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The spherical coordinates expressions of the Rosenbluth potentials are applied to the field
particle portion in the linearized Coulomb collision operator. The Sonine (generalized Laguerre)

polynomial expansion formulas for this operator allowing general field particles’

velocity

distributions are derived. An important application area of these formulas is the study of flows of
thermalized particles in NBI-heated or burning plasmas since the energy space structure of the
fast ions’ slowing down velocity distribution cannot be expressed by usual orthogonal polynomial
expansions, and since the Galilean invariant property and the momentum conservation of the
collision must be distinguished there. © 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4936799]

I. INTRODUCTION

Past kinetic theories on NBI (neutral beam injection)-
heated or burning plasmas from the 1970s into the 1990s
were constructed for investigating the beam driven currents'
and the bootstrap currents.” After development of the charge
exchange recombination spectroscopy,™* the flow velocities
of thermalized ions caused by the existence of the fast ions
also are regarded as an important physics issue.* The appli-
cation of the neoclassical transport theory for this purpose
requires a simultaneous solving of the kinetic equations of
all thermal particles, including the Coulomb collision oper-
ator Cur(fam, fr) that describes the collision of the thermal
particle species a with the fast ions’ slowing down velocity
distribution function f;(x, v) (velocity distribution function
of proton or deuterium in NBI-heated plasmas or helium in
burning plasmas). In a recent theory for general toroidal
configurations,”® problems including the field particle por-
tion Cp(fam, fp) in the linearized collision operator with the
local Maxwellian distribution f,y; (integro-differential equa-
tions) are converted to generalized parallel force balance
expressed in an algebraic form by taking jUHL( 2 >( 2)ddv
integrals of the drift kinetic equation. Here, L (K) =
(eKK=*/j")d¥ (e KK/**)/dK/ is the Sonine (generahzed
Laguerre) polynomial,” and x, = /m,0?/2T, = v/vr,. This
neoclassical calculation was conducted recently for the NBI-
heated plasmas in the Heliotron-J (a non-axisymmetric toroi-
dal device), and its theoretical results successfully explained
the experimentally measured impurity flow velocities.® In
this paper, we report a method used there for obtaining the
collision integrals IUHL 32 )( X2)Cot (fam, fr) .

Il. ROSENBLUTH POTENTIAL

We shall start from the well-known RMJ (Rosenbluth-
MacDonald-Judd) form of the Coulomb collision operator’
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The Rosenbluth potentials in this operator are defined by

H(fy) = L{h(_v;),' &V, G6(f) = Jfb(v’)\v —v|dV, (@

2
Caslfunfi) = —4m (ejne”) A

ERTAL AT
2 Qv Qv dvg |

where v and v’ are velocities of test particles (a) and field
particles (b), respectively. The Coulomb logarithm'® In A,
= In A, for the colliding species pair a-b in this operator is
a constant being independent of the colliding velocity.
Hereafter, velocity distribution functions of the field particles
(V) =f»(v,0, ¢) given in the spherical harmonic expansion
form

i{ v)P;(cos0)

=0

+>» P/(cosO){a]" (v

m=1

:th 07074) ) (3)
=0

v)cos(m)+by'(v)sin(me)}

are assumed. For the potentials in Eq. (2) including these
functions, we shall apply a basic idea in Ref. 11. In this

spherical velocity coordinate system, ™" and |v — /|
in Eq. (2) are functions of
z=cos0cos 0 +sin0sin 0 cos(¢p — ¢'), )

which is the cosine of the angle between v and v/, and can
be expressed by Legendre polynomial P,(z) expansions by

© 2015 AIP Publishing LLC
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applying the generating function (1 — 2hz + h?)™" = > C%(z)h" for the Gegenbauer functions C%(z) (a special case of it

is the Legendre polynomial C'/z( )= Pn(z)).12 Substituting these expansions and the velocity distribution function Eg.
(3) into Eq. (2) with the theorem 12

P,(z)=P,(cos0)P,(cos0)) —1—22 |P;" (cos0)P™(cos 0'){ cos(mep)cos(mg’) +sin(me)sin(m¢’)}, (5)

results in spherical harmonic expansion forms of the Rosenbluth potentials and/or their energy differential as follows.

