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This paper investigates the linear stability of a force-free equilibrium in a plasma cylinder of
finite aspect ratio, against the two-fluid resistive tearing mode. An analytic dispersion relation is
derived by extending to cylindrical geometry the slab geometry boundary layer theory applicable
to two-fluid tearing modes for high beta and general ion skin depths [E. Ahedo and J. J. Ramos,
Plasma Phys. Controlled Fusion 51, 055018 (2009)]. The cylindrical dispersion relation shows the
dependence of the mode growth rate and real frequency on the ion skin depth, through different
regimes that range from the single-fluid MHD limit to the electron MHD limit. It also shows that
the non-zero real frequency of the mode arises due to the combination of two-fluid and cylindrical
effects. A numerical solution of the complete set of normal-mode equations that resolves the fine-
scale singular layer is carried out, for a wide range of resistivity and ion skin depth values. The
numerically obtained eigenvalues agree very well with the analytic dispersion relation and the
agreement improves the smaller the resistivity and the larger the ion skin depth are. Comparison
between the numerical eigenfunctions and the inner solutions of the boundary layer theory shows
that the eigenfunctions develop imaginary parts within the resonant layer, also due to the combina-
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tion of two-fluid and cylindrical effects. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4986116]

I. INTRODUCTION

The resistive tearing instability has been studied exten-
sively as one of the physical mechanisms that drive magnetic
reconnection, an important effect that is crucial to many
space and laboratory plasma phenomena. The classical tear-
ing mode is described in the framework of single-fluid resis-
tive MHD.! However, when the length scales of interest
become comparable to the ion skin depth or to the ion
Larmor radius, the small scale physics that includes the two-
fluid and finite-Larmor-radius effects cannot be neglected.
Two-fluid effects are considered as a mechanism for
enhancement of the tearing mode instability in force-free
equilibria.>”” This can be studied in the framework of two-
fluid (or Hall) MHD, which is one of the extended MHD
models and includes the scale length of the ion skin depth.
Extended MHD models are used to investigate small scale
effects on macroscopic phenomena,® and nonlinear numeri-
cal simulations with extended MHD models are presently a
very active field of research.””'? As the numerical models
become more sophisticated, corresponding theories are also
desirable for verification.”'>'* The work of Ref. 7 derived
an analytic dispersion relation for two-fluid tearing modes in
the slab geometry, for a force-free equilibrium with constant
density and temperature, allowing for general values of the
ion skin depths and the plasma beta. This dispersion relation
was benchmarked successfully against the extended-MHD
simulation code NIMROD. "’

In order to provide a more advanced theoretical model,
this paper investigates the two-fluid tearing mode instability
in a plasma cylinder of finite aspect ratio. Tearing modes in
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cylindrical geometry''>™'® add several complications due to

the curvature, the radial dependence, and the periodicity in
the poloidal direction. Cylinder-like structures are observed
in space plasmas such as flux ropes in the heliosphere as well
as in laboratory plasmas. We derive an analytic dispersion
based on the boundary layer theory with asymptotic match-
ing, assuming a singular perturbation near a resonant surface
as in previous studies."®7'51? This new dispersion relation
adds the cylindrical effects to the dispersion relation of
Ref. 7 in the high beta regime. A fully numerical solution of
the complete set of normal-mode equations that resolves the
fine-scale singular layer is then carried out. These numerical
results are compared with the predictions of the analytic
boundary layer theory for a wide range of resistivity and ion
skin depth values.

The paper is organized as follows. In Sec. II, we intro-
duce the model equations for the two-fluid tearing instability
in cylindrical geometry. In Sec. III, we derive the analytic
dispersion relation using the boundary layer theory. In Sec.
IV, the equilibrium profiles adopted for our analysis are
introduced. In Sec. V, the solution of the analytic dispersion
relation is obtained and compared with approximations. In
Sec. VI, the fully numerical analysis of the complete system
of linear eigenmode equations is carried out. A summary and
discussion are given in Sec. VII.

Il. THE MODEL

The goal of this work is to investigate the effects of two-
fluid physics and cylindrical geometry on the linear resistive
tearing mode, neglecting the finite-Larmor-radius, electron

Published by AIP Publishing.
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inertia, and equilibrium pressure gradient effects. To this

end, we consider the following system of resistive, cold-ion,
Hall-MHD equations:

B UNE-= 0, (1)
Ot
J=VXxB, 2
on
E*'V (na) =0, 3)
1
E:*UXB+%(jXB7Vp6)+7]j, 4)
ou .
m,-n[E—k(u-V)u}—i—Vpe—JxB:O. (5)

The resistivity #, which will be assumed to be small and will
matter only in the close vicinity of the mode resonant sur-
face, will be treated as a constant evaluated at such a reso-
nant surface. In order to close this system, a constant
electron temperature, p./n=T,,=constant, will also be
assumed. This system will be linearized about a force-free,
cylindrical equilibrium with vanishing density gradient and
flow velocity: ng= constant, uy=0. Accordingly, the equi-
librium magnetic field is

By = Boo(r)eg + Bo:(r)e:, (6)

and the equilibrium current density is jo = /o Bg, where

. jo-B Boy)’ Bl
B By, Bog

with the prime denoting differentiation with respect to r. The
squared Alfvén and sound velocities are defined as ¢§ = B}/
(ming) and ¢} = T,o/m;, respectively.

