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Propagation properties of an optical vortex with a helical wavefront in cold uniform magnetized plasma are theoretically
investigated in an electron cyclotron range of frequencies. The effects of the helical wavefront of the optical vortex on
the wave fields in magnetized plasma are described. These effects become significant as the topological charge of the
optical vortex increases or the distance from the phase singularity point becomes small. The different properties of
propagation are also confirmed in propagation of Laguerre-Gaussian beams by three-dimensional simulations with the
finite element method.

I. INTRODUCTION

Radiofrequency (RF) waves are widely employed for heat-
ing, current drive, and diagnostics in magnetic fusion plasma.
Knowledge of the propagation properties of RF waves in mag-
netized plasma is fundamental to designs of RF systems such
as launching antennas. The propagation properties of RF
waves conventionally originate from a plane wave. In other
words, the phase of the wave fields is assumed to be k · r−ωt,1

where k, r, ω, and t denote a wave vector, a position vector,
an angular frequency, and time. This expression is a simple
way, adopted in many textbooks, to introduce this topic, al-
though advanced methods for the description of wave beams
in dispersive media have progressed.2

Recently, it is theoretically demonstrated that a single free
electron in circular or spiral motion emits twisted photons car-
rying orbital angular momentum (OAM) along the axis of the
electron circulation, in addition to spin angular momentum.3

It is found that the radiated wave field has a phase term repre-
sented by lφ + kzz − ωt, where l is the topological charge and
φ is the azimuthal angle around the propagation axis z. The
wave with a helical wavefront is commonly called an optical
vortex. An optical vortex was originally discussed regarding
a special mode of electromagnetic waves called the Laguerre-
Gaussian (LG) mode,4 and was conventionally considered to
be produced artificially with optical elements.5 However, the
twisted photons are naturally emitted by cyclotron motion of
electrons and are more ubiquitous in laboratories and in nature
than ever thought.6–8

Naturally, questions arise as to how an optical vortex prop-
agates in magnetized plasma and whether the unique property
of the helical wavefront is beneficial to heating, current drive,
or diagnostics in magnetic fusion plasma.9–11 In this paper,
propagation properties of an optical vortex are discussed theo-
retically and numerically for an electron cyclotron (EC) range
of frequencies in cold uniform magnetized plasma. Section II
theoretically describes propagation properties of EC waves
with helical wavefronts in cold uniform magnetized plasma.
Results on three-dimensional (3D) simulations for propaga-
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tion of LG beams are presented and discussed in Sec. III. Sec-
tion IV summarizes this paper with a future outlook.

II. PROPAGATION PROPERTIES OF AN EC WAVE WITH A
HELICAL WAVEFRONT IN COLD UNIFORM MAGNETIZED
PLASMA

A. Wave with a helical wavefront

The Maxwell equations in magnetized plasma are given by

∇ × E = −∂B
∂t
,

∇ × B = µ0

(
j + ε0

∂E
∂t

)
.

(1)

Assuming a monochromatic wave in time represented with the
term e∓iωt and using the dielectric tensor operator εr, which is
given later, in magnetized plasma, Eq. (1) can be rewritten as

∇ × (∇ × E) − k2
0εr · E = 0, (2)

where k0 is the wavenumber in the vacuum. In contrast to a
plane wave, one should start with a sufficiently general ansatz
for the wave field of an optical vortex. The electric field of an
optical vortex is assumed to be given by

E(r, φ, z) =
1
2

{
Ẽ(r, φ, z)αr|l| exp[i(lφ + ψ(r, φ, z) − ωt)] + c.c.

}
=

1
2

{
Ẽαr|l| exp[i(lφ + ψ − ωt)]

+Ẽ∗α∗r|l| exp[i(−lφ − ψ∗ + ωt)]
}
,

(3)

where

ψ(r, φ, z) =
∫ z

0
kz(r, φ, z′)dz′

is a complex-valued phase function with kz = ∂zψ the z com-
ponent of the local wave vector. Here, the solution for kz is
in the end a complex-valued function of both r and φ. The
electric field amplitude Ẽ is complex vector-valued, which in-
cludes the polarization. A constant α is to arrange the unit of
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the electric field. Then, E becomes a real electric field vector.
When Ẽ and kz are constant on space, this simple form of the
optical vortex satisfies the Maxwell equations in the vacuum
without any approximation.12 Due to the factor, r|l|, the am-
plitude at the phase singularity point, i.e., at r = 0, is zero,
which is a requirement of optical vortices. Here, by putting
s = αr|l| exp[i(lφ + ψ − ωt)],

εr(ω) · E = 1
2

{
εr(ω) · Ẽs + ε∗r (−ω) · Ẽ∗s∗

}
can be obtained based on the identity εr(ω) = ε∗r (−ω) which
is satisfied by the cold plasma dielectric tensor. The complex
conjugate s∗ corresponds to the angular frequency −ω.

The standard approach in complex eikonal theory requires
that the amplitude Ẽ is weakly varying. In ordering assump-
tions, there is a characteristic scale length L0 such that

ϵ =
λ0

L0
≪ 1, (4)

and

|∇Ẽσ|
|Ẽ|

∼ 1
L0
,
|∇ × (∇ × Ẽ)|

|Ẽ|
∼ 1

L2
0

,

for all components σ = x, y, z. Here, λ0 is the wavelength
in the vacuum. In uniform plasma where both a static mag-
netic field and electron density are constant on space, the scale
length L0 is defined by the variations of the amplitude Ẽ and
the short wavelength condition given by Eq. (4). Then, let us
perform

∇Eσ ≈
1
2

{
i
(
−i
|l|
r
∇r + l∇φ + kz∇z

)
Ẽσs

−i
(
i
|l|
r
∇r + l∇φ + k∗z∇z

)
Ẽ∗σs∗

}
=

1
2

{
i
(
−i
|l|
r

er +
l
r

eφ + kzez

)
Ẽσs

−i
(
i
|l|
r

er +
l
r

eφ + k∗z ez

)
Ẽ∗σs∗

}

=
1
2

i


−i

|l|
rei sgn(l)φ ex

+
l

rei sgn(l)φ ey

+kzez

 Ẽσs − i


i
|l|

re−i sgn(l)φ ex

+
l

re−i sgn(l)φ ey

+k∗z ez

 Ẽ∗σs∗

 .
(σ = x, y, z)

This formula suggests that the “wave vector” of the optical
vortex with a helical wavefront can be expressed as

k = −i
|l|
r
∇r + l∇φ + kz(r, φ, z)∇z

= −i
|l|
r

er +
l
r

eφ + kzez

= −i
|l|

rei sgn(l)φ ex +
l

rei sgn(l)φ ey + kzez.