H(fy) = Zz, +1{u1+1 J W)W 0, g + o fof” ((:/),Hld’) } ©

R Y {— w0 g [ (“’),914’) } <7>
%=4n§;%ﬂ{—%#—iz£(v’)“f W09+ 5= | )R )

L2 J:Of,f (<:)191¢> S J:"fb ¥.0.9), } )

) N~ | I+ +2) 1 [ e =1 12,()
4”;21“{ 20+3 WL(”) (¢, 0,9)a -5 — 1vz+1L<U) ) (0,0, ¢)dv

(+1)0+2) (A, 0.4) ., U=1I e 0.¢) ,
M ”Jv b(v)ll 21711’121] b(v) }

They are generalizations of the integral formulas for gyro-phase-averaged velocity distributions f;,(v, cos 0), which were first
derived by Rosenbluth, MacDonald, and Judd in Ref. 13, to arbitrary spherical harmonics (/, m). One application of them may
be

9)

v? +vzav v T m,  Ov +§ ov?

a

Cab<fa,fb<[:0)) —4n<e“eb)21nAa;, 1@@2 10, @aH(fh(O)) 1829<f;f°))ﬁ 0l (10)

(collision of arbitrary distributions f,, of the test particle species a with isotropic distributions fb(lzo) of the field particle species
b) that is obtained by using ", v,0F /0v, = vOF /v, Y, 0(v,F)/0v, = v 20(v*F)/dv, and

1( 0> cosbd 1 9?

N2 T snoa0 T w2aaz )

2100 sin0 00  sin*0 0¢

and will result in the well-known formula of the test particle portion Cqp(fy,fom) of the linearized Coulomb collision operator
when the Maxwellian velocity  distribution f,flio) =fpm is substituted. [fom = n.{m./ (27rTa)}3/ 2 exp (—mav*/2T,)
—3/2 exp (—x ) Maxwellian distribution with the density n, = | f.d’v, the temperature defined by T,, = p./n, using the

pressure pa = mafvzfad3v/ 3 of the species a, and without the velocity moment u, = fvfad3v/ n,]. These kinds of indefinite
integrals of the Maxwellian can be calculated by

L

S

—_aZ2) |
2n+1 2.2 _ exp( a’x?) n: 2(n—k)
Jx exp(—a?x?)dx = — 2 kio i k)!aka ) (11
and -
n—1 2n—2k—1
o 2oy, (2n — 1! )5 X (2n — 1)”f
JX expl—a'x)dx = — 5 —expl—a’x )ZH P Y T T e )

(2n — 1 - x2n—2k-1 (2n —1)!/n 26
_ _ . 12
v exp(—a’x );2]{(121((2’1 EEySSEYT + ST G(ax) (12)
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Here, ®(x) = ﬁjg edy and G(x) = {®(x) — xD'(x)}/

(2x?) are the error and the Chandrasekhar functions, respec-
tively. They are routinely included in general neoclassical
transport analyses. Instead of the already known Cgp (fz, fom)>
however, we shall investigate here the field particle portion
Caup(fum,f») in the linearized collision operator by using Egs.
(6)—(9) in Section III.

lll. APPLICATION TO THE FIELD PARTICLE PORTION

The field particle portion is given by’

4nT,
> ]nAuhfuMT {

a my

M) + (Zb 1>va7gg”) +

Cap(fmtsfp) = 47T( p”

2T, Ov?
(13)

mav? *G(fy) }

This formula is obtained by using the Poisson equations
V2H(fy) = —4nf, and V2G(f,) = 2H(f,) with V?=
>, 0%/0v% for Eq. (1). The field particles’ velocity distribu-
tion function f, in this operator may be sometimes that of
thermal particles f, ~ f,m and, at other time, may be func-