The linear stability analysis will consider normal-mode
perturbations of the form

fx;0) = folr)

with wavevector k = (m/r)ey + k.e.. It is convenient to
introduce the parallel wavevector function

= fi(r) exp (im0 + ik.z + y1) , (8)

m
F(r)=k-By = 7300 + k:Bo: ©)

such that F(r;) =0 at the mode resonant surface r,, and the
perpendicular wavevector function
m
G(I”) =€ - (k X B()) = *B()Z — kZB()g . (10)
r
The main variables of interest are the radial component of
the perturbed magnetic field B;,, the radial component of the
fluid displacement & = uy,/y, and the non-ideal part of the z-
component of the perturbed magnetic field

0 =B+ [mAOBlr — k(rBy,)']. (11)

k2

All the other components of the perturbation can be elimi-
nated algebraically in favor of these three and, without
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further approximations, the resulting normal-mode system
for (By,, £, Q) is

1 hE 2nmk;
(v + nk?) By, — nk @(’Blz) ~ 3 JoBiy
rk? 2ink,
=F<ivé+ o)+, (12)
enym r
2 li
Cg (”5) V)
v m; — ——F
ymino) € P42k r + nk? ¢

/
2
Y Y r
I\F|By - [ ——= LG
+’7) } 1 <V2+c§k2m Q)
o 2
L ir _ po_ 2k Glo. (13)
nenym mk?

1 N 2G2 F2

F? + 2/ 2 + 2

ym;ng P2 + c5k? ne’n;
1 ik, |2k,

+n{k2Q——(rQ’)’} +— { GQ——( 2FQ)]

enor
k2 ('}) + 1’[](2> [mioBl, (I‘Bl,-)l]

m{ ( ;2 [moB1, — kz(rBl,A)']>,}/

Y+ 0

m
—_— 02+ B,
enork2[ < 17) } :
v MG( *) (B rf) iym F2¢
r |92+ cik? re 0z pengrk?” 7
(14)

lll. ANALYTIC DISPERSION RELATION

An analytic, perturbative solution of the normal-mode sys-
tem (12)—(14) can be obtained in the limit of small resistivity,
characterized by large values of the dimensionless Lundquist
number, S = c4/(nk) > 1. The normalized growth rate ) =
7/ (kc,) will be proportional to a negative fractional power of
S and much less than unity. Therefore, resistive and inertial
effects are only important within a narrow layer near the reso-
nant surface r,. Outside that layer, the solution can be approxi-
mated by its marginally stable, ideal-MHD limit defined by the
conditions y =n =0, which yield Q =0, B, = iF¢ and

1 ' WG 2} 2mhklg
|:k2(lBlr):| — (l+ﬁﬁw B],~:0. (15)

This radial equation for By, is to be solved subject to a regu-
larity condition at r =0 and an appropriate boundary condi-
tion at the plasma edge » = ry,. In general, one such solution
can be found that is continuous but has a discontinuous
derivative at the mode resonant surface. This discontinuity
defines the tearing mode stability index

B, (rsy) — Bl (1)
Blr(rs)

A=

(16)
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The inner solution in a narrow layer about r =ry takes
into account the resistive and inertial effects and will match
asymptotically the ideal-MHD outer solution, regularizing
its singularity and allowing for a smooth global representa-
tion of the mode. Within this layer, the radial variable x = (r
— rg) <r, is to be used as the argument of the perturbed
quantities, while the equilibrium quantities can be approxi-
mated by their constant values at r =r,. The exception is the
parallel wavenumber function F (9) that vanishes at r=r,
and must be represented by the leading term of its Taylor
expansion

F:MX, (17)
Lp

where Ljp is the magnetic shear length

1 2mk.
— = Jo(rs) + —— 18
o(rs) + k() (18)

which, for a periodic cylinder of length 2R and equilibrium
inverse rotational transform go(r) = rBo./(RBo), is

l Rk2 ! s
R Zq()(r‘z) . (19)
LB I‘Sk(l’s)

The macroscopic lengths, r, Lg, k! and Jo U are formally
ordered as comparable, whereas the microscopic length x
scales as x ~ 0k~ with & ~ S71/43!/* « 1. Then, the radial
derivative of a perturbed quantity within the layer will
be taken as d/dx ~ 6 'k, and only the leading terms as 0
— 0 will be retained. Three additional approximations will
be made. The first one is the “constant-rB;,” (or “constant-
) approximation that neglects (rBj,)’ ~0 but retains
(rB1,)" # 0 in the inner layer equations and is valid pro-
vided A'/k =0(1). The second approximation is the
neglect of k> when compared to y, which is justified by
the anticipated result that the growth rate will be propor-
tional to a fractional (less than one) power of the resistiv-
ity. The third approximation is the restriction to a deeply
subsonic regime, where y < kcg and the fluid perturbation
becomes incompressible with a growth rate independent of
the ratio # = ¢2/c3. This is guaranteed for an “effectively
high-$” characterized by > S~2/°, which is a well satis-
fied condition in most situations of interest. With these
assumptions, the general normal-mode system (12)—(14)
reduces to the singular layer system

k.B sz
yBy, — B, = =20t (z’yé+ Iss Q>, (20)
Lp engm

1BeX . yPmung ., iBog [, yx
T 6 4y ———|Bir
nLy k; ks nLg

~ksBos [ iksBosx?  2k>
+1AAo‘<onx B Z)Q,

m nenoLy  rik?

