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Expressions of polarization and magnetization in magnetically confined plasmas are derived, which include full ex-

pansions in the gyroradius to treat effects of both equilibrium and microscopic electromagnetic turbulence. Using the

obtained expressions, densities and flows of particles are related to those of gyrocenters. To the first order in the nor-

malized gyroradius expansion, the mean part of the particle flow is given by the sum of the gyrocenter flow and the

magnetization flow, which corresponds to the so-called magnetization law in drift kinetics, while the turbulent part

contains the polarization flow as well. Collisions make an additional contribution to the second-order particle flow.

The mean particle flux across the magnetic surface is of the second-order and it contains classical, neoclassical, and

turbulent transport processes. The Lagrangian variational principle is used to derive the gyrokinetic Poisson and Am-

père equations which properly include mean and turbulent parts so as to be useful for full- f global electromagnetic

gyrokinetic simulations. It is found that the second-order Lagrangian term given by the inner product of the turbulent

vector potential and the drift velocity consisting of the curvature drift and the ∇B drift should be retained in order for

the derived Ampère equation to correctly include the diamagnetic current which is necessary especially for the full- f

high-beta plasma simulations. The turbulent parts of these gyrokinetic Poisson and Ampère equations are confirmed to

agree with the results derived from the WKB representation in earlier works.

I. INTRODUCTION

Global simulations of collisional and turbulent plasma

transport1–9 are now vigorously conducted based on gyroki-

netic equations using the gyrocenter coordinates that are de-

rived from the Lie transformation method.10,11 Conservation

properties possessed by such gyrokinetic equations are suit-

able for global and long-time transport simulations and they

have been extensively investigated based on Lagrangian and

Hamiltonian formulations.11–22 It is well-known that the finite

gyroradius representing the distance between particle and gy-

rocenter positions generates so-called polarization and mag-

netization,11,12 in terms of which the relations of the density

and mean velocity of particles to those of gyrocenters are ex-

pressed. These relations are important for using gyrokinetic

simulation results to correctly evaluate particle transport, as

well as to accurately calculate the charge density and the elec-

tric current in Poisson and Ampère equations, which are re-

quired to self-consistently determine electromagnetic fields in

the simulation.

In a general framework of macroscopic electromagnetism

for material media consisting of molecules, polarization and

magnetization are formulated for evaluating the macroscopic

charge density and current by spatially averaging the micro-

scopic density and current of the point charge around the cen-

ter of mass of the molecule.23 Then, the resultant expressions

of the macroscopic charge density and current are given by

the series expansion associated with multipole moments due

to the finite distance of each point charge from the center of

mass of the molecule. The local spatial average and the fi-

nite distance described above for the system of molecules are

replaced by the phase-space integral including the distribu-

tion function and the finite gyroradius of the particle motion

around the gyrocenter, respectively, for formulating the po-

larization and magnetization in the gyrokinetic system con-

sidered in the present study. In the drift kinetic system with-

out microturbulence, the particle flow is represented by the

sum of the gyrocenter flow and the magnetization flow, which

is called the magnetization law.24 In this work, we use the

gyrocenter phase-space coordinates obtained from the parti-

cle phase-space coordinates using the Lie transformation, by

which the effects of turbulent electromagnetic fields are in-

cluded in definitions of the gyrocenter position and the gyro-

radius vector. This gyroradius vector is used for infinite se-

ries expansion to express the polarization and magnetization

in magnetically confined plasmas with gyroradius scale fluc-

tuations.