Mg Jvzcab (faMyfb)dSV = —my J Uzcba (fhafaM)d3V
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tions with quite different v-space structures, such as the
aforementioned fast ions’ slowing down velocity distribution
fe(x,v) which we will discuss in detail later. One common
feature of Eq. (13) for these general cases is that fj
exp (—x2) is multiplied to the full part. Therefore, even when
Cu(fam,ft) is included in the collision operator
> Can(fa, f») of thermal particles a # f, we can use the pre-
vious solving procedure for the kinetic equations for them’"°
where the perturbation f, in_the velocity distribution
fa(%,¥) = (1 +f,) must be |f,| <1 in most of the ther-
mal velocity range m,v* ~ 2T, and [fa| =1 even for colli-
sionless high energy range mav® > 2T,. (If Cot(famft) 18 not
o exp (—x2), this constraint on the energy space structure
will be strongly violated.) As long as the Cup(fam, f») has this
energy space structure of o exp(—x2), the orthogonal
expansion of this energy space structure using the Sonine
polynomials can be defined for cases of general field
particle distributions f,. General expansion coefficients
[Py (E)cos {m(d — po) 1Ly P (02)Cap (fur. fo) v with
¢ = cost) = v /v can be derlved by integrations by parts for
f()oo dv using Egs. (11) and (12). For example, the integrals
for the lower Legendre orders /=0, 1, 2 in the gyro-phase-
averaged distribution f, f Jrdg as m=0 are given as
follows:

_271

J(€a 21 Aa u 1/2 00 Y 1 1 _
= 32n2n(cw;—)anb (;Ta) L {xaG(Xa) - Z—hﬁexp(—ﬁ)} (Jlfhd€> vdo, (14
|22 Cantimntias = 3277 n< “e”) i [ 2{5%— <%+1>x§}exp(— )(j fbdé> (15)
My 0 2my myp
2 00 1
m, JvéCuh(faM, fi)dy = —meUéCha(fh, F)dv = snzw“q’T—)mA‘”’ ("mi + 1) J G (xa) (J ,,dg) 2o, (16)
a b 0 —1
al€a ’1 Aa o a 1 _
m [0 (2)Can v o) = 24n2%j0 {(Z,, 1) Jrexp(-a3) —G(xa)} <J1 éfhd5> 2, (17)
«(€q 21 Aa 00 " . 1
ma JOELS) () Canlfm i)y = 1072 200 | {SZ—bﬂ—z( +1)x§}%exp< )(J ffﬂé) ()
2 00
g [ 0L (2)Cop i, fi) Py = L 2 1L lnA””J {5 <7m+ 1) 4(7’”“+4>x§+4<’"“+ 1);&}
"3 T, 0 my, my, mp (19)
X \/—_exp( (J léf )v dv.
2 3G(x,
JX5P2(§)Cab s fo)dv = 167, (%ib) InAzp L X, {mb { X(:C ) ;Eexp(xi)}
3 ) !
¥4 (Xa) ——nexp(—xa)} Jfle(é)fhdé (20)
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Jx§L§5/2> (2)P2(E)Coa (fam, f)dv

2

X a

Agreements of integrals of test and field particle portions in
Egs. (14) and (16) are due to the conservation of energy and
momentum, respectively. As discussed also in Ref. 14,
because of a characteristic of Cyp(fum, f») as an integral oper-
ator, we shall investigate these lower Legendre orders first.

o 5 vre (20 — 1) 1 13 /om,)? 1(2n — D /v an
(D — dx = F — — = — | — = —
JO xa (.Xb)eXp( 'Xa) a vTh on 251 2+n7272’ o1 2 on VTa 0 {(

that can be obtained by a recurrence relation

1 172

2 00
— 47’n, <6“€h> InAgp J
mg 0

()] (]| i)
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{99xaG(xa) - 8{3 + 2(1 + Z}))ﬁ}