21
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K2B3 x* 2iBsk? "
<ym,~n0L12; + + enpry k Q Q

_ mBy l’ ymBo‘Y ikyBosx? 2kZ2 ¢
enorsks nLB B reks \ nenogly  rik2 |7

(22)

2np2 .2
ksBOSx
2,272
ne<ngLy

Here, B, is to be considered as a normalizing constant and
the integral [ dxB}, across the singular layer is to be equated
to the macroscoplc jump B, (rs+) — B),(r,=). We have intro-
duced ky; = k(ry) and Bog = Bo(ry) and will use these quanti-
ties for normalization such as ¢ = B3 /(minp),
S =ca/(nks) and 9 =7/ (ksca) in the rest of this section.
Then, (16) and (20) yield the matching condition

k.Bos K
A':XJ de|1 -5 °‘x<§ s Q>] (23)
n By, Lp yenom

Only the parts of ¢ and Q that are odd with respect to x con-
tribute to this matching condition that will determine the
mode dispersion relation, so the terms in (21) and (22) that
drive the even parts of ¢ and Q can be 1 nored here Thus,

introducing the ion skin depth d; = m en ) and the
scaled variables
&= xSV 4k, JLg ', (24)
o Bl
5:0—15 451 4ian(Lg) |k /La|"?, (25)
o Q% e g 12
0= Ws— 145734 kodisign(Lg) |k /Lg|"?, (26)

we can write the system (21)—(23) in dimensionless form as

s
T ety (x +’p)Q i, @27)
di?
d*0 2.
el [(1 + 0?)#* —|—1p0]Q + (o?% —|—1pa)f — 0%, (28)
= $¥434 Ly *D(p, o), (29)
where
D(p,o) = J d)%[l —R(E+ Q)}, (30)

and p and o are two dimensionless parameters that take,
respectively, into account the effects of the cylindrical geom-
etry and the two-fluid physics

24> 2
== , (31)
k2rg IRy (75)]
o =S kd;. (32)

The coupled system (27) and (28) for E and Q can be
diagonalized and its solution can be expressed as the linear
combination of two uncoupled eigenfunctions W., with
appropriately scaled arguments. This solution is
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(=) W (=) ) () W () )
¢= 172
2(140%/4)
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)

(33)

o () 2) = W ()|
0= 2(1+62/4)"/? ’

(34)
where
pe(o) = a/2%(1 + 0% /4)', (35)

and the diagonalizing eigenfunctions W
uncoupled equations

satisfy the

= YW (y) EipWe (y) — ¥ (36)

In terms of these, the function D(p, o) (30) that determines
the dispersion relation (29) becomes

e (0))C(p)
D<p’a)_; 2(1402/4)' 2 G7
where
C:(p)=f dy [l —yW=(y)]. (38)

It is noted that, even if y is complex due to a complex 7, as
will be seen in Secs. V and VI, the integration with respect
to the imaginary part of y does not contribute to Eq. (38) as
long as the integrand is a regular function. Equation (36) has
the Hermite series solution

o0 9—2n+1/2
W (Y )—exp y/ Z (4n+3xip)n

n=!

H2n+1 ()’)7 (39)

where H,, ., are the odd Hermite polynomials. After inte-
grating with respect to y, the ensuing series in (38) can be
summed to arrive at the compact result

I(3/4xip/4)
T(1/4%ip/4)

In summary, we have obtained the following analytic disper-
sion relation for two-fluid, Hall-resistive tearing modes in
cylindrical geometry, in the “effectively high-/3”” incompress-
ible regime:

Cs(p)=12n (40)

N

! 5/4 1/2 2 2LB| 1/2
== S3/4)A1 / |kSLB| / D —er ,Sl/z“;) / ksd,' 5 (41)
N k

where
, 1/2
D(p,0) = 0 2/4 1/2 +Z [ l+o /4 +0/2}
I'(3/4xip/4)
I(1/4%ip/4)" (42)
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Several known results can be recovered as special limits
of this dispersion relation. The single-fluid limit corresponds
to ¢ — 0, hence

(3/4xip/4)
ZF (1/4%ip/4)’ “43)

which is the dispersion relation for single-fluid resistive tear-
ing modes in cylindrical geometry, derived in Ref. 15. For o
— 00, we obtain

[(3/4+ip/4) o2
I'(1/4+ip/4) ’

which is the generalization to cylindrical geometry (i.e., finite
p) of the electron-MHD result derived for the slab geometry
in Ref. 4 and coincides also with Eq. (A10) of Ref. 17 in the
high beta limit without equilibrium pressure gradient. Finally,
the slab geometry limit corresponds to p — 0, hence

I'(3/4) (1+
r'(1/4)

D(p,a>1)=2n (44)

12

D(0,0’)— 2/4)