(5)

Clearly, there is a singularity at r = 0 in both the first two
terms on the right-hand side. In the ordering assumptions, the

phase singularity is a delicate point. A simple approach here is
to exclude the propagation axis r = 0. The description of the
wave field is restricted in the region r ≥ r0 > 0. In the region
r ≥ r0, a natural approach would be to look for a solution such
that

|k| ∼ |kz| ∼ k0 =
2π
λ0
, |∇kσ| ∼

k0

L0
,

for all components σ = x, y, z. Since it can be written that

|k|2 = 2l2

r2 + |kz|2 ≤
2l2

r2
0

+ |kz|2,

the condition |k| ∼ 2π/λ0 leads to

|kz| ∼ k0 =
2π
λ0
,

and

l2

r2
0

≤ 4π2

λ2
0

,

∴ r0 ≥
|l|
2π
λ0. (6)

For the gradients of the complex wave vector, it can be written
that

∇k =
∂kz

∂r
∇r ⊗ ∇z +

∂kz

∂φ
∇φ ⊗ ∇z +

∂kz

∂z
∇z ⊗ ∇z

+ i
|l|
r2∇r ⊗ ∇r + l∇∇φ − i

|l|
r
∇∇r,

and ∇∇r ∼ 1/r, ∇∇φ ∼ 1/r2. Here, the symbol ⊗ denotes the
dyadic operator. In order to enforce |∇kσ| ∼ k0/L0, it must be
assumed that∣∣∣∣∣∂kz

∂r

∣∣∣∣∣ ∼ k0

L0
,

∣∣∣∣∣∂kz

∂φ

∣∣∣∣∣ ∼ k0r0

L0
,

∣∣∣∣∣∂kz

∂z

∣∣∣∣∣ ∼ k0

L0
,

as well as that

|l|
r2

0

≤ k0

L0
.

This gives a second condition on r0, namely,

r2
0 ≥
|l|
2π
λ0L0. (7)

From Eqs. (6) and (7) in the ordering assumptions, one should
choose

r0 = max

 |l|2π
λ0,

√
|l|
2π
λ0L0

 , (8)

which depends on both the topological charge l and the choice
of L0. At last, it can be written

∇s = i
[
k +

∫ z

0

(
∂kz(r, φ, z′)

∂r
∇r +

∂kz(r, φ, z′)
∂φ

∇φ
)

dz′
]

s,



3

and the integrals are estimated by

δk =
∫ z

0

(
∂kz(r, φ, z′)

∂r
∇r +

∂kz(r, φ, z′)
∂φ

∇φ
)

dz′

∼ k0
|z|
L0
.

Hence δk can be neglected as compared to k only for a small
propagation distance,

|z| ≪ L0.

It should be noted that this is an ad hoc assumption introduced
here in order to reduce the problem to an algebraic equation
rather than a partial differential equation.

Now the contributions to the wave equation can be com-
puted such that

∇ × E =
1
2

[
∇s × Ẽ + s∇ × Ẽ + c.c.

]
,

and

∇ × (∇ × E)

=
1
2

[
{k ⊗ k − (k · k)I} Ẽs + O(k2

0ϵ) + O
(
k2

0
|z|
L0

)
+ c.c.

]
,

(9)

where I denotes the identity tensor.
The wave vector given by Eq. (5) denotes the local propa-

gation direction at each position r exp[i sgn(l)φ]. The propa-
gation direction of the optical vortex “as a beam” is given by
the averaged k on φ from 0 to 2π, i.e.,

kz = k̄ ≡ 1
2π

∫ 2π

0
kdφ =

(
1

2π

∫ 2π

0
kzdφ

)
ez ≡ k̄zez.

If the field line of the wave vector k is traced in space, the
helical structure appears. In the eikonal approximation, i.e.,
Eσ ∝ exp[iS (r, φ, z)], where S (r) expresses the phase front
structure expressed as

S (r) = −i|l| log r + lφ + ψ,

∇S (r) ≈ k = −i
|l|
r
∇r + l∇φ + kz∇z,

exp[iS (r)] = r|l| exp[i(lφ + ψ)].

This approximation can be called “vortex optics” as a refer-
ence to “geometrical optics” in plane waves. The description
of vortex optics can provide a good insight to the propagation
properties, but the description is limited under the ordering
assumptions. The wave vector k of a plane wave should be in
one direction in the Cartesian coordinates. However, the di-
rection of k of the wave with a helical wavefront should be ro-
tated. Ray-tracing can be applied to vortex optics in the same
way as geometrical optics. The picture of ray-tracing in vortex
optics will match that of a photon rotating around the propaga-
tion axis, carrying OAM. Figure 1 shows a schematic diagram
of propagation of the optical vortex. The depicted equiphase
plane shows a helical wavefront along with a twisted photon

PhotonWavefront

Wave vector

FIG. 1. Schematic diagram of propagation of an optical vortex with
a helical wavefront along with a twisted photon with OAM.

with OAM, in contrast to a flat wavefront of a plane wave
without OAM. If the electric field E does not include the am-
plitude factor r|l|, the radial derivative of E is zero under the
ordering assumptions. This is not real in the description of
optical vortices around the phase singularity. Therefore, the
local wave vector k in the eikonal approximation should con-
tain the term in the r direction even if it is imaginary. If the
amplitude Ẽ is assumed to be slowly varying and the paraxial
approximation is applied, the LG beam will be obtained from
Eq. (2).

B. Telegraphic equation in cold plasma

The wave field written in Eq. (3) is appropriate to study
propagation properties of optical vortices in cold uniform
magnetized plasma. Since the plasma has been presumed to
be simply uniform and homogeneous in both space and time,
the wave electric field is assumed in the Cartesian coordinates
system (x, y, z) to be written as

E =
1
2

{
Ẽα(r′)|l| exp[i(lφ′ + ψ′ − ωt)] + c.c.

}
, (10)

where

r′ =
√

(x′)2 + (y′)2, φ′ = tan−1 y′

x′
,

ψ′ =

∫ z′

0
kz′ (r′, φ′, z′′)dz′′,x′

y′

z′

 =
cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ


x
y
z

 .
The coordinate system is defined as shown in Fig. 2. The
static magnetic field B0 is directed in the z direction. The op-
tical vortex propagates in the z′ direction, which lies in the x-z
plane. The propagation angle θ is the angle between B0 and
the averaged wave vector k̄ = k̄z′ez′ , where the wave vector is
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FIG. 2. Coordinate system. The static magnetic field B0 is chosen to
be in the z direction. The optical vortex propagates in the z′ direction,
which lies in the x-z plane.

redefined in the coordinate system as

k = kr′ + kφ′ + kz′ ,

kr′ = −i
|l|
r′

(cosφ′ cos θ, sinφ′, − cosφ′ sin θ),

kφ′ =
l
r′

(− sinφ′ cos θ, cosφ′, sinφ′ sin θ),

kz′ = (kz′ sin θ, 0, kz′ cos θ),

k̄z′ =
1

2π

∫ 2π

0
kz′dφ′.

The wave field can also have a parallel component to the prop-
agation direction z′ even in the vacuum, although a plane wave
is a transverse wave without a parallel component to the prop-
agation direction.