21

When £, :xéP,(f)Lj(»]H/ ?(:2)fym is substituted into these
formulas, the definite integrals [[*x2"~'®(x,) exp (—x2)dx,
or  [°x2'G(xy)exp (—x2)dx,, which will appear
there, correspond to the Gauss hypergeometric function’

2F | by

172

) 1/2+4n
vty /vra)” + f}

dr

)

1/2—n
12

UTh

0 {(UTh/UTa)2 N t}1/2+n

~1/2
and Jo7 xa®(xp) exp(—x2)dx, = %{1 + (va/vTa)z} ! )
Using these integrals, Egs. (14)—(21) reproduce the well-
known Braginskii’s matrix elements”'*!” for the orders
=0, 1, 2, which were previously obtained by a method to
substitute the generating function of the Sonine polynomials
into the Landau operator. It also should be noted that Egs.
(6)—(9) and (11)—(13) can be used also for deriving explicit

FU2) (32)f,) that cannot

expressions of Cab(faM7x§,P1(i)LJ(-
be obtained by this Braginskii’s procedure.

However, the most important application area of the
expansion coefficients Egs. (14)—(21) will not be such al-
ready known collision processes between thermal particles,
but collisions of the thermal particles with the fast ions in the
NBI-heated plasmas or the burning plasmas. For general par-
ticle species a, f f,d*v (number of particles), fvfad3v (mo-
mentum), and fvzfad3v (energy) must be absolutely finite
under a constraint of f,>0. If functions with continuous
derivatives Of,/Ov satisfy this convergence of integrals in the
3-dimensional velocity space, they would have the energy-
space structure that is nearly equal to the shifted anisotropic
exponential. The v-space structure of the slowing down
velocity distribution is an exception to this rule. It has the
step function structure'>*'® fi(x,v) oc H(vp — v) at the
initial velocity v = vy, and its energy space broadening is
me% > 2T;. Analogously to these past references, we shall
define this f;(x, v) also as a function that does not include the
exponential structure o exp (—mysv?/2T;) at mpv® ~ 2T; in

G (m)z {1+ @m/on)?}

n—1/2

n—1 J‘ dr
n—1/2 n—1/2 77
/ 0 {(UTh/UTa)2 + t}

(o)
UTh

the energy space, since the distribution function component
of oc exp (—mgv?/2T;) must be handled by the kinetic equa-
tion for the thermalized ions with m, = m; and e, = e; where
the self-adjoint property'® in the following discussion is fully
utilized. This energy space structure is a typical example for
which we cannot use usual orthogonal expansion methods,
and we cannot assume there consequences of the lineariza-