1/2
>< (1+ 2/4 +a/2} , (45)

which is the slab geometry dispersion relation for Hall-MHD
tearing modes in their high beta regime derived in Ref. 7 and
used in the NIMROD code benchmark of Ref. 10. Equations
(43) and (45) include also the dispersion relation for single-
fluid resistive MHD in the slab geometry limit'*°

) I'(3/4) (46)

D(0,0) = "R

IV. EQUILIBRIUM PROFILES

In order to specify a force-free cylindrical equilibrium
upon which we shall base our numerical calculations, we
consider the following choice of profiles:

Boo(r) = (¢/q0)Bc(r/a) exp (—1* /a®), (47)
12
Bo.(r) = B. |1 &2 +82 (1 r2) < 27‘2>
(r)=B.|1——5+5|-—=Jexp| — = ;
0z 23 g3 \2 & P a?
(48)
2¢ 12>
o) == (1=
O(V) q0a< a2
12
e e ,2) < 2r2) /
23 @3 \2 & *Xp a? ’
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For numerical purposes, we normalize lengths to a, inverse
lengths to al, magnetic fields to B, and time to a/c,., where
c%. = B%/(ming). The thus normalized quantities are denoted
by overbars. We choose the parameters ¢ =0.25, go=0.25,
m=2, and 7"y = 1.5 that satisfy the assumptions of the ana-
lytic dispersion relation. Then, the other parameters result in
p =0.09851, k. = —0.3041, ky = 1.368, Lz = 1.494, and
Bos = 0.7110. The profiles of Bgg, By. and F =k - By are
shown in Fig. 1. It is noted that we have chosen the poloidal
mode number m =2 since, for m=1, A,//;V can be too large
to satisfy the assumption for the analytic dispersion relation
A'Jks = O(1) and, for large m, Ak, can become negative
making the MHD tearing mode stable.'®%°

V. SOLUTIONS OF THE ANALYTIC DISPERSION
RELATION

With the normalizations introduced in Sec. IV, the dis-
persion relation (41) is rewritten as

A =&, P kL] P By PD(p. o). (5D
where

a(y) =7"*n""d;. (52)

(@) 1

08 B,.
0.6
04
0.2 By
0

(b) 2

1.5

=

FIG. 1. Equilibrium profiles: (a) the magnetic field components By and By,
and (b) F =k - By.

Phys. Plasmas 24, 072102 (2017)

14
12 ¢

|ch 08
|m‘i 0.6 [

!

FIG. 2. Numerical result for the outer solution of B ,, Eq. (55).

The growth rate for single-fluid MHD in the slab geometry,
Y0 1s obtained from D(0, 0) as

kB2 v
To= g Co'AkLs ™| 7 (53)
where
_T(3/4)
Co= F(1/4) = (0.3380. 54)

(@) 25
T2
=
.L1'5’
~ 17
=
X 05}

ol | | ~p=0.09851 |

10% 10% 102 10" 10 10

i

(b) 2
o 19] £ =0.09851
X
—_~ 1 |
Ii:
TE 0.5}

0 , L ]

10% 10° 102 10" 10° 10

di
FIG. 3. (a) Growth rates and (b) real frequencies as functions of the ion skin
depth for p=0.09851 (solid lines) and p =0 (dashed lines) obtained from
the analytic dispersion relation (51) for ij = 1077,
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In the present equilibrium, A’ is calculated from the
numerical solution of the outer solution. The equation for
B, in the outer regions is written in the normalized form as

;L:) (mEOZ/f — /gzgog)

1+ L
R

7

o]

5 o

_)_S_M]EU =0. (55)
k 2k

We consider the region 0 <7 < 7.5 =5r; with a fixed

boundary at ry =7.5a. Equation (55) is solved numerically

with a matrix solver, taking the sixth order finite differ-

ences with 100000 intervals, subject to the boundary

conditions
Ell'(Fs_én/z) :B_lr‘(fs+5n/2) EEl/‘s; (56)
El,.(O) = El,.(7.5) =0, &)

where 6, = 107'°. The numerical solution for B, is shown
. . <! .
in Fig. 2 and A’ is calculated as

A= Bfllr(fs + 5n/2)__ B’]r(,‘-s — 0n/2)
Blrs

=0.5428.  (58)

o<<l1

Analytic

FIG. 4. (a) Growth rates and (b) real frequencies as functions of the ion skin
depth for p=0.09851 obtained from the analytic dispersion relation (51)
(solid lines) compared with approximations (dashed lines) for i = 1077, In
(a), the lines for ¢ <1 and ¢>> 1 are obtained from Egs. (59) and (63),
respectively. In (b), the lines for 6 < 1 and ¢>> 1 are obtained from Egs.
(60) and (65), respectively.