Since the linear form of the equation of motion is the same
as that in the case of a plane wave,1,13 the cold plasma dielec-
tric tensor is given by

εr(ω) =

 S (ω) −iD(ω) 0
iD(ω) S (ω) 0

0 0 P(ω)

 , ε∗r (−ω) = εr(ω), (11)

where the dielectric tensor elements S , D, and P are the same
notation of Stix.1,13

Then, using Eq. (9), the telegraphic equation Eq. (2) can be
written in the Cartesian coordinates as

1
2

[
Λ(ω, k) · Ẽs′ + Λ∗(−ω, k) · Ẽ∗(s′)∗

]
= 0, (12)

where

Λ(ω, k) ≡ k ⊗ k − (k · k)I + k2
0εr(ω),

s′ ≡ α(r′)|l| exp[i(lφ′ + ψ′ − ωt)].

The tensor Λ is the standard cold-plasma tensor evaluated at
the complex wave vector k. The first two terms of the ten-
sor Λ are symmetric but Λ is not a Hermitian tensor. This
characteristic is caused by the complex k. Therefore, the heli-
cal wavefront structure is expected to produce different prop-
agation properties in comparison to a plane wave. It is also

important to notice that Eq. (12) does not simply account for
dispersion, but it also includes diffraction effects, as shown in
Appendix A. Since Λ is not a Hermitian tensor, the eigen-
values are not always real numbers and the eigenvectors are
not always orthogonal to each other. The determinant of each
coefficient matrix of Eq. (12) should be zero in order to have
a non-trivial solution. By using n = (c/ω)k, where n is the
refractive index,

det [n⊗ n− (n · n)I + εr] = 0 (13)

expresses the solvability condition for Eq. (12). With the com-
plex wave vector k under the ordering assumptions, Eq. (13)
can be treated simply as an algebraic equation. When the wave
is a plane wave, i.e., l = 0, Eq. (13) is reduced to the disper-
sion relation with a plane wave.

The Poynting vector of a monochromatic electromagnetic
wave with complex n is written as

S =
1
µ0

E × B

≈ 1
4cµ0

{
|Ẽ|2(n+ n∗) − (Ẽ∗ · n)Ẽ − (Ẽ · n∗)Ẽ∗

}
× |α|2(r′)2|l|e−2 Imψ′ .

(14)

Here, E × B means that the second harmonic oscillating terms
are annihilated by the time average. In other words, S is eval-
uated in the average over a period in time. The derivation
is shown in Appendix B. Divergence of the Poynting vector
gives the source or the sink of the electromagnetic wave en-
ergy, which is written as

∇ · S ≈ −k2
0
|α|2(r′)2|l|e−2 Imψ′

2µ0ω
Ẽ∗ · εa

r · Ẽ = 0,

where the last equality holds for a loss-less medium (εa
r = 0).

The derivation is also shown in Appendix B. This equa-
tion shows that the electromagnetic wave energy is conserved
when εr is Hermitian. This energy conservation is satisfied
even if n is complex due to the helical wavefront structure.

C. Parallel propagation

Two special cases are discussed in more detail in the fol-
lowing: (i) parallel propagation and (ii) perpendicular propa-
gation. Firstly, in the case of parallel propagation, i.e., θ = 0,
the solvability condition Eq. (13) becomes

det

 S − n2
z − n2

l −iD − i sgn(l)n2
l −inlnz

iD − i sgn(l)n2
l S − n2

z + n2
l sgn(l)nlnz

−inlnz sgn(l)nlnz P

 = 0,

where

nl ≡
c
ω

|l|
r′ei sgn(l)φ′ , r′ = r =

√
x2 + y2, φ′ = φ = tan−1 y

x
.

The refractive index nz′ = nz can be obtained as

(n2
z − R)(n2

z − L) = 0,

∴ n2
z = R (≡ S + D), L (≡ S − D),
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FIG. 3. The z components of the refractive index for (a)(b) the R
wave and (c)(d) the L wave as a function of ω2

pe/ω
2.

which are the eigenmodes for the so-called right-handed or
the so-called left-handed circularly polarized waves (R or L
waves) in the magnetized plasma. Figure 3 shows an example
of the z components of the refractive index for the R wave and
the L wave as a function of ω2

pe/ω
2 ∝ ne, where ωpe and ne de-

note the angular plasma frequency for electrons and the elec-
tron density. In these calculations, the static magnetic field
strength B0 is set 2 T for f = 77 GHz,14 thus ωce/ω = 0.73,
where ωce denotes the angular EC frequency. The z compo-
nents of the refractive index is the same as in the case of a
plane wave.

However, resultant electric field polarizations are different
as follows. In the case of the “vortex” R wave, n2

z ≡ n2
R = R,

the electric field components are

ẼR = [1, i, 0]Ẽx (l ≥ 0),

ẼR =

1, i
PD + n2

l (P − n2
R)

PD − n2
l (P − n2

R)
,

2i
nlnRD

PD − n2
l (P − n2

R)

 Ẽx (l < 0),

while in the case of the “vortex” L wave, n2
z ≡ n2

L = L, the
electric field components are

ẼL =

1, −i
PD − n2

l (P − n2
L)

PD + n2
l (P − n2

L)
,

2i
nlnLD

PD + n2
l (P − n2

L)

 Ẽx (l ≥ 0),

ẼL = [1, −i, 0]Ẽx (l < 0).

Here, Ẽx is the amplitude but it is not determined only from
Eq. (12). The amplitude can be determined with a boundary

condition such as a launching antenna where the electric field
is excited. Both waves satisfy

∇ · D ≈ 1
2

[
ik ·

{
ε0εr(ω) · Ẽs

}
− ik∗ ·

{
ε0ε
∗
r (−ω) · Ẽ∗s∗

}]
= 0,

although ẼR · Ẽ∗L , 0. For the right-handed optical vortex with
l > 0, the vortex R wave is the pure R wave, but the vortex L
wave has a parallel component and is not a left-handed circu-
lar polarization, which is different from the pure L wave. For
the left-handed optical vortex with l < 0, the vortex L wave is
the pure L wave, but the vortex R wave has a parallel compo-
nent and is not a right-handed circular polarization, which is
different from the pure R wave. Thus, the polarization of the
vortex waves should be expressed in 3D.