The polarization and magnetization are also derived from

taking the variational derivative of the field-particle interac-

tion part of the Lagrangian for the system with respect to

the electric and magnetic fields, respectively.11 This deriva-

tion is not commonly used in conventional gyrokinetic stud-

ies25–27 where scalar and vector potentials are used instead of

electromagnetic fields to formulate basic equations describ-

ing plasma microturbulence. In some recent studies,22,28 the

Lagrangian of the gyrokinetic system is expressed in terms

of perturbed electromagnetic fields instead of perturbed scalar

and vector potentials, so that the gyrokinetic polarization and

magnetization can be obtained by the derivative of the La-

grangian. The scalar and vector potentials are used in our

study where conventional studies’ results on gyrokinetic Pois-

son and Ampère equations with the polarization and magne-
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tization effects due to turbulent fields are consistently incor-

porated. In addition, the magnetization law in drift kinetics is

reproduced from taking the ensemble average of the expres-

sion for the particle flow obtained in this paper. To the second

order in the normalized gyroradius, the effect of the collision

term, which is not described in the magnetization law, appears

as the classical transport29–31 in the ensemble-averaged parti-

cle flow. Then it is confirmed that in toroidal confinement

confinement systems, the average particle flux across the mag-

netic surface is given by the second-order flows in which the

classical, neoclassical,29–31 and turbulent transport32 are in-

cluded.

The rest of this paper is organized as follows. In Sec. II,

the densities and flows of the particles and gyrocenters are

defined using velocity-space integrals of the distribution func-

tions in the particle and gyrocenter phase-space coordinates.

Then, the gyrocenter and particle transport equations derived

from the Boltzmann kinetic equations in the two coordinate

systems are used to obtain the relation between the particle

and gyrocenter flows, in which effects of polarization, mag-

netization, and collisions are included. The detailed expres-

sions of the polarization and magnetization are presented in

Sec. III. In Sec. IV, the particle flows due to gyrocenter mo-

tion, polarization, magnetization, and collisions are separately

treated using expansion in the normalized gyroradius param-

eter and decomposition into the ensemble average and turbu-

lent parts. There it is shown that the first-order ensemble-

averaged particle flow obeys the so-called magnetization law

in drift kinetics, while the mean particle flux across the mag-

netic surface is of the second order and contains classical, neo-

classical, and turbulent transport processes. The Lagrangian

for variational derivation of the gyrokinetic Vlasov equation,

Poisson’s equation, and Ampère’s law is presented in Sec. V,

where the linear polarization-magnetization approximation12

is employed. Finally, conclusions are given in Sec. VI. In ad-

dition, Appendix A presents the transformation formulas from

the particle coordinates to the gyrocenter coordinates, and the

gyrocenter Lagrangian, from which the gyrocenter equations

of motion are derived. In Appendix B, the gyrocenter velocity

and the time derivative of the gyroradius vector are expanded

in the normalized gyroradius parameter to obtain useful for-

mulas for derivation of the results given in Sec. IV. The zeroth

and first-order distribution functions and the conditions sat-

isfied by them are described in Appendix C. It is verified in

Appendix D that the turbulent parts of Poisson and Ampère

equations obtained in the present work agree with the results

derived in earlier works using the WKB representation.25,26

II. DENSITIES AND FLOWS OF PARTICLES AND
GYROCENTERS

The gyrokinetic Boltzmann equation for the gyrocenter dis-

tribution function fa(Z, t) of the particle species a is given by

d fa

dt
≡

(
∂

∂ t
+

dZ

dt
·

∂

∂Z

)
fa =C

(g)
a , (1)

where the gyrocenter phase-space coordinates Z ≡
(X,U,µ ,ξ ) are defined in terms of the particle phase-

space coordinates z ≡ (x,v‖,µ0,ξ0) as shown in Appendix A

[see Eqs. (A6)–(A9)]. In Eq. (1), dZ/dt is regarded as a

function of (Z, t), which is given by the gyrocenter motion

equations, Eqs (A26)–(A30). The collision term C
(g)
a in the

gyrocenter coordinates is written as33,34

C
(g)
a ≡ ∑

b

C
(g)
ab [ fa, fb]≡ ∑

b

T
−1∗

a C
(p)
ab [T ∗

a fa,T
∗

b fb], (2)

