary scalar quantity FðxÞ
are

B � r
nauka

B
¼ c

2ea

@hp?a þ pkai
@s

rs� B � r 1

B2

þ c
@U
@s
rs� B � r na

B2
(A14)

and
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B �r
Qka
B
¼ c

ea

ma

2

@hr?aþ rkai
@s

rs�B �r 1

B2

þ c
@U
@s
rs�B � 3

2
r pa

B2
þ
hp?aþ pkai

2
r 1

B2

� �

þma

2

ð
v2CaðfaÞd3v�

ð
v2CaðfaÞd3v

 �� �
: (A15)

For the diamagnetic flux divergences, this approximation is

due to a relation between the radial gradient scale lengths

j @@s ln hp?a þ pkaij; j @@s ln hr?a þ rkaij � j @@s ln hB�2ij. It also

should be noted that the poloidal/toroidal variations jðp?a

þpkaÞ=hp?a þ pkai � 1j and jðr?a þ rkaÞ=hr?a þ rkai � 1j of

individual species in stellarator/heliotron plasmas are not

always the first order of qa=Lr / hBi�1
but often can become

� ðBM � BminÞ=ðBM þ BminÞ
� �3=2 / hBi0 because of the col-

lisionless detrapping � regime ripple diffusion of light low-Z

species,27 the resonant viscosity of heavy impurity ions,5,32

and the P-S diffusions of impure plasmas. In spite of this

fact, these variations are not taken into account at least in

these diamagnetic flux divergences and the corresponding

DKE term ðvda � rsÞ@faM=@s. From the viewpoint of the drift

approximation, this neglect corresponds to a relation jvda �
rfa1j 
 jðVk þ VEÞfa1j for the poloidally and toroidally

varying gyro-phase-averaged distributions �f aðx; v; nÞ
¼ faMðs; vÞ þ fa1ðx; v; nÞ in the ambipolar conditions with

@U=@s 6¼ 0. Since the “anisotropic-pressure species” in the

MHD equilibrium are defined as those with hp?a � pkai
hðp?a � pkaÞ=B2i > 0, it also is noteworthy that these diver-

gence terms do not always require rigorous surface-averages

of p?a þ pka and r?a þ rka themselves but require the sub-

stantial radial gradients of those that are consistent with the

perpendicular particle/energy fluxes nau?a; Q?a, and the par-

allel force balance including the field curvature effect

b � r ln B. When the DKE solution gives hp?a � pkaihðp?a

� pkaÞ=B2i < 0 for example, the radial gradients are regarded

as those of isotropic-pressure species with @
@s hp?a þ pkai

¼ 2 @
@s hpai; @@s hr?a þ rkai ¼ 2 @

@s hrai; @@s hðp?a � pkaÞ=B2i ¼ 0,

and @
@s hðr?a � rkaÞ=B2i ¼ 0.

In Eq. (A15), the surface-average of the neglected com-

ponent of the electric field term in Eq. (A13) can be rewritten

by using the definition B � rð ~U=BÞ ¼ ðB�rsÞ � rB�2 of a

function3,9 ~U and the parallel (b�) component of Eq. (A1)

with b � r � ðpaIþ paÞ ¼ 1
2

b � ½rðpka þ p?aÞ þ B2r ðpka
�

�p?aÞ=B2g�, and the result is

c
@U
@s

p?a þ pka
2

rs� B � r 1

B2

 �

¼ �c
@U
@s

p?a þ pka
2

B � r
~U

B

 �

¼ c
@U
@s

~Ub � r
p?a þ pka

2

 �

¼ c
@U
@s

ðpka � p?aÞ
rs� B

B2
þ ~Ub

� �
� r ln B

 �(

þh ~UFka1i
)
: (A16)

Because of a relation hB ~Ui ¼ 0 as a part of the definition of
~U , and the aforementioned assumption of the inductive elec-

tric field, hnaE
ðAÞ
k

~Ui ¼ 0 is used. Therefore, the neglected

component of p?a þ pka corresponds to hðCbn
a þ CPS

a Þ
�rVi@U=@V in Eq. (A6). Analogously, by using the Gauss’

theorem9

hr � HrF� Bð Þi ¼ @

@V
hHrF� B � rVi

¼ � @

@V
hHrV � B � rFi

¼ @

@V
hFrV � B � rHi; (A17)

we can confirm the fact that the surface-averages of the dia-

magnetic terms in Eqs. (A10) and (A11) that are removed in

Eqs. (A14) and (A15) correspond to @hðCbn
a þ CPS

a Þ �
rVi=@V and @hðQbn

a þQPS
a Þ � rVi=@V. Further lineariza-

tion for the rU� B � r terms by

rs� B � r na

B2
ffi hnairs� B � r 1

B2
þ hB2i�1rs� B � rna;