tion assuming the aforementioned limitations |f,| < 1 in

mv*~2T, and I)? ,|1 even at mv* > 2T,, such as the self-
adjoint property. As pointed out previously,'**’ the
Braginskii’s matrix expression of collisions also cannot be
applicable for this function. Another important feature of
this fp(x,v) is pg/ne/Z¢ > Te,Ti/Z;, where Z; is the charge
number Z,=e,/e of the dominant ion species. Since
diamagnetic-driven perpendicular and parallel flow veloc-
ities u,, in toroidal plasmas are determined by (9p./Or)/n./Z,
of the species a, and this radial gradient scale length
|81np,/Or| " is common for all species, |ug| ~ |up| ~ |uc| ~
<. & |ug| can be assumed not only for (Bffj:l)> in unbal-
anced tangential NBIs'?' but also for the diamagnetic driven
flows due to the radial gradients™'® Op ;/0r, dp|¢/Or.
(Perpendicular and parallel flow velocities driven by
—cV® x B/B? of the ambipolar electrostatic potential being
order of |V®| ~ |(Vp,)/(eanta)| (a#1) are negligible for
fast ions’ drift motions and thus not calculated in the kinetic
equation for the fast ions."*'®") Therefore, we do not need
to retain the Galilean invariant property of the Coulomb colli-
sion in Egs. (1) and (2) so rigorously in the determination of
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the f¢(x,v). It should be emphasized here that, if the self-
adjoint property does not exist, the momentum conservation,
which should be retained for general colliding species pairs a-
b from the viewpoint of the ambipolarity of classical and neo-
classical particle diffusions,5’14’21 and this Galilean invariant
property are inherently different and irrelative concepts.
When using the notation in Egs. (4.5) and (4.6) in Ref. 14 or
Eq. (4.30) in Ref. 9 where the test and the field particle por-
tions of the thermal-thermal collision are expressed by Mil];,
and Ng;, respectively, the Galilean invariant property is
M{B; = —N’;,i while the momentum conservation in Eq. (16) is
M% = —TavTaN,% /(Tpvtp). Because of the self-adjoint prop-
erty expressed by My = MY and Ny = T,ur,N /(T,vra),
these two physical laws have been often written in only one
relation M’a(;j = M% = —TavTaN,?{l /(Tporp) = —N{l(,)7 and it has
been considered that they should be satisfied simultaneously,
in theories for thermal-thermal collisions.”'* However, we
should distinguish the two laws when handling the fast ions’
velocity distribution fi(x,v) since the self-adjoint property
does not exist there. Based on this distinguishing, following
approximations of collisions between fast ions and the ther-
malized target plasma species are considered. In the kinetic
equation for the fast ions, the flow velocities u, in the shifted
Maxwellians fiv(Vv — u,) of target plasma species b can be
neglected. In fact, an approximation

> Culfify) =Y Cnlfinfom), (22)
b

bAf

in which the u,, are neglected and the non-linear collision op-
erator Cr(f,fr) is omitted because of the low-density of fast
ions themselves Z%nf <L Zegtne and the momentum/energy
conservation of like-particle collisions, has been widely used
in past calculations of the f;(x, v).""'®?'* In contrast to the
simultaneous algebraic equation for the thermalized par-
ticles,”® the algebraic handling of the fd3v integrals of the
velocity distribution and the collision term is not required in
this independent determination without knowing f,(x,v) of
the thermalized particles. Once one has obtained the f;(x, v),
the next step is to solve the kinetic equations for the £ ,(x, v),
including the newly added Cit(fum,ft). Here, Cur(f fum,ft)
should be omitted for retaining the momentum/energy con-
servation that is realized by Egs. (14) and (16) in a combined
use with Eq. (22). It also is worth to consider here Sonine

polynomial expansion coefficients of Cab(v~uL,(<3/ 2)(x§)

fam, fb([:O)) in the Appendix. We can confirm the unimpor-
tance of the thermal particles’ flows n,u, and q, = (m,/2)
fvvzj;ld3v — % Pal, (a #f) in the fast ions’ friction collision
by substituting f;(x,v) in Refs. 1, 2, 18, and 21 as f,(x, V)
into Egs. (16), (17) and (A1)—(A4). The low density Zfznf <
Zeitne giving a relation |Caf(fafaM,ﬁ)| <Xyt Cab
(F .. fom)| also is another reason of this omission. Even
for higher Legendre order structures [/>>1 in f 4 this

Caf(fufaM,ff) is negligible in the total >, Cup(fy,fs). In the
algebraic conversion of these simultaneous integro-differential

Phys. Plasmas 22, 122503 (2015)

equations for a # f, direct numerical integrals of Eqs. (16)—(19)
are used since we do not use the deV integrals of fi(x,v)
itself? such as fvl+2"€ﬁd3v in the determination of it, and
since we cannot reproduce the energy space structure of it only
by such integrals of finite numbers. The recent theoretical cal-
culation for the Heliotron-J experiments® adopted this numeri-
cal integral method with substituting an analytical solution of
the fast ions’ collision term Eq. (22)* as the f;(x, V).