where the subscripts a and b represent species of colliding par-

ticles and C
(p)
ab [ f

(p)
a , f

(p)
b ] is the Landau collision operator29–31

for the distribution functions f
(p)
a =T ∗

a fa and f
(p)
b =T ∗

b fb in

the particle coordinates, which are obtained by the pull-back

operators T ∗
a and T ∗

b acting on the gyrocenter distribution

functions fa and fb, respectively. It is noted that, for the func-

tion fa(Z) of the gyrocenter coordinates Z, T ∗
a fa is defined

by (T ∗
a fa)(z) ≡ fa(Ta(z)), where Z = Ta(z) represents the

transformation from the particle coordinates to the gyrocenter

coordinates. The detailed expressions of the coordinate trans-

formation are shown in Appendix A. The push-forward op-

erator T −1∗
a is used to obtain the expression of the collision

term in the gyrocenter coordinates from that in the particle co-

ordinates. For the function C
(p)
a (z) of the particle coordinates

z, T −1∗
a C

(p)
a is defined by (T −1∗

a C
(p)
a )(Z) ≡ C

(p)
a (T −1

a (Z))
where z=T −1

a (Z) represents the transformation from the gy-

rocenter coordinates to the particle coordinates.

The gyrophase average of an arbitrary function Q of the

gyrocenter phase-space coordinates Z ≡ (X,U,µ ,ξ ) is repre-

sented by

〈Q〉ξ ≡
1

2π

∮
Qdξ , (3)

and the gyrophase-dependent part of Q is written as

Q̃ ≡ Q−〈Q〉ξ . (4)

From Eq. (1), we obtain

d〈 fa〉ξ

dt
≡

(
∂

∂ t
+

dZ

dt
·

∂

∂Z

)
〈 fa〉ξ = 〈C

(g)
a 〉ξ , (5)

and

d f̃a

dt
≡

(
∂

∂ t
+

dZ

dt
·

∂

∂Z

)
f̃a = C̃

(g)
a . (6)

Noting that the pull-back T ∗
a fa included in the definition of

the gyrocenter collision operator C(g) has a gyrophase depen-

dence different from what fa has, we find that the gyrocenter

collision term depends on the gyrophase angle ξ even when

the operatorC
(g)
a acts on the gyrocenter distributions which are

independent of ξ . Therefore, C̃
(g)
a does not vanish generally,

and Eq. (6) yields the nonzero gyrophase-dependent part f̃ of

the gyrocenter distribution function. Using the gyrofrequency
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Ωa ≡ eaB/(mac) to approximately write d f̃a/dt ≃Ωa∂ f̃a/∂ξ ,

we have

f̃a ≃
1

Ωa

∫ ξ

C̃
(g)
a dξ = O(ε2 fa0), (7)

where C̃
(g)
a [ fa] ≃ C̃

(g)
a [ fa1] = O(νaε fa0) and νa/Ωa =

ε νa/ωTa = O(ε) are used. Here, fa0 and fa1 are the zeroth

and first-order distribution functions [see Eq. (29)] in the ex-

pansion with respect to the normalized gyroradius parameter ε
given by the ratio of the gyroradius ρa to the equilibrium scale

length L. As for the ratio νa/ωTa of the collision frequency νa

to the transit frequency ωTa ∼ L/vTa [vTa ≡ (2Ta/ma)
1/2: the

thermal velocity], we do not consider a subsidiary ordering

such as those used in the Pfirsh-Schlüter, plateau, and banana

regimes.29–31

The Boltzmann equation for the distribution function f
(p)
a

of the particle species a in the particle coordinates z ≡
(x,v‖,µ0,ξ0) is written as

d f
(p)
a

dt
≡

(
∂

∂ t
+

dz

dt
·

∂

∂z

)
f
(p)
a =C

(p)
a . (8)

The particle density n
(p)
a and the particle flow Γ

(p)
a are defined

as functions of the position x and the time t by

n
(p)
a (x, t) =

∫
d6z′ δ 3(x′− x)D

(p)
a (x′, t) f

(p)
a (z′, t), (9)

and

Γ
(p)
a (x, t) =

∫
d6z′ δ 3(x′− x)D

(p)
a (x′, t) f

(p)
a (z′, t)v′, (10)

respectively, where the Jacobian D
(p)
a (x, t) ≡ B(x, t)/ma is

used.