rs� B � r pa

B2
ffi hpairs� B � r 1

B2
þ hB2i�1rs� B � rpa

corresponds to the approximation of the E� B effect in the

DKE using VDKES
E for the solubility condition and the anti-

symmetric property h
Ð

ĝaðVDKES
E f̂ afaMÞd3vi ¼ �h

Ð
f̂ aðVDKES

E

ĝafaMÞd3vi.
On the radial gradients in Eqs. (A14) and (A15), the fol-

lowing facts also should be considered. The negative value

hp?a � pkaihðp?a � pkaÞ=B2i 	 0 given by the usual surface-

averaging hFi �
Þ Þ

F
ffiffiffi
g
p

dhdf=
Þ Þ ffiffiffi

g
p

dhdf for actual

geometrical shapes of the flux-surfaces corresponds to a

condition where we can regard the gradients as those of

isotropic-pressure species for all of the force balances in the

MHD equilibrium, the classical diffusions, and the DKE for

determining the gyro-phase-averaged distribution. The radial

gradient term ðvda � rsÞ@h�f ai=@s in the DKE also can be

regarded as those of isotropic velocity distribution ðvda � rsÞ
@faM=@s when its solution does not satisfy hp?a � pkai
hðp?a � pkaÞ=B2i > 0 and hr?a � rkaihðr?a � rkaÞ=B2i > 0

in the parallel force balance including b � r ln B. Since the

geometrical shapes of the surfaces are not essential for the

DKE described by using the flux-surface coordinates, how-

ever, this judgment does not always require the usual

surface-averaging. The required inputs for the DKE from the

equilibrium configuration calculation are only some surface-

quantities ðv0;w0;Bf;BhÞ and the field strength Bðs; h; fÞ in

the contravariant and the covariant expressions of the B-

field.3,9,27 Based on this fact, one insistence of Ref. 3 is that

results for quasi-symmetric fields and geometrically symmet-

ric fields must be identical. In this kind of theory for the

gyro-phase-averaged velocity distributions, the appearance

of the h�i in various derivation steps in various formulas usu-

ally corresponds to the use of the theorems hHB � rFi
¼ �hFB � rHi, or hHrs� B � rFi ¼ �hFrs� B � rHi,
or hr � F?i ¼ @hF? � rVi=@V. For example, the solving

procedure in Sec. II is based on a theorem

042509-28 Shin Nishimura Phys. Plasmas 25, 042509 (2018)



hHB � rFi ¼ �hFB � rHi. However, to judge whether the radial gradient terms in the DKE or corresponding diamagnetic

flux divergences in Eqs. (A14) and (A15) can be regarded as those of the isotropic-pressure species is irrelative to these theo-

rems. Furthermore, some solving procedures for the DKE essentially require Fourier expansions in the Boozer coordinates sys-

tem with the Jacobian
ffiffiffiffiffi
gB
p ¼ ðV0=4p2ÞhB2i=B2. In the P-S diffusion calculation, for example, linear algebraic equations of the

Fourier-Laguerre expansion coefficients are used for including the field particle portion CabðfaM; fb1Þ, and this procedure is pos-

sible for non-symmetric stellarator/heliotron plasmas with finite radial electric fields @U=@s 6¼ 0 only when the Boozer coordi-

nates system is adopted. In addition to this example, it is known from past experiences that this coordinates system is suited

for Fourier series expressions of various quantities in stellarator/heliotron plasmas rather than other coordinates systems.35 For

these DKEs described using the Boozer coordinates, we can use also a simple plane-averaging 1
4p2

Ð p
�p

Ð p
�p FdhBdfB

¼ hB2Fi=hB2i for the ðhB; fBÞ space for this judgment on the characteristic of p?a þ pka; ðp?a � pkaÞ= B2; r?a þ rka, and

ðr?a � rkaÞ=B2. As a result, the radial gradient term ðvda � rsÞ@h�f ai=@s can be regarded as that of isotropic-pressure species

even when hB2ðp?a � pkaÞihp?a �pkai < 0 and hB2ðr?a � rkaÞihr?a � rkai < 0. For the perpendicular particle/energy fluxes

and the resultant classical diffusions in this situation, however, it is better to include hBi @@s h
Ð

vkP2ðnÞfad3v=B3i with k¼ 2, 4 in

ðr � paÞ?=B2 and r � ðra � raIÞ
� �

?=B2.

APPENDIX B: THE BRAGINSKII’S MATRIX ELEMENTS FOR THE ANISOTROPY RELAXATION

By using the orthogonal relation

4ffiffiffi
p
p
ð1

0

expð�x2Þx6L
ð5=2Þ
j ðx2ÞLð5=2Þ

k ðx2Þdx ¼
0 ðj 6¼ kÞ
Cð1=2þ jþ 3Þ

j!
¼ ð2jþ 5Þ!!