The property of energy flux conservation in cold uniform
magnetized loss-free plasma can be found in plots of S in
Eq. (14). Figure 4 shows electric field strength of each com-
ponent for the vortex R waves and the vortex L waves aver-
aged on φ as a function of ω2

pe/ω
2 in the cases of l = 1 and

l = −1, respectively, at r = 5λ0. Each electric field com-
ponent of a plane wave is also shown for comparison. The
dependence of each electric field component on φ is shown in
Fig. 5. The Poynting vectors as a function of ω2

pe/ω
2 in these

cases are shown in Fig. 6. Here, the scale length L0 is cho-
sen to be L0 = 100λ0, which satisfies the validity conditions
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FIG. 4. Electric field strength of each component for (a)(c) the vortex
R waves and (b)(d) the vortex L waves averaged along φ (see Fig. 5)
as a function of ω2

pe/ω
2 in the cases of (a)(b) l = 1 and (c)(d) l = −1,

respectively, at r = 5λ0, and those for the conventional R and L waves
of a plane wave for comparison.
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FIG. 5. Electric field strength of each component for (a-c) the vortex
L wave for l = 1 and (d-f) the vortex R wave for l = −1 as a function
of ω2

pe/ω
2 and φ at r = 5λ0.
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FIG. 6. Poynting vectors for (a)(c) the vortex R waves and (b)(d) the
vortex L waves as a function ofω2

pe/ω
2 in the cases of (a)(b) l = 1 and

(c)(d) l = −1, respectively, at r = 5λ0, and those for the conventional
R and L waves of a plane wave for comparison. The Poynting vector
is normalized by the averaged |S| value along φ from 0 to 2π.

given by Eqs. (4) and (8). The chosen scale length is applied
to following results as well. The averaging operation on φ for
the electric field strength and the Poynting vector is consid-
ered to be worth performing because a photon rotates around
the propagation axis, carrying OAM, in a classical point of
view, as shown in Fig. 1. In parallel propagation, the Poynt-
ing vector is axisymmetric around the propagation axis, i.e.,
no dependence on φ, although the electric field is not axisym-
metric. The L wave with positive l and the R wave with neg-
ative l are not pure circular polarization due to finite values
of their parallel components. Because of the dependence of
Ez on P, in particular, the parallel components are prominent
at the plasma cutoff where P = 0. The calculated Poynting
vector shows the exchange of the energy flux between S z and
S φ according to the proportion of the parallel component un-
der the energy conservation in the propagation region where
Im nz′ = Im nz = 0. The φ component S φ means the rotat-
ing energy flux along the helical wavefront. It is noted that
S r = 0 is satisfied, so that the energy flux is neither dissipa-
tive nor radially diffusive under ∇ · S ≈ 0. These properties
are maintained with increased l/r.

Interestingly for the vortex L wave in the case of l = 20 at
r = 20λ0 (which also satisfies the validity condition given by
Eq. (8)), as shown in Figs. 7 to 9, it is found that a reversal
of the S z direction occurs at the plasma cutoff, where the ab-
solute value of the sum of the latter negative two terms of S z
given by Eq. (14) becomes larger than the positive value of the
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FIG. 7. Electric field strength of each component for (a)(c) the vortex
R waves and (b)(d) the vortex L waves averaged along φ (see Fig. 8)
as a function of ω2

pe/ω
2 in the cases of (a)(b) l = 20 and (c)(d) l =

−20, respectively, at r = 20λ0, and those for the conventional R and
L waves of a plane wave for comparison.
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FIG. 8. Electric field strength of each component for (a-c) the vortex
L wave for l = 20 and (d-f) the vortex R wave for l = −20 as a
function of ω2

pe/ω
2 and φ at r = 20λ0.
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FIG. 9. Poynting vectors for (a)(c) the vortex R waves and (b)(d)
the vortex L waves as a function of ω2

pe/ω
2 in the cases of (a)(b)

l = 20 and (c)(d) l = −20, respectively, at r = 20λ0, and those for the
conventional R and L waves of a plane wave for comparison. The
Poynting vector is normalized by the averaged |S| value along φ from
0 to 2π.

first term. The wave with n2
z = L > 0 propagates forward but

the energy flows backward, similar to a backward wave. The
reversal area becomes wider with increasing l/r.

D. Perpendicular propagation

Secondly, in the case of perpendicular propagation, i.e., θ =
π/2, the solvability condition Eq. (13) becomes

det

 S −iD + sgn(l)nlnx inlnx
iD + sgn(l)nlnx S − n2

x + n2
l i sgn(l)n2

l
inlnx i sgn(l)n2

l P − n2
x − n2

l

 = 0,

where

nl ≡
c
ω

|l|
r′ei sgn(l)φ′ , r′ =

√
y2 + z2, φ′ = tan−1 y

−z
.

The refractive index nz′ = nx can be obtained as

n4
x + αn2

x + β = 0,

α ≡ −
(
P +

RL
S

)
− n2

l

(P
S
− 1

)
,

β ≡ PRL
S
+ n2

l

(
P − RL

S

)
,

∴ n2
x =

1
2

(
−α ±

√
α2 − 4β

)
,

(15)

where the terms related with nl are additions to the refractive
indices with a plane wave. The two eigenmodes can be called
the “vortex” ordinary (O) mode and the “vortex” extraordinary
(X) mode. The eigenmodes are reduced to the conventional O
and X modes when the terms related with nl vanishes, i.e.,
l = 0 or r′ → ∞, so that these refractive indices depending on
nl is noticeable in the optical vortex with a large topological
charge around the propagation axis. The z components of the
refractive index for parallel propagation do not depend on nl
because the direction of the wave vector k in relation to B0 is
axisymmetric around the propagation axis. On the other hand,
the z′ components of the refractive index for perpendicular
propagation are modulated with φ′ since the direction of k in
relation to B0 changes with φ′ around the propagation axis.
That is why the electric field formulation in Eq. (3) is started
with kz, assumed to be a function of r and φ. The relations
of electric field components to calculate the polarization are
given by

Ẽx =
1
S

{
iD − sgn(l)nlnσ

}
Ẽy − i

nlnσ
S

Ẽz,

Ẽz =
(D2 + n2

l n2
σ) − S (S − n2

σ + n2
l )

nl
{
Dnσ − i sgn(l)nln2

σ + i sgn(l)nlS
} Ẽy,

(σ = O,X)

(16)

which satisfy ∇ · D ≈ 0, although ẼO · Ẽ∗X , 0.
In order to investigate the propagation properties of the vor-

tex O and X modes, the z′ components of the refractive index
for the two eigenmodes are calculated for the optical vortices
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with (i) l = 1 at r′ = 5λ0 and (ii) l = 20 at r′ = 20λ0.
Again, the scale length L0 is chosen to be L0 = 100λ0, so that
both cases satisfy the validity conditions given by Eqs. (4) and
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FIG. 10. The z′ components of the refractive index for (a)(b) the
vortex O mode and (c)(d) the vortex X mode averaged along φ′ (see
Fig. 11) as a function of ω2

pe/ω
2 in the case of l = 1 at r′ = 5λ0,

and those for the conventional O and X modes of a plane wave for
comparison.

FIG. 11. The z′ components of the refractive index for (a)(b) the vor-
tex O mode and (c)(d) the vortex X mode as a function of ω2

pe/ω
2 and

φ′ in the case of l = 1 at r′ = 5λ0. The refractive index larger/smaller
than 2/−2 is colored the same as 2/−2.