Phys. Plasmas 24, 072102 (2017)

After substituting the values of A' (58) and the other
parameters, the dispersion relation (51) is solved numerically
for 7 by root finding methods. Although p =0.09851 is given
by our choice of cylindrical equilibrium, we also consider
the case of p=0 (the slab limit) with the other parameters
fixed in order to examine the cylindrical effect. In the case of
single-fluid MHD (¢ =0), the tearing mode is purely grow-
ing and, taking i = 1077, the growth rate is 5 = 1.782 x107°
for p =0.09851, which shows a slight stabilizing effect of the
cylindrical geometry compared to 7, = 1.784 x 107> for the
slab geometry. Figure 3 shows the dependence of the real and
imaginary parts of 7 on the ion skin depth d; for p =0 and
p=0.09851. The real part of 7 (ie., the growth rate) is
enhanced by the two-fluid effect. The effect of cylindrical
geometry is slightly stabilizing for each value of d;. The imag-
inary part of —y (i.e., the real frequency of the mode) arises
when both of the two-fluid and cylindrical effects exist and
increase with d;. In the slab geometry, a real frequency associ-
ated with the diamagnetic drifts would appear if the equilib-
rium had a pressure gradient.?"**

Since in the present case Re(7) > [Im(y)| and p < 1,
we derive approximations of the growth rate and the real fre-
quency by using the expansions of D(p, o) shown in
Appendix A. The dispersion relation becomes algebraic in
two limits of ¢, 0 < 1, and o> 1. In the case of g < 1, the

(a) 107
102

—~

BN

~—
0]
2

10—3 I

Analytic

d=10"
o<<1 1

107 10 10°  10* 107
7]

FIG. 5. (a) Growth rates and (b) real frequencies as functions of the resistiv-
ity for p =0.09851 and different values of the ion skin depth, d; =0, 1074,
and 10, obtained from the analytic dispersion relation (51) (solid lines) com-
pared with approximations (dashed lines). In (a), the lines for ¢ < 1 and
o> 1 are obtained from Egs. (59) and (63), respectively. In (b), the lines for
0 < 1 and ¢ > 1 are obtained from Egs. (60) and (65), respectively.
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dispersion relation (51) is expanded with the ordering ¢ ~ ¢,
p ~ € and 7;/7, ~ €%, where 7, = Re(y) and 7; = Im(y).
The real and i 1mag1nary parts of the dispersion relation are,
respectively, given by

—/ 2 _ 1/2 3 _ C2
nggl/z ))’5/4 3/4|k LB| / C(]{l _ﬁ[ (VO)]Z + 32p2}
5= 0s
_3/2 (59)
50 _J0 70 ~-—1/27
Yi = 20C10( 70)P ~ 30 Ciii Y=dp
gl 6/5
BOs 1A 1/2 =2/57
= A k L °d;
20 o CO | B| n i, (60)
where
I'(3/4) 1'(1/4)
= — = 1
CTTGm T Tam T ©y
"(3/4) 1"(1/4) 2I'(1/4)
= — =4.786. (62
©=Tem T Tam T © ©

Equation (59) shows small corrections to y, due to ¢ and p.
The second term in the parentheses of the RHS of (59) shows
the enhancement of the growth due to the two-fluid effect.
The third term, on the other hand, shows stabilization due to
the cylindrical effect since C, > 0. Equation (60) shows that
the real frequency appears due to the combination of the

7=107, d. =0

@)

22000 | | i& /‘Bm
0 1 2 3 4 5 6 7
r
(d) 0.03 ¢
im(Q/B,,)
0

!

FIG. 6. Eigenfunctions of (a) B, (b) B, (c) i¢, and (d) O normalized with
B, forij = 1077 and d; = 0 (solid lines). In (a), the outer solution of Fig. 2
(dashed line) is also shown.
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two-fluid and cylindrical effects. In the limit of ¢>> 1, the
dispersion relation (51) (with p >0 and ¢>> 1) is expanded
with the ordering p ~ € and %;/7, ~ €. The growth rate is
then given by

= 2n
A~ 71/2?1,_1/20{ 1/2|kL |1/2 (
kB

2C%+C2p2>.
sD0s

32
(63)

This shows the small correction due to the cylindrical
effect, which is also stabilizing compared to the dispersion
relation for electron MHD in the slab geometry (p =0 and
a>1)?

_ kB(l)/z 121 12
5, = > A'lk,Lg 2d; 64
Y= 27Co | | (64)

The real frequency is given by
G
T 4

k Bl/2
= o NIkLs 7'2d;"p. (65)

Figure 4 shows the dependence on the ion skin depth d;
of the real and imaginary parts of 7 (now in logarithmic
scales), compared with the approximations for ¢ < 1 and

77—10*7 d, =10
@4 | N ( /Bm)
im(B, /B,,)
0 —
o 1 2 3 4 5 6 7
r
()2 Im(Em /Bm)
1 Re(B, /B,)
0 N ——
0 1 2 3 4 5 6 7
r

FIG. 7. Eigenfunctions of (a) B, (b) B, (c) i¢, and (d) O normalized with
B, forj = 107 and d; = 10 (solid lines). In (a), the outer solution of Fig.
2 (dashed line) is also shown.
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o> 1. The dispersion relation (51) is well approximated by
Egs. (59) and (60) for d; <0.03 and by (63) and (65) for
d; > 10. Figure 5 shows the dependence of the real and
imaginary parts of 7 on the resistivity 77, compared with the
approximations for ¢<1 and ¢>1. For d;=0 and
d; = 107*, the growth rate is well approximated by (59) that
yields the single-fluid MHD scaling 7, o< i°/3, whereas for
d; = 10 it is well approximated by (63) that yields the elec-
tron MHD scaling 7, o #'/2. For d; = 0, the real frequency
is zero, for d; = 10* it is well approximated by (59) that
yields a scaling proportional to 7%/°, and for d; = 10 it is
well approximated by (63) that yields a scaling proportional
to ﬁl/z. Thus, we conclude that 107 < d; < 10 covers the
range of ion skin depths of interest to show the two-fluid
effects on the tearing instability in cylindrical geometry, for
the present set of equilibrium parameters.