2jþ2j!
ðj ¼ kÞ

8><
>: (B1)

of the Sonine polynomials L
ð5=2Þ
j ðx2Þ, the polynomial expansion of the second Legendre order l¼ 2 in the velocity distribution

is defined by

f ðl¼2Þ
a ¼ mav2

3hTai
P2ðnÞhfaMi

X1
j¼0

p2ajL
ð5=2Þ
j ðx2

aÞ;

p2aj �
15� 2jj!

ð2jþ 5Þ!!
ma

hpai

ð
v2P2ðnÞLð5=2Þ

j ðx2
aÞfad3v:

(B2)

The lowest order term in this series is the pressure anisotropy p2a0 ¼ ðpka � p?aÞ=hpai. There are two methods for obtain-

ing the anisotropy relaxation matrix elements for the algebraic handling of these expansion coefficients p2aj. One method is

explained in Ref. 36, and the other method is to combine formulas for
Ð

vnPlðnÞCabðfa; fbMÞd3v,
Ð

xl
aPlðnÞLðlþ1=2Þ

j

ðx2
aÞCabðfaM; fbÞd3v, and

Ð1
0

x2n�1
a UðxbÞ expð�x2

aÞdxa in Refs. 9 and 19. Results for the diagonal part (ions) in Eq. (42) corre-

sponding to
P

b Cabðfa1; fbMÞ þ CaaðfaM; fa1Þ with a 6¼ e are expressed by using the Braginskii’s collision time sab �
3m2

av
3
Ta= 16

ffiffiffi
p
p

nbe2
ae2

b ln Kab

� �
as follows:

ð
x2

aP2ðnÞ
X

b

Cab x2
aP2ðnÞfaM; fbM

� �
þCaa faM;x

2
aP2ðnÞfaM

� �� �
d3v¼� 3

10

X
b 6¼a;e

na

sab
3þ5

ma

mb

� �
1þma

mb

� ��3=2

� 9

10
ffiffiffi
2
p na

saa
�3

2

na

sae

vTa

vTe

;

ð
x2

aP2ðnÞ
X

b

Cab x2
aP2ðnÞLð5=2Þ

1 ðx2
aÞfaM; fbM

� �
þ Caa faM; x2

aP2ðnÞLð5=2Þ
1 ðx2

aÞfaM

� �" #
d3v

¼
ð

x2
aP2ðnÞLð5=2Þ

1 ðx2
aÞ
X

b

Cab x2
aP2ðnÞfaM; fbM

� �
þ Caa faM; x2

aP2ðnÞfaM

� �� �
d3v;

¼ � 9

20

X
b6¼a;e

na

sab
3þ 7

ma

mb

� �
1þ ma

mb

� ��5=2

� 27

40
ffiffiffi
2
p na

saa
;

ð
x2

aP2ðnÞ
X

b

Cab x2
aP2ðnÞLð5=2Þ

2 ðx2
aÞfaM; fbM

� �
þ Caa faM; x2

aP2ðnÞLð5=2Þ
2 ðx2

aÞfaM

� �" #
d3v

¼
ð

x2
aP2ðnÞLð5=2Þ

2 ðx2
aÞ
X

b

Cab x2
aP2ðnÞfaM; fbM

� �
þ Caa faM; x2

aP2ðnÞfaM

� �� �
d3v;

¼ � 27

16

X
b6¼a;e

na

sab
1þ 3

ma

mb

� �
1þ ma

mb

� ��7=2

� 27

64
ffiffiffi
2
p na

saa
;
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ð
x2

aP2ðnÞLð5=2Þ
1 ðx2

aÞ
X

b

Cab x2
aP2ðnÞLð5=2Þ

1 ðx2
aÞfaM; fbM

� �
þ Caa faM; x2

aP2ðnÞLð5=2Þ
1 ðx2

aÞfaM

� �" #
d3v

¼ � 3

10

X
b 6¼a;e

na

sab
35

ma

mb

� �3

þ 77

2

ma

mb

� �2

þ 185

4

ma

mb
þ 51

4

( )
1þ ma

mb

� ��7=2

� 123

32
ffiffiffi
2
p na

saa
� 21

2

na

sae

vTa

vTe

;

ð
x2

aP2ðnÞLð5=2Þ
1 ðx2

aÞ
X

b

Cab x2
aP2ðnÞLð5=2Þ

2 ðx2
aÞfaM; fbM

� �
þ Caa faM; x2

aP2ðnÞLð5=2Þ
2 ðx2

aÞfaM

� �" #
d3v

¼
ð

x2
aP2ðnÞLð5=2Þ

2 ðx2
aÞ
X

b

Cab x2
aP2ðnÞLð5=2Þ

1 ðx2
aÞfaM; fbM

� �
þ Caa faM; x2

aP2ðnÞLð5=2Þ
1 ðx2

aÞfaM

� �" #
d3v;