(8). Figure 10 shows refractive indices for the vortex O mode,
nz′ ≡ nO, and the vortex X mode, nz′ ≡ nX, as a function of
ω2

pe/ω
2 in the case of l = 1 at r′ = 5λ0. nO and nX are averaged

along φ′ to be compared with the conventional O and X modes
of a plane wave. Figure 11 shows nO and nX as a function of
ω2

pe/ω
2 and φ′ in the case of l = 1 at r′ = 5λ0. Figure 12 shows

nO and nX of a plane wave (l = 0) as a function of ω2
pe/ω

2 and
φ′ as a reference, although they do not depend on φ′. Here,
for l , 0, since there are two complex conjugate roots of the
squared refractive index for each mode (σ = O,X), the sign
is chosen in the following ways: (i) The positive imaginary
part is chosen for Re n2

σ ≤ 0 so that the imaginary part aver-
aged on φ′ with the small real part becomes almost the con-
ventional imaginary part with zero real part in the evanescent
region. (ii) The positive real part is chosen for Re n2

σ > 0 so
that the forward propagation can be treated with zero or the
small imaginary part. As a result, nO and nX in the case of
l = 1 at r′ = 5λ0 are almost identical to the conventional nO
and nX. Figure 13 shows electric field strength of each com-
ponent for the vortex O mode and the vortex X mode averaged
on φ′ as a function of ω2

pe/ω
2 in the case of l = 1 at r′ = 5λ0.

Each electric field component of a plane wave is also shown
for comparison. The dependence of each electric field compo-
nent on φ′ in the case of l = 1 at r′ = 5λ0 is shown in Fig. 14.
For a reference, the dependence of each electric field compo-
nent on φ′ for a plane wave is also shown in Fig. 15, although
the electric field does not depend on φ′. The result indicates
that the electric field pattern in the case of l = 1 at r′ = 5λ0 is
almost identical to that in the case of a plane wave.

Figures 16 and 17 show nO and nX in the case of l = 20 at

FIG. 12. The z′ components of the refractive index for (a)(b) the
conventional O mode and (c)(d) the conventional X mode of a
plane wave as a function of ω2

pe/ω
2 and φ′. The refractive index

larger/smaller than 2/−2 is colored the same as 2/−2.
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FIG. 13. Electric field strength of each component for (a) the vortex
O mode and (b) the vortex X mode averaged along φ′ (see Fig. 14)
as a function of ω2

pe/ω
2 in the case of l = 1 at r′ = 5λ0, and those for

the conventional O and X modes of a plane wave for comparison.

FIG. 14. Electric field strength of each component for (a-c) the vortex
O mode and (d-f) the vortex X mode as a function of ω2

pe/ω
2 and φ′

in the case of l = 1 at r′ = 5λ0.

FIG. 15. Electric field strength of each component for (a-c) the con-
ventional O mode and (d-f) the conventional X mode of a plane wave
as a function of ω2

pe/ω
2 and φ′.
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FIG. 16. The z′ components of the refractive index for (a)(b) the
vortex O mode and (c)(d) the vortex X mode averaged along φ′ (see
Fig. 17) as a function of ω2

pe/ω
2 in the case of l = 20 at r′ = 20λ0,

and those for the conventional O and X modes of a plane wave for
comparison.

r′ = 20λ0. Those refractive indices nO and nX are modulated
with φ′, but those averaged along φ′ are almost identical to the
conventional nO and nX. Figure 18 and 19 show the electric
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FIG. 17. The z′ components of the refractive index for (a)(b) the
vortex O mode and (c)(d) the vortex X mode as a function of ω2

pe/ω
2

and φ′ in the case of l = 20 at r′ = 20λ0. The refractive index
larger/smaller than 2/−2 is colored the same as 2/−2.
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FIG. 18. Electric field strength of each component for (a) the vortex
O mode and (b) the vortex X mode averaged along φ′ (see Fig. 19)
as a function of ω2

pe/ω
2 in the case of l = 20 at r′ = 20λ0, and those

for the conventional O and X modes of a plane wave for comparison.

field strength of each component for the vortex O mode and
the vortex X mode in the case of l = 20 at r′ = 20λ0. The z

FIG. 19. Electric field strength of each component for (a-c) the vortex
O mode and (d-f) the vortex X mode as a function of ω2

pe/ω
2 and φ′

in the case of l = 20 at r′ = 20λ0.

component of the electric field, Ez, parallel to B0 is dominant
for the vortex O mode as in the conventional O mode with a
plane wave, but the finite strength of the other two compo-
nents, Ex and Ey, exist in a wide range of ne. The vortex O
mode is not the pure linear polarization directed in B0 and has
a component parallel to the propagation direction. Although
the conventional O mode is not affected by B0, the vortex O
mode is affected by B0 due to the new terms on nl in Eq. (15)
which include S with B0. It is noted that P−RL/S = P/S −1,
thus the terms on nl are not affected by R and L. This refractive
index with the wave with a helical wavefront suggests that the
vortex O mode can experience the effect of the upper hybrid
resonance (UHR) at S = 0 when nl ∝ |l|/r′ becomes large.
The vortex X mode shows a similar trend to the conventional
X mode with a plane wave but has a component parallel to B0.
The electric fields for both modes are modulated with φ′, but
the contribution of the nl terms to the the z′ components of the
refractive index is too small to change the refractive indices
of the vortex O and X modes compared to the conventional
modes with a plane wave.

The theory discussed here is valid for r0 limited by Eq. (8).
Under reasonable choices of l and L0, the element of the first
condition |l|λ0/(2π) is normally shorter than that of the second
condition

√
|l|/(2π)

√
λ0L0. Thus, in the two cases of l = 1 and

l = 20 discussed above, r0 is chosen by the limit of the sec-
ond element. Aside from how an optical vortex with huge
l and a huge beam radius can be generated practically, it is
theoretically valuable to investigate the region where the first
element is greater than the second element, thus r0 is chosen
by the limit of the first element. Because nl is proportional
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to |l|/r′, the effect of the new nl terms on the refractive in-
dices is most significant when l/(r′/λ0) = 2π. The results
of this case are shown in Figs. 20 and 21. The refractive in-
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FIG. 20. The z′ components of the refractive index for (a)(b) the
vortex O mode and (c)(d) the vortex X mode averaged along φ′ (see
Fig. 21) as a function of ω2

pe/ω
2 in the case of l/(r′/λ0) = 2π, and

those for the conventional O and X modes of a plane wave for com-
parison.

FIG. 21. The z′ components of the refractive index for (a)(b) the vor-
tex O mode and (c)(d) the vortex X mode as a function of ω2

pe/ω
2 and

φ′ in the case of l/(r′/λ0) = 2π. The refractive index larger/smaller
than 2/−2 is colored the same as 2/−2.
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FIG. 22. Electric field strength of each component for (a) the vortex
O mode and (b) the vortex X mode averaged along φ′ (see Fig. 23)
as a function of ω2

pe/ω
2 in the case of l/(r′/λ0) = 2π, and those for

the conventional O and X modes of a plane wave for comparison.