VI. NUMERICAL EIGENMODE ANALYSIS

In order to compare the results derived from the analytic
dispersion relation with those obtained with a fully numeri-
cal approach, we solve numerically the complete set of
normal-mode equations on a sufficiently fine mesh that
resolves the fine-scale singular layer and yields the global
eigenfunctions. For convenience in the numerical analysis,

7=10", d, =0

(@) |

im(Q/B,,)

012 3 456 7
r

FIG. 8. Eigenfunctions of (a) B, (b) B, (c) i¢, and (d) O normalized with
B, forij = 1073 and d; = 0 (solid lines). In (a), the outer solution of Fig. 2
(dashed line) is also shown.
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we solve the eigenmode equations for (i, B\, B1g) instead
of Egs. (12)—(14) and calculate £ and Q using the relations

&=, /7, (66)

_ im? (, Bl,.) m - imly -
=——| B, ——B By,. 67
¢ e\ ) T et e ©n

i1,(0) = B1,(0) = B14(0) = 0, (68)
i1,(7.5) = B1,(1.5) =0, (69)
0(7.5) =0. (70)

The condition (69) is the fixed boundary condition for radial
perturbations. We use the condition (70) on Q only as a
boundary condition at 7 = 7.5. The eigenmode equations for
(ﬁl,.,E B 19) are numerically solved to obtain eigenvalues
of 7 and eigenfunctions. We discretize the variables by tak-
ing the sixth order finite differences with 100 000 intervals
in the region 0 <7 < 7.5 with the boundary conditions
(68)—(70) to obtain a matrix equation. We find the eigen-
value of } that satisfies the equation that the determinant of
the matrix of the coefficients is zero. Substituting this solu-
tion of 7, the matrix equation is solved to obtain the eigen-
functions. We choose f =0.1 as a high beta value.

7=10", d =10
(a) 1 l{e(Elr /Elrs)
m(B, /B,

0/B,,)
'03 ‘ /RC(Q_/ _I(ﬂs) ‘
O 1 2 3 4 5 6 7

FIG. 9. Eigenfunctions of (a) B, (b) B, (c) i¢, and (d) O normalized with
B, forj = 1073 and d; = 10 (solid lines). In (a), the outer solution of Fig.
2 (dashed line) is also shown.
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Figures 6-9 show the eigenfunctions normalized to
B,y = By, (F;) for different values of ij and d;. In (a) of Figs.
6-9, the By,/B1,s eigenfunctions agree well with the outer
solution of Fig. 2 in the outer region. For the single-fluid
MHD cases (d; = 0, Figs. 6 and 8), By, /B1,s and i¢ /B, are
real, and Big/By,, and Q/Bi, are imaginary. They all
become complex due to the two-fluid effect (see Figs. 7 and
9). Figure 10 shows the variation of the real and imaginary
parts of j with the ion skin depth d; for i = 1077, as
obtained from the fully numerical solution of the eigenmode
equations and compared with the analytic dispersion relation.
There is excellent agreement in the range 107 < d; < 10.
Figure 11 shows the variation of the real and imaginary parts
of 7 with the resistivity 77, compared with the analytic disper-
sion relation. As expected, the agreement deteriorates with
increasing 77 since the analytic result is based on the asymp-
totic matching method of a singular perturbation theory for
1 — 0 and requires that the diffusive part of the perturbation
be localized within an infinitesimally narrow layer around
the resonant surface. This is illustrated in the single-fluid
MHD case (d; = 0) by Figs. 6(c) and 8(c) which show how
the ¢ eigenfunction for 7 = 10~/ is much narrower than for
=102

In order to further clarify the structure of the two-fluid
tearing eigenfunctions and their parametric dependences on
the resistivity and the ion skin depth, as well as the

(a)

Analytic Numerical

107

104 102 10" 100 10
7

1

1073

Numerical

Analytic

FIG. 10. (a) Growth rates and (b) real frequencies as functions of the ion
skin depth obtained numerically from the eigenmode equations (points)
compared with the analytic dispersion relation, same as Fig. 4 (solid lines)
forij = 107",
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parametric dependence of the growth rate eigenvalue, we
calculate the eigenfunctions ¢ and O that determine the ana-
lytic dispersion relation of Sec. III from the eigenfunctions &
and Q and the eigenvalue of 7 of the numerical solution. The
two representations are related by

.zodd
14 L ~1/2 . =\ ==
&= T(n*/)l/“Béﬁlegn(LB) ks/Lol?, (71
_ ~odd
rSQO =1/2

745342 d B sign(Ly) [k /Lg%, (72)

—odd ~odd .
where £ and QO are extracted using

f"“%fhw, 0<F<2r, f=&0.