IV. CONCLUSION

We have shown a Sonine (generalized Laguerre) poly-
nomial expansion procedure for the field particle portion in
the linearized Coulomb collision operator that is applicable
for both thermal-thermal collisions'*™” and thermal par-
ticles’ collision with fast ions in NBI-heated and/or burning
plasmas. In particular, the application to the fast ions’ slow-
ing down velocity distribution’*'®*'=2* without using its
energy-integral moments will be important since (1) this
energy space structure cannot be expressed by usual orthogo-
nal polynomial expansions, and (2) the self-adjoint property
does not exist for energy-integrals of the distribution func-
tion and the collision operator, and thus the Galilean invari-
ant property and the momentum conservation must be
distinguished. In this Sonine polynomial expansion proce-
dure, we did not use an assumption of 2T;/m; < U% <
2T, /m that had been frequently used in past analytical theo-
ries on the fast ions’ slowing down process.'=!#18:20.25
From the viewpoint of the field particle portion Cgs(fum, /),
the assumption U% & 2T, /m, previously corresponded to
the use of the usual small mass ratio approximation for the
electron-ion collisions’ also for the e-f collision Cer(fom, fr)
in calculations of the shielding current component in the
beam driven currents.'* For future studies requiring the
Cut(fam, fr) of all thermal particle species a #f, however,
these kinds of asymptotic limit approximations giving the e-f
and the i-f collision formulas separately will be confusing
and inconvenient. Therefore, we unified the formulas for
electrons and thermal ions based on a derivation procedure
allowing arbitrary energy space structures of the field par-
ticles’ velocity distributions.
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APPENDIX: LAGUERRE EXPANSION OF EQ. (10) FOR
THE 13M APPROXIMATION

By integrations by parts using Eqs. (11) and (12) for
J“(;” dv, S%nzine polyncl)r{)lial expansion coefﬁ$i2ents of
Cap(v - uLy? ()t f\"), where f, = v-uL{"? (2)fm
is substituted in Eq. (10), are given as follows:
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my JVCL,;7 <’;fav .

b £ )
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T,

—o) My
—ny, Jvcha (fb(]())a -V uafaM) d3V

6413/2 1 1 <
= —ngu, L (eaeb)zlnAab (l’}’l_ + m_b) JO fb(l_O) exp(_xi)xidx‘“ (Al)
a
JvCuh Ma ¥ bay G2 (2)p =0\ By =y, j VG (70, 20 B (2)fry ) Py
Ta Pa Ta Pa
__&64”3/2 2 1 = 1=0) 3 5 2).2
= Ta 3 (eaeb) lnAah ma+mb 0 f}, 2 X exp( xa)xadxaa
64732 2InA A
_ €4€ a
JVL(3/2>(2)Cab Ty oo S0 )y = — g, S (o)A
T, 3 my
onof(l:()) Sﬁx G(x)—i— é_l%_ %4-] X exp( ) x-dx
o b a a 2 2my my, a a~tas
(A3)
2
(3/2) MmaV-q, . (3/2) (1=0 qu64n3/2 (€aep) InAa
L a L aM, -
o VL7 02)Co (2 D (o )= T
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The momentum conservation is used in Eqs. (Al) and (A2).
When f(l 0
the usual friction matrix elements M’a]; for the 13M approxi-

mation in Refs. 9, 14-17. The M;'k/ ' matrix discussed in
Ref. 20 will be obtained by substituting the surface-averaged
lowest Legendre order /=0 of the fast ions’ velocity distri-
bution”' (ff(l:O)> o [1201e(3v/7/2)G (xe) + 03] 'H(vp — v) as
the field particles’ velocity distribution fb(lzo), and taking a
limit of x> < 1 and m./m; < 1 (corresponding to the usual
small mass ratio approximation of electron-ion collisions”)

for electrons’ friction @ =e and a limit of v3, < v? for ions’
¥?) and G(x)

= fpMm is substituted, these formulas reproduce

friction @=1i in calculations of exp(—
{Bv/m/2)/x + 2.2}
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