FIG. 23. Electric field strength of each component for (a-c) the vortex
O mode and (d-f) the vortex X mode as a function of ω2

pe/ω
2 and φ′

in the case of l/(r′/λ0) = 2π.
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dices nO and nX deviate from the conventional indices of a
plane wave, strongly modulated with φ′. As suggested by the
new terms on nl, the vortex O mode is influenced by the UHR
from the lower ne side and then seems to become evanescent
in the higher ne side. As in the conventional X mode, the
UHR also occurs for the vortex X mode from the higher ne
side and the vortex X mode can propagate in the higher ne re-
gion with the zero imaginary part, although the vortex X mode
seems to become evanescent between the modified right-hand
(R) cutoff and the UHR with the positive imaginary part. Fig-
ures 22 and 23 show electric field strength of each component
for the vortex O mode and the vortex X mode in the case of
l/(r′/λ0) = 2π. The electric field components entirely devi-
ate from the conventional electric field components in a plane
wave. Due to the effect of S in the nl term, not only the elec-
tric field of the vortex X mode but also the electric field of the
vortex O mode are affected by the UHR, especially at φ′ = 0
and π where n2

l = 1. The parallel component Ex is compara-
ble to the other two components even in the vortex O mode.
One may expect that the electric fields of both modes become
similar to each other around the UHR where nO also diverges
when |l|/r′ can be much larger. However, the region where
|l|/(r′/λ0) > 2π is not accessible because the theory discussed
here is not valid there. The region may be accessible when the
ordering assumptions can be relaxed to treat smaller r0 and a
partial differential equation for a complex-valued phase func-
tion ψ(r′, φ′, z′) can be solved in stead of the algebraic equa-
tion Eq. (12), which is left for a future article. If the expecta-
tion is valid in the more-advanced theory, Ex, parallel to the
propagation direction, would become the largest component
for both modes with a high wavenumber around the UHR.
This unique property of propagation implies that the vortex O
mode injected from the lower ne side can be converted into
the vortex X mode at the UHR. In addition, it would be antic-
ipated that the direct conversion from the vortex O mode into
the electron Bernstein wave (EBW) partly occurs at the UHR
when a finite electron temperature is taken into account. This
method is relatively similar to the mode conversion method in
which the EBW is excited from the X mode injected perpen-
dicularly from the low field side, whose disadvantage is that
the X mode should penetrate through the evanescent region.
This paper focuses only on the propagation properties in cold
plasma under the strong limitation in the ordering assump-
tions. This new suggestion for the mode conversion should be
verified also in a future article.

Contrary to parallel propagation, the refractive index, the
electric field, and the Poynting vector in perpendicular prop-
agation are not axisymmetric. However, the property of con-
stant energy flux averaged along φ′ can be maintained. Fig-
ures 24 to 29 show the Poynting vectors in the cases of l = 1
at r′ = 5λ0, l = 20 at r′ = 20λ0, and ideal l/(r′/λ0) = 2π. For
a reference, the dependence of the Poynting vector for a plane
wave is also shown in Fig. 30. It is noted that ∇·S ≈ 0 is satis-
fied locally in all three cases. Although the calculated Poynt-
ing vector shows the exchange of the energy flux among all
three components including S r′ under the energy conservation
in the propagation region where Im nz′ = Im nx = 0, the av-
eraged S r′ along φ′ over a period from 0 to 2π becomes zero.
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FIG. 24. Poynting vectors for (a) the vortex O mode and (b) the
vortex X mode as a function ofω2

pe/ω
2 in the case of l = 1 at r′ = 5λ0,

and those for the conventional O and X modes of a plane wave for
comparison. The Poynting vectors are normalized by the averaged
|S| value along φ′ from 0 to 2π (see Fig. 25).

FIG. 25. Poynting vectors for (a-c) the vortex O mode and (d-f) the
vortex X mode as a function of ω2

pe/ω
2 and φ′ in the case of l = 1 at

r′ = 5λ0. The Poynting vectors are normalized by the averaged |S|
value along φ′ from 0 to 2π.
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FIG. 26. Poynting vectors for (a) the vortex O mode and (b) the vor-
tex X mode as a function of ω2

pe/ω
2 in the case of l = 20 at r′ = 20λ0,

and those for the conventional O and X modes of a plane wave for
comparison. The Poynting vectors are normalized by the averaged
|S| value along φ′ from 0 to 2π (see Fig. 27).

FIG. 27. Poynting vectors for (a-c) the vortex O mode and (d-f) the
vortex X mode as a function of ω2

pe/ω
2 and φ′ in the case of l = 20 at

r′ = 20λ0. The Poynting vectors are normalized by the averaged |S|
value along φ′ from 0 to 2π.
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FIG. 28. Poynting vectors for (a) the vortex O mode and (b) the
vortex X mode as a function of ω2

pe/ω
2 in the case of l/(r′/λ0) = 2π,

and those for the conventional O and X modes of a plane wave for
comparison. The Poynting vectors are normalized by the averaged
|S| value along φ′ from 0 to 2π (see Fig. 29).

FIG. 29. Poynting vectors for (a-c) the vortex O mode and (d-f)
the vortex X mode as a function of ω2

pe/ω
2 and φ′ in the case of

l/(r′/λ0) = 2π. The Poynting vectors are normalized by the averaged
|S| value along φ′ from 0 to 2π.
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FIG. 30. Poynting vectors for (a-c) the conventional O mode and (d-
f) the conventional X mode of a plane wave as a function of ω2

pe/ω
2

and φ′ under r′ = λ0. The Poynting vectors are normalized by the
averaged |S| value along φ′ from 0 to 2π.

Therefore, the property of constant non-dissipative radially-
non-diffusive energy flux is maintained under the energy con-
servation even if n is complex due to the helical wavefront
structure. It is anticipated that in increased |l|/r′ the energy
averagely flows forward along with the rotating energy flux in
the plasma beyond the plasma cutoff for the vortex O mode
and the left-hand cutoff for the vortex X mode.

III. PROPAGATION OF AN EC WAVE WITH A HELICAL
WAVEFRONT WITH 3D SIMULATIONS

Propagation properties of an EC wave with a helical wave-
front are discussed in Sec. II by using Eq. (10), which is
suitable for investigating analytically as has been done with
a plane wave. In real situations for practical use, however,
the wave amplitude is restricted to a finite beam size. In
this section, propagation of LG beams is numerically inves-
tigated with 3D simulations by the commercial FEM (finite
element method) software, COMSOL Multiphysics with its
RF solver.15–18 The simulation box is limited to a cube with
a side length of 20 mm due to computational resources. The
size of tetrahedral meshes is 0.3 mm at a maximum and 0.03
mm at a minimum. The wave frequency f is set at 77 GHz.
The static magnetic field B0 is set at 2 T in the z direction. In
order to excite the O mode, Ez in a form of the LG beam is

excited at the plane of x = 0, given by

Ez(x, y, z) = E0

(
r2

w2(x)

)|l| w0

w(x)

× exp
[
− r2

w(x)2 + i
{
−k0

r2

2R(x)
− lφ + (|l| + 1)ζ(x)

}]
at x = 0,

(17)

where

r2 = y2 + z2, φ = tan−1 y
−z
,

w(x) = w0

√
1 +

(
x − xR

xR

)2

, xR =
πw2

0

λ0
,

R(x) = (x − xR)

1 +
(

xR

x − xR

)2
 , ζ(x) = tan−1 x − xR

xR
.