(73)

In (a)—(d) of Figs. 12 and 13, Re(&) is dominant when d; is
small while, in (a)—(d) of Figs. 14 and 15, Re(Q) is dominant
when d; is large. As d; increases, the width of Re(Q)
decreases, while the width of Re(¢) increases. These behav-
jors are the same as in the slab geometry.” As pointed out in
Refs. 2 and 7, the inner solutions of two-fluid tearing mode
vary on two length scales. These scale lengths are for o> 1

as in Ref. 7

(a)10-1
5 Analytic
10° ¢
T~
Z10° |
4 Numerical
10
107 : : ‘
107 10° 100 10* 103
n
b ‘ : :
( )1 0'3 P Analytic 3
10 _dl_/zlo//)/_
—~1n5
b106 ] Numerical ]
E£10
I -7
10 Analytic
108 =
1 0_9 ™ Numerical
107 10° 100 10* 103
n

FIG. 11. (a) Growth rates and (b) real frequencies as functions of the resis-
tivity for p=0.09851 and different values of the ion skin depth, d;=0,
10~*, and 10, obtained numerically from the eigenmode equations (points)
compared with the analytic dispersion relation, same as Fig. 5 (solid lines).
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dy = do[o(7,)] ', (74)

dy ~ do[‘f@r)]l/27

75

do ~ S~V/491* |k /Lg| 12 7
Equations (74) and (75) give, respectively, the scale lengths
associated with the magnetic diffusion and two-fluid effect,
such that d; < dy<d,. The diffusion in the narrower scale
width enhances the growth of the tearing mode.? Since the
diffusive length scale of O for d; = 10 is narrower than that
of 5 ford; =0ord; =107%, the Q diffusion is dominant at
large d;. This explains the better agreement between the ana-
lytical and numerical growth rates at large # and d;, com-
pared to the same # but smaller d;. Equation (74) also shows
that cases with smaller # and larger d; require higher spatial

7=10"7, d.=0,10"
(a) 0.5F | | |
0
-0.5 ¢ . . .
14 145 15 155 1.6
3
b) 1x10° | ' 2 ]
(b) tm (é)
0
-1x10° - ‘ ‘
14 145 15 155 16
_7 N ]
(C) 3x10 RC(Q)
; [
-3x107 | ‘ | .
14 145 15 155 1.6
3
5 . —
(d) 2x10 Im(Q)
0
-2x107° ‘ .
14 145 15 155 1.6
3
(e) 0.003f A Re(Q/cz)
y [
-0.003 | . | .
14 145 15 155 1.6
3
0.25¢ - ——
(0 im(Q/d,)
0
-0.25 L ‘ - ‘ —
14 145 15 155 1.6

r

FIG. 12. (a) Re(¢), (b) Im(¢), () Re(Q), (d) Im(Q), (¢) Re(Q/dy), and (f)
Im(Q/d;) for d; = 0 (dashed lines), d; = 10~* (solid lines) and 7 = 1077
obtained from the numerical solution.
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resolution of calculation. The numerical code used in this
study had good resolution up to 17 = 10 and d; = 10.

Figures 12—15 also show that g and Q have imaginary
parts that do not exist in the slab geometry.” Approximations of
% and Q for g ~ p ~ €< 1 can be obtained by expanding Egs.
(33) and (34) with respect to ¢ and p as

R ) o) —2n+1/2
= £2/2 nz: Gn T 9 zn+1(x)
. 2 2
Ipo . 1Y o -
x [14-——10 +—F 42 ,
(4n+3) 2an s %W
R L& 2 (76)
0 ~aexp (—%%/2) 27(4’1 n 3)n!H2n+l()3)
o R ip
y [4 0\0) ;- 3], (77)
~ N X dH2n+l
0 =14+ , 78
1 i Hy, (%) dx (78)
~2 2
d*H,,
0,(8) =1+84+—> 21 (79)

Equations (76) and (77) show that the imaginary parts of
both ¢ and Q appear due to the combination of two-fluid
and cylindrical effects. Equation (77) also shows that the

Re(f)

0O 05 1 156 2 25 3

(c) 1x10'§ Ré(Q)’
axt08 . V
0 05 1 15 2 25 3
r
(d) 1x10'§' | rrr{(Q) :
-1x10° ¢

00.51152253
3

FIG. 13. (a) Re( ), (b) Im( ), (¢) Re(Q) and (d) Im(Q) for d; = 0 (dashed
lines), d; = 10~ (solid lines), and i = 10 obtained from the numerical
solution.
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7=10"7, d =10
(a) 0.02f ' ' '
0
-0.02 ¢ , , , ,
0O 05 1 15 2 25 3
0.002 5 —
(b) m(&)
0
-0.002 : : : :
0O 05 1 15 2 25 3
7
(c) 10 F '
0
-10 t . . .
149 1495 15 1505 1.51
7
(d) o5} Im(Q) 1
0
-05¢ ,
1.505 1.51

1.49 1.495 1.5
v

FIG. 14. (a) Re(&), (b) Im(&), (¢) Re(Q), and (d) Im(Q) for d; = 10 and
ii = 1077 obtained from the numerical solution.