Multiplying Eq. (8) by D
(p)
a and integrating it with respect

to the velocity space variables v‖, µ0 ≡ mav2
⊥/(2B), and ξ0,

we obtain the continuity equation

∂n
(p)
a (x, t)

∂ t
+∇ ·Γ

(p)
a (x, t) = 0, (11)

where the particle number conservation in collisions,∫
d6z′ δ (x − x′)D

(p)
a (x′, t)Cp

a (z′, t) = 0, is used. Similarly,

multiplying Eq. (1) by Da(Z, t)≡ B∗
a‖(Z, t)/ma [see Eq. (A31)

for the definition of B∗
a‖] and integrating it with respect to the

velocity space variables U , µ , and ξ , we obtain

∂n
(g)
a (x, t)

∂ t
+∇ ·Γ

(g)
a (x, t)

=

∫
d6Z′ δ 3(X′− x)Da(Z

′, t)C
(g)
a (Z′, t)

=−∇ ·ΓC
a (x, t) (12)

where the gyrocenter density n
(g)
a and the gyrocenter flow

Γ
(g)
a ≡ n

(g)
a u

(g)
a are defined by

n
(g)
a (x, t) =

∫
d6Z Da(Z, t) fa(Z, t)δ

3(X− x), (13)

and

Γ
(g)
a (x, t)≡ n

(g)
a u

(g)
a (x, t)

≡

∫
d6Z Da(Z, t) fa(Z, t)δ

3(X− x)
dX

dt
, (14)

respectively. The gyrocenter velocity dX/dt which enters the

integrand in Eq. (14) is regarded as a function of (Z, t) using

Eq. (A27). As shown in Ref.34, ΓC
a on the right-hand side of

Eq. (12) is given by

Γ
C
a (x, t)≡

∞

∑
l=0

(−1)l

(l + 1)!

∂ l

∂x j1 · · ·∂x jl

(∫
d6z′ δ 3(x′− x)

· D
(p)
a ∑

b

C
(p)
ab [T ∗

a fa,T
∗

b fb] ∆xa ∆x j1
a · · ·∆x jl

a

)
,

(15)

where ∆xa ≡X−x is defined as a function of z using Eq. (A6)

and ∆x
j
a is its jth component. As seen later in Eq. (60), the

classical particle transport is derived from Γ
C
a .

The particle density n
(p)
a and the gyrocenter density n

(g)
a are

related to each other by

ea n
(p)
a = ea n

(g)
a −∇ ·Pa, (16)

where Pa is the polarization vector due to the particle species

a, and its detailed expression is presented later in Eq. (22).

The polarization current due to the particle species a is given

by

Jpol
a ≡ eaΓ

pol
a ≡

∂Pa

∂ t
, (17)

where Γ
pol
a represents the polarization particle flow of the

species a.

It is shown in Sec. III that the particle flow Γ
(p)
a is written

as

Γ
(p)
a = Γ

(g)
a +Γ

pol
a +Γ

mag
a +Γ

C∗
a , (18)

where ΓC∗
a is defined later in Eq. (25) and it satisfies ∇ ·ΓC∗

a =
∇ ·ΓC

a . Here, Γ
mag
a represents the particle flow due to the mag-

netization which is defined by

Jmag
a ≡ eaΓ

mag
a ≡ c∇×Ma (19)

where Ma and J
mag
a are the magnetization vector and the mag-

netization current density due to the particle species a, re-

spectively. The detailed expression of Ma is shown later in

Eq. (28). Subtracting Eq. (12) from Eq. (11), we have

∂ (n
(p)
a − n

(g)
a )

∂ t
+∇ · (Γ

(p)
a −Γ

(g)
a ) = ∇ ·ΓC

a (20)

We can easily verify that Eq. (20) is satisfied by Eqs. (16)–

(19).
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III. POLARIZATION AND MAGNETIZATION FLOWS

Performing the transformation from the particle coordinates

to the gyrocenter coordinates for the integration in Eq. (9), we

obtain

n
(p)
a (x, t) =

∫
d6Z Da(Z, t) fa(Z, t)δ

3[X+ρa(Z, t)− x]

= n
(g)
a (x, t)−∇ · [e−1

a Pa(x, t)], (21)

where the gyroradius vector ρa is defined by Eqs. (A10)–

(A17) in Appendix A and the polarization vector Pa(x, t) is

given by

1

ea

Pa(x, t) =
∞

∑
l=0

(−1)l

(l + 1)!