The focal point xR is set at 10 mm and the beam waist w0 be-
comes 3.5 mm in the vacuum. Propagation of the excited wave
in the x direction is calculated by solving the telegraphic equa-
tion given by Eq. (2). Here, the cold plasma dielectric tensor
εr given in Eq. (11) includes the effect of collisions1 with the
artificial collision frequency of ν0 = 0.01ω. The specific num-
ber of 0.01 is simply an ad hoc number in order to prevent
numerical divergence at the UHR where resonant waves with
high wavenumbers should be collisionally damped. The scat-
tering boundary condition (SBC) is applied to the boundaries
of the cube so that waves can pass through the domain bound-
aries without reflection. The SBC is one of the ready-made
functions of the COMSOL RF solver. A numerical test of LG
beam propagation is performed in the vacuum condition to be
compared with theoretical LG beam propagation. The result
shows good agreement with each other.

In order to confirm whether the COMSOL model is cor-
rectly constructed, the refractive indices are calculated with
COMSOL under constant ne in the modeling domain. Fig-
ure 31 shows the comparison of the theoretical refractive in-
dices calculated from Eq. (15) and those calculated with the
COMSOL model in the case of l = 1. The refractive index for
each COMSOL simulation is obtained by fitting the electric
field profile to the LG beam given by Eq. (17). The results
indicate that the COMSOL simulations reproduce the theoret-
ical refractive indices in the case of l = 1.

Then, propagation of LG beams is calculated under a var-
ied ne profile. The ne profile is set to change in the x direction,
given by ne(x) = ne,maxx/Ln, where ne,max = 5 × 1019 m−3 and
Ln = 20 mm. Thus, the R cutoff layer and the UHR layer exist
in the simulation box. The magnetized plasma is uniform in
the y and z directions. Figure 32 shows amplitude distribu-
tions of Ez and Ex on the x-y plane at z = 0 mm in the case
of l = 0. The topological charge of l = 0 means the conven-
tional Gaussian beam without OAM, which is commonly used
for EC heating and current drive in magnetic fusion plasma.
The excited linearly-polarized Ez parallel to B0 is observed
to propagate in the x direction under the O-mode polariza-
tion maintained. The amplitude of Ex is negligible in com-
parison to that of Ez. Although a Gaussian beam is excited,
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FIG. 31. Refractive indices of (a) the O mode and (b) the X mode
calculated from Eq. (15) averaged along φ′ in the case of l = 1 and
r′ = 5λ0, and those calculated with COMSOL simulations in the case
of w0 = 3.5 mm under constant ne.

FIG. 32. Amplitude distributions of (a) Ez and (b) Ex on the x-y plane
at z = 0 mm in the case of l = 0.

a more complicated wave pattern of Ez such as higher-order
modes is observed. This pattern is not observed in lower ne
plasma. This cause is not clear yet but the scattered waves
by relatively high ne plasma may be partially reflected at the
boundaries. Larger simulation boxes may improve purity of
the mode pattern. Figure 33 shows phase distributions of Ez
and Ex on the y-z planes at x = 0 mm and x = 20 mm. The
phase is calculated by Eσ = tan−1(Im Eσ/Re Eσ) for σ = z, x.
The phase distribution of Ez at x = 0 mm follows the con-
tours of the function lφ mod 2π. Due to zero OAM, the phase
of Ez is almost axisymmetric around the propagation axis of
y = z = 0 mm. The phase distribution of Ex shows discon-
tinuities, e.g., at z = 0 mm. Although the amplitude of Ex is
negligible compared to that of Ez, finite Ex exists and it seems
that the polarity of Ex changes at z = 0 mm. However, this
phase pattern is not characterized with lφ of an optical vortex.

A remarkable phenomenon is observed in the propagation
of an EC wave with a helical wavefront in the case of l = 1, as

FIG. 33. Phase distributions of (a)(c) Ez and (b)(d) Ex on the y-z
planes at (a)(b) x = 0 mm and (c)(d) x = 20 mm in the case of l = 0.
Note that the phase distribution of Ez at x = 0 follows the contours
of the function lφ mod 2π.

shown in Figs. 34 and 35. The excited LG beam Ez with l = 1
propagates to the UHR layer with S = 0. Then, the beam is
observed to diffuse outward over the UHR layer, while Ex par-
allel to the propagation direction with the wavenumber much
higher than that of Ez is observed to be excited and to propa-
gate to the higher ne region. The amplitude of Ex seems to be
larger around the propagation axis, while that of Ez is smaller
due to the outward diffusion. This result suggests that a por-
tion of Ez with the O-mode polarization is converted into Ex
with the X-mode polarization. The phase distribution of Ex
around the propagation axis with a smaller radius shows the
property of l = 0, while that of Ez shows the property of l = 1,
probably because the relation of Ex and Ez shown in Eq. (16)
indicates that the topological charge of Ex is one smaller than
that of Ez due to the factor of 1/eiφ. The property of l = 0 in
Ex is recognized in Fig. 34(b), where the amplitude of Ex is
similar to a plane wave with high wavenumbers. It is noted
that when the LG beam with the X-mode polarization is ex-
cited, the X mode is reflected at the R cutoff layer and cannot

FIG. 34. Amplitude distributions of (a) Ez and (b) Ex on the x-y plane
at z = 0 mm in the case of l = 1.
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FIG. 35. Phase distributions of (a)(c) Ez and (b)(d) Ex on the y-z
planes at (a)(b) x = 0 mm and (c)(d) x = 20 mm in the case of l = 1.
Note that the phase distribution of Ez at x = 0 follows the contours
of the function lφ mod 2π.

FIG. 36. Amplitude distributions of (a) Ez and (b) Ex on the x-y plane
at z = 0 mm in the case of l = 2.

propagate through the evanescent region between the R cutoff
layer and the UHR layer, so that the significant proportion of
Ex shown in Fig. 34(b) is considered to be the X mode con-
verted from the O mode. Figures 36 and 37 show the case of
the LG beam excited with l = 2. In a manner similar to the
case of l = 1, Ex with the high wavenumber is excited at the
UHR layer. The topological charge of Ex is l = 1 around the
propagation axis. Neither larger simulation boxes nor larger l
can be processed at the moment due to limited computational
resources.