7=10", d,=10

(@ 0.05}
o L
005 N
0 05 1 15 2 25 3
7
(b) 0.01F -
0l -
001 N 1@(5)
0 05 1 15 2 25 3

FIG. 15. (a) Re(&), (b) Im(&), (c) Re(Q), and (d) Im(Q) for d; = 10 and
77 = 107? obtained from the numerical solution.
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imaginary part of 0 /o (i.e., Q) appears due to the cylindrical
effect even in the single-fluid MHD case. Equations (76) and
(77) are compared with the numerical eigenfunctions in Figs.
12 and 16 for small values of d; and a: ¢ ~ 0, 0.0013 and
0.13, and d; = 0, 107*, and 10~ 2. In (a) of Figs. 12 and 16,

Re(¢) is dominant and does not much depend on d;, in
agreement with Eq. (76) that tells that Re(&) is of order unity
and the two-fluid effect is second-order. In (b) of Figs. 12
and 16, Im(%) is proportional to d; but much smaller than the
first-order of Re(é), in agreement with Eq. (76) that tells that
Im(%) is proportional to po. Figures 12(e) and 16(c) show
that Re(Q/d;) is proportional to d; and comparable to the
first order of Re(%), in agreement with Eq. (77) that tells that
Re(Q/0) is proportional to only ¢. Figures 12(f) and 16(d)
show that Im(Q/d;) is finite even for d; = 0 and does not
much depend on d;, in agreement with Eq. (77) that tells that

Im(Q /o) is proportional to only p.

VIl. SUMMARY AND DISCUSSION

Using singular perturbation boundary layer techniques,
we have derived analytically a two-fluid tearing mode disper-
sion relation for force-free equilibria in a plasma cylinder of
the finite aspect ratio. This dispersion relation shows the varia-
tion of the growth rate and the real frequency of the mode
with the ion skin depth and includes previous theories as spe-
cial limits. We have found that the growth rate is slightly
reduced relative to the slab geometry result due to the cylin-
drical curvature effect and that the real frequency appears due
to the combination of the two-fluid and cylindrical effects.
Scaling laws for the real frequency and the growth rate as
functions of the resistivity have been obtained by expansion

7=10"7, d =107

(a) 0.5F i N
0 Re(f)
-0.5¢ . . .
1.4 1.45 1.5 1.55 1.6
7
0.001F ' 2\ ]
0
-0.001 t

14 145 15 155 1.6

(c) 0.3}
0

-0.3 ¢t . . 1
1.4 1.45 1.5 1.55 1.6

(d) 0-25' | Wlk m(0/d) |
-0.25 ¢ : - : ]

14 145 15 155 1.6

7

FIG. 16. (a) Re(&), (b) Im(&), (c) Re(Q/d;), and (d) Im(Q/d;) for d; =
10~2 and 77 = 1077 obtained from the numerical solution.
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of the dispersion relation in different asymptotic limits of the
ion skin depth. We have also solved numerically the complete
set of normal-mode equations and we have compared the
results with those from the analytic dispersion relation for a
wide range of resistivity and ion skin depth values. The agree-
ment is uniformly good for the dependence on the ion skin
depth and the agreement with regard to the dependence on the
resistivity improves for smaller resistivity and larger ion skin
depth. We have analyzed the two-fluid and cylindrical effects
on the numerical eigenfunctions in comparison with the inner
solutions of the boundary layer theory and shown that the
imaginary parts of the solutions arise due to the combination
of two-fluid and cylindrical effects.

In the present results, the real frequency is small com-
pared with the growth rate. Equations (59), (60), (63), and
(65) suggest that this is due to the small value of p in the
considered equilibrium and that the real frequency could be
comparable to the growth rate and large enough to be
observed in other simulations'> when p ~ 1. A parametric
study of the dependence on p, consistent with a set of differ-
ent equilibrium profiles, will be shown elsewhere.
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APPENDIX A: EXPANSIONS OF D(p, o)

For arbitrary p and ¢ < 1, the expansion of D(p, ), Eq.
(42), with respect to ¢ up to the second order is

F<3+ip> r<3—i">
b B 47y a4, 3,
(p,o)=m + ——0
47" 4 '
3 . 3 p
r<-+l_) r(__l_)
+% 4 4 M 400 (A1)

1 p 1 p
r(-+2) r(=-i%
(4“4) (4 ’4)

For p <1 and arbitrary o, the expansion of D(p, o), Eq.
(42), with respect to p up to the second order is

Phys. Plasmas 24, 072102 (2017)

1/2
nCo a2 172 o
D(p,0) = NE I+7) +3
1+ —
(1)
iCy C 5,
><<1+ 1 +32p>

1/2
o ic, G,
_Z 1=ty =2
2] ( 4 er32”)

(A2)

For p ~ ¢ < 1, the expansion of D(p, ¢) with respect to p and
o up to the second order is obtained from (A1) or (A2) as

3 C c
D(p,0) = 27rC0<1 -5 +’1—6‘ap +3;p2). (A3)

For p <1 and the limit of o> 1, the expansion of D(p, o)
with respect to p is obtained from (44) or (A2) as
o 27IC() ( iC 1

C2 2

(A4)
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