∂ l

∂x j1 · · ·∂x jl

(∫
d6Z δ 3(X− x)

×Da(Z, t) fa(Z, t) ρa ρ j1
a · · ·ρ jl

a

)
. (22)

The jth components of the vectors x and ρa are denoted by

x j and ρ
j

a , respectively. Here and hereafter, we employ the

summation convention that the same symbol used for a pair

of indices in upper and lower positions within a term [such as

in Eq. (22)] indicates summation over the range {1,2,3} of

the symbol index. In deriving Eqs.(21) and (22), the Taylor

expansion,

δ 3(X+ρa − x) =
∞

∑
l=0

(−1)l

l!
ρ j1

a · · ·ρ jl
a

∂ lδ 3(X− x)

∂x j1 · · ·∂x jl
, (23)

is used and partial integrations are performed. Taking the par-

tial time derivative of Eq. (22) and using Eq. (1), we find that

the polarization flow Γ
pol
a due to the particle species a is given

by

Γ
pol
a ≡

1

ea

∂Pa(x, t)

∂ t

=
∞

∑
l=0

(−1)l

(l + 1)!

∂ l

∂x j1 · · ·∂x jl

[∫
d6Z δ 3(X− x)

×

{
Da fa

(
dρa

dt
ρ j1

a · · ·ρ jl
a + l ρa

dρ j1
a

dt
ρ j2

a · · ·ρ jl
a

)

−
∂

∂X
·

(
Da fa

dX

dt
ρa ρ j1

a · · ·ρ jl
a

) }]
−Γ

C∗
a , (24)

where ΓC∗
a is defined by

Γ
C∗
a (x, t)≡

∞

∑
l=0

(−1)l+1

(l + 1)!

∂ l

∂x j1 · · ·∂x jl

(∫
d6Z′ δ 3(X′− x)

· Da ∑
b

C
(g)
ab

[ fa, fb] ρa ρ j1
a · · ·ρ jl

a

)
. (25)

It can be shown from Eqs. (15) and (25) that ∇ ·ΓC∗
a − ∇ ·

Γ
C
a =

∫
d6z′δ 3(x′−x)D

(p)
a C

(p)
a = 0 and accordingly ∇ ·ΓC∗

a =
∇ ·ΓC

a . In addition, as seen in Sec. IV, both Γ
C∗
a and Γ

C
a are of

O(ε2) and their ensemble averages coincide with each other

and represent the classical particle transport.

The particle flow Γ
(p)
a defined in Eq. (10) is also given by

the integration in the gyrocenter coordinates as

Γ
(p)
a (x, t)≡ n

(p)
a u

(p)
a (x, t)

≡
∫

d6Z Da(Z, t) fa(Z, t)δ
3(X+ρa − x)

(
dX

dt
+

dρa

dt

)
.

(26)

where the particle velocity is represented by dX/dt+dρa/dt,

which is regarded as a function of (Z, t), using Eq. (A27) in

Appendix A and Eqs. (B6)–(B9) in Appendix B. Then we can

use Eqs. (14), (15), and (22)–(24) to derive Eq. (18) which is

written here as

Γ
(p)
a (x, t) = Γ

(g)
a (x, t)+

1

ea

∂Pa(x, t)

∂ t
+

c

ea

∇×Ma(x, t)

+Γ
C∗
a (x, t), (27)

where Γ
mag
a ≡ (c/ea)∇×Ma(x, t) is the particle flow due to

the magnetization vector Ma defined by

c

ea

Ma(x, t)

≡
∞

∑
l=0

(−1)l

l!