¼ � 27

20

X
b6¼a;e

na

sab
21

ma

mb

� �3

þ 33

2

ma

mb

� �2

þ 135

8

ma

mb
þ 31

8

( )
1þ ma

mb

� ��9=2

� 4401

1280
ffiffiffi
2
p na

saa
;

ð
x2

aP2ðnÞLð5=2Þ
2 ðx2

aÞ
X

b

Cab x2
aP2ðnÞLð5=2Þ

2 ðx2
aÞfaM; fbM

� �
þ Caa faM; x2

aP2ðnÞLð5=2Þ
2 ðx2

aÞfaM

� �" #
d3v

¼ � 27

80

X
b 6¼a;e

na

sab
105

ma

mb

� �5

þ 189
ma

mb

� �4

þ 462
ma

mb

� �3

þ277
ma

mb

� �2

þ 1317

8

ma

mb
þ 235

8

( )
1þ ma

mb

� ��11=2

� 107 001

10 240
ffiffiffi
2
p na

saa
� 567

16

na

sae

vTa

vTe

:

When they are used for electrons, a ¼ e;
P

b 6¼a;e is replaced by
P

b 6¼e with me=mb ¼ 0, and vTa=vTe ¼ vTe=vTe must be

omitted. The matrix elements for the field particle portion corresponding to the non-diagonal parts in Eq. (42) are

ð
x2

aP2ðnÞCab faM; x2
bP2ðnÞfbM

� �
d3v ¼ 3na

5sab

ma

mb
1þ ma

mb

� ��3=2

¼
ð

x2
bP2ðnÞCba fbM; x2

aP2ðnÞfaM

� �
d3v;

ð
x2

aL
ð5=2Þ
1 ðx2

aÞP2ðnÞCab faM; x2
bP2ðnÞfbM

� �
d3v ¼ 9na

5sab

ma

mb
1þ ma

mb

� ��5=2

¼
ð

x2
bP2ðnÞCba fbM; x2

aL
ð5=2Þ
1 ðx2

aÞP2ðnÞfaM

� �
d3v;

ð
x2

aL
ð5=2Þ
1 ðx2

aÞP2ðnÞCab faM; x2
bL
ð5=2Þ
1 ðx2

bÞP2ðnÞfbM

� �
d3v ¼ 9na

sab

ma

mb

� �2

1þ ma

mb

� ��7=2

¼
ð

x2
bL
ð5=2Þ
1 ðx2

bÞP2ðnÞCba fbM; x2
aL
ð5=2Þ
1 ðx2

aÞP2ðnÞfaM

� �
d3v;

ð
x2

aL
ð5=2Þ
2 ðx2

aÞP2ðnÞCab faM; x2
bP2ðnÞfbM

� �
d3v ¼ 27

8

na

sab

ma

mb
1þ ma

mb

� ��7=2

¼
ð

x2
bP2ðnÞCba fbM; x2

aL
ð5=2Þ
2 ðx2

aÞP2ðnÞfaM

� �
d3v;

ð
x2

aL
ð5=2Þ
2 ðx2

aÞP2ðnÞCab faM; x2
bL
ð5=2Þ
1 ðx2

bÞP2ðnÞfbM

� �
d3v ¼ 189

8

na

sab

ma

mb

� �2

1þ ma

mb

� ��9=2

¼
ð

x2
bL
ð5=2Þ
1 ðx2

bÞP2ðnÞCba fbM; x2
aL
ð5=2Þ
2 ðx2

aÞP2ðnÞfaM

� �
d3v;

ð
x2

aL
ð5=2Þ
2 ðx2

aÞP2ðnÞCab faM; x2
bL
ð5=2Þ
2 ðx2

bÞP2ðnÞfbM

� �
d3v ¼ 5103

64

na

sab

ma

mb

� �3

1þ ma

mb

� ��11=2

¼
ð

x2
bL
ð5=2Þ
2 ðx2

bÞP2ðnÞCba fbM; x2
aL
ð5=2Þ
2 ðx2

aÞP2ðnÞfaM

� �
d3v:

Since faM / exp ð�x2
aÞ and xa � v=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hTii=ma

p
� v=vTa of ions in this paper are defined by using the averaged common tem-

perature hTii �
P

a 6¼e;fhpai=
P

a 6¼e;fhnai as stated in the introduction, ðvTb=vTaÞ2 ¼ ma=mb is used for the ion velocity ratios in

these derivations. As a result, the matrix in Eq. (42) is symmetric because of the self-adjoint property of the Coulomb collision

operator with the linearization using this faM with the common temperature.
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