IV. SUMMARY AND OUTLOOK

Propagation properties of EC waves with helical wave-
fronts are investigated theoretically in cold uniform magne-
tized plasma. The effects of the helical wavefront on the wave
fields are described. These effects become significant as the
topological charge of the vortex EC wave increases or the

FIG. 37. Phase distributions of (a)(c) Ez and (b)(d) Ex on the y-z
planes at (a)(b) x = 0 mm and (c)(d) x = 20 mm in the case of l = 2.
Note that the phase distribution of Ez at x = 0 follows the contours
of the function lφ mod 2π.

distance from the propagation axis becomes small. The dif-
ferent properties of propagation are also confirmed in COM-
SOL simulations with LG beams. It is found that a part of
the O-mode LG beam with the topological charge l excited
at the lower ne region is converted into the high-wavenumber
X-mode LG beam with l − 1 at the UHR.

In order to demonstrate the new propagation properties of
vortex EC waves in heating and current-drive experiments,
an optical vortex with desired l must be generated in the
millimeter-wave transmission system and launched into mag-
netic fusion plasma. A spiral-shaped mirror has been devel-
oped to generate an optical vortex with designed l in a fre-
quency range of millimeter waves.19 Thus, an optical vortex
can be generated by installing the spiral-shaped mirror be-
tween a gyrotron and launching antenna mirrors in the exist-
ing transmission line. This enables verification of whether an
optical vortex can be a tool to heat high-ne plasma.
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Appendix A: Diffraction effect in Eq. (12)

In order to see the effect of diffraction, one can observe that,
with kR = Re k and kI = Im k, the components of Λ are

Λmn(ω, k) = Λ0,mn(ω, kR) − 1
2

(kI ⊗ kI) :
∂2Λ0,mn(ω, kR)

∂kR∂kR

+ ikI ·
∂Λ0,mn(ω, kR)

∂kR
+ ik2

0ε
a
r,mn,

(A1)

where

Λ0(ω, kR) ≡ kR ⊗ kR − (kR · kR)I + k2
0ε

h
r

is the dispersion tensor including only real wave vector kR
and the Hermitian part εh

r of the dielectric tensor. Here, the
symbol : in Eq. (A1) denotes the double dot product for two
dyadics. Since Λ0 and its derivatives are Hermitian tensors,
two anti-Hermitian contributions are identified. One is due
to kI and has to do with the amplitude factor r|l|. The other
one is the standard anti-Hermitian part of εr which accounts
for dissipation, and is neglected in cold plasma away from
EC resonances in the present analysis. The imaginary part kI
contributes to the Hermitian part as well. Such contributions
are known in complex eikonal theory to deform the dispersion
manifold in order to account for diffraction of the inhomoge-
neous wave. The present analysis is only limited under the
ordering assumptions, where the effect of diffraction for long
distance propagation is out of scope in z beyond z ∼ L.

Appendix B: Poynting vector and energy conservation

From the wave electric field in Eq. (3), one finds

∇ × E =
1
2

{
(ik × Ẽ + ∇ × Ẽ)s + c.c.

}
,

where k = −i(|l|/r)∇r + l∇φ + kz∇z and s = αr|l| exp[i(lφ +
ψ − ωt)]. Faraday’s law with ω , 0 yields the magnetic field
amplitude

B̃ = ω−1(k × Ẽ − i∇ × Ẽ).

The average in time over a wave period of E × B is

E × B =
1
4

(
Ẽ × B̃∗ + Ẽ∗ × B̃

)
|α|2r2|l|e−2 Imψ

≈ 1
4ω

{
Ẽ × (k × Ẽ∗) + Ẽ∗ × (k × Ẽ∗)

}
|α|2r2|l|e−2 Imψ

≈ 1
4ω

{
|Ẽ|2(k + k∗) − (Ẽ∗ · k)Ẽ − (Ẽ · k∗)Ẽ∗

}
× |α|2r2|l|e−2 Imψ,

where ∇× Ẽ has been neglected in the expression for the mag-
netic field amplitude. Then, in SI units,

S =
1
µ0

E × B

≈ 1
4cµ0

{
|Ẽ|2(n+ n∗) − (Ẽ∗ · n)Ẽ − (Ẽ · n∗)Ẽ∗

}
× |α|2r2|l|e−2 Imψ,

where n = ck/ω.
Energy conservation follows by computing directly the di-

vergence of this Poynting vector. Upon neglecting derivatives
of k as well as those of Ẽ under the ordering assumptions, one
computes

∇ · S ≈ |α|
2

4µ0ω
∇

(
r2|l|e−2 Imψ

)
×

{
2|Ẽ|2 kR − (Ẽ∗ · k)Ẽ − (Ẽ · k∗)Ẽ∗

}
≈ − |α|

2

2µ0ω
kI ·

{
2|Ẽ|2 kR − (Ẽ∗ · k)Ẽ − (Ẽ · k∗)Ẽ∗

}
× r2|l|e−2 Imψ,

where the following identity is used:

∇
(
r2|l|e−2 Imψ

)
= 2

{
|l|
r
∇r − Im(kz∇z)

}
r2|l|e−2 Imψ

= −2kIr2|l|e−2 Imψ.

One can also observe that

kI ·
{
(Ẽ∗ · k)Ẽ + (Ẽ · k∗)Ẽ∗

}
= Ẽ∗ · (kI ⊗ kR + kR ⊗ kI) · Ẽ,

along with the identity

kI ·
∂Λ0(ω, kR)

∂kR
= kI ⊗ kR + kR ⊗ kI − 2(kI · kR)I.

With some abuse of notation, on the left-hand side and in
the following similar expressions the dot-product denotes con-
traction of the k indices, that is,{

kI ·
∂Λ0(ω, kR)

∂kR

}
mn
= kI ·

∂Λ0,mn(ω, kR)
∂kR

.

The combination of the foregoing identities gives

∇ · S ≈ |α|
2r2|l|e−2 Imψ

2µ0ω
Ẽ∗ ·

{
kI ·

∂Λ0(ω, kR)
∂kR

}
· Ẽ.

In general, the right-hand side is neither zero nor related to
the dissipation of the wave. However, if it is assumed that k
and Ẽ are chosen so that Λ(ω, k) · Ẽ = 0 is satisfied. Then,
multiplication on the left by Ẽ∗ and the identity in Eq. (A1)
give

Ẽ∗ · Λ(ω, k) · Ẽ

= Ẽ∗ · Λ0(ω, kR) · Ẽ − Ẽ∗ ·
{

1
2

(kI ⊗ kI) :
∂2Λ0(ω, kR)
∂kR∂kR

}
· Ẽ

+ iẼ∗ ·
{

kI ·
∂Λ0(ω, kR)

∂kR

}
· Ẽ + ik2

0 Ẽ∗ · εa
r · Ẽ

= 0.
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The real and imaginary parts of this expression can be sepa-
rated. The imaginary part in particular gives

Ẽ∗ ·
{

kI ·
∂Λ0(ω, kR)

∂kR

}
· Ẽ + k2

0 Ẽ∗ · εa
r · Ẽ = 0.

Therefore, for solutions of Eq. (3), the energy balance be-
comes

∇ · S ≈ −k2
0
|α|2r2|l|e−2 Imψ

2µ0ω
Ẽ∗ · εa

r · Ẽ.
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