∂ l

∂x j1 · · ·∂x jl

[∫
d6Z Da faδ 3(X− x)

·ρ j1
a · · ·ρ jl

a ρa ×

(
1

(l + 2)

dρa

dt
+

1

(l + 1)

dX

dt

)]
. (28)

IV. EXPANSION OF PARTICLE FLOWS IN THE
NORMALIZED GYRORADIUS PARAMETER ε

We here first expand the gyrocenter distribution function in

the normalized gyroradius parameter ε as

fa(Z, t) = fa0(Z, t)+ fa1(Z, t)+ fa2(Z, t)+ · · · , (29)

where the subscripts n = 0,1,2, · · · represent the terms of

O(εn). More precisely speaking, fan = O(εn) implies that

the magnitude of fn is represented by fan = O(εn fa0).
The gyrocenter distribution function is also written as the

sum of the ensemble average part and the fluctuation part,

fa = 〈 fa〉ens + f̂a. (30)

We denote the average and fluctuation parts of the magnetic

field by B=∇×A and B̂=∇×Â, respectively. The ensemble

average is used as the basic method of statistical mechanics

to obtain the macroscopic mean values of physical valuables.

For the case of gyrokinetic turbulence simulation, an ensem-

ble literally corresponds to a group of a large number of simu-

lations performed using many different sets of randomly given

initial perturbations while being done for the same macro-

scopic state (characterized by the same conditions for back-

ground profiles of densities, temperatures, and electromag-

netic fields), and the ensemble average of some variable is

defined by the average of its values obtained from the repeat-

edly performed simulations. However, assuming that a single
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typical nonlinear gyrokinetic simulation shows ergodic behav-

ior wandering among a large number of microscopic turbulent

states which will be produced by the ensemble of simulations,

the ensemble average is considered to equal the local space-

time average obtained in the single simulation. This local

space-time averaging of the distribution and other field func-

tions in gyrokinetic systems is detailedly described in Ref.35,

which shows the same results as given in Ref.36 using the no-

tation of the ensemble average.

We note here that the gyrophase average should be clearly

distinguished from the local space average related to the en-

semble average. The ensemble average can be replaced by

the space-time average over scales which are much smaller

than macroscopic scales but sufficiently larger than micro-

scopic fluctuation scales.35 For example, for the fluctua-

tion potential φ(x) = φk⊥ exp(ik⊥ · x) with the perpendicu-

lar wavenumber vector k⊥ (k⊥ ∼ ρ−1), the local space aver-

age of φ(x) over the scale l (ρ ≪ l ≪ L) in the plane per-

pendicular to the background magnetic field vanishes. On

the other hand, the gyrophase average 〈· · · 〉ξ of the fluctuat-

ing potential is given by 〈φ(X+ρ)〉ξ = J0(k⊥ρ)φk exp(ik⊥ ·
X) which shows that the gyrophase average does not com-

pletely remove the fluctuation but weakens it by the factor

J0(k⊥ρ)= 〈exp(ik⊥ ·ρ)〉ξ [which is derived from the formula,

(2π)−1
∮

exp(ixsinθ )dθ = J0(x)].

As seen in Eq. (30), the fluctuation part of the distribution

function is given as the deviation from the ensemble aver-

age. We now recall that, in the present work using the mod-

ern gyrokinetic formulation, the gyrocenter coordinates Z in

fa = fa(Z, t) are defined from the particle coordinates z with

effects of the electromagnetic fluctuations taken into account

[see Eqs. (A6)–(A9)]. On the other hand, in the classical gy-

rokinetic formulation25–27 using the WKB representation (see

Appendix C) for the fluctuating parts of the distribution func-

tion and electromagnetic fields, the particle phase-space coor-

dinates used as independent variables of the distribution func-

tion are defined without including effects of the fluctuations.

Then, due to the difference between the two sets of the phase-

space coordinates, the fluctuation part of the distribution func-

tion in the modern gyrokinetic formulation differs from that in

the classical formulation [see Eq. (C23) in Appendix C where

f̂
(p)
a1 and f̂a1 correspond to the fluctuation parts of the distri-

bution functions in the classical and modern formulations, re-

spectively].

In the rest of this section, the expansion in ε [Eq. (29)]

and the decomposition into the average and fluctuation parts

[Eq. (30)] are employed to analyze various components which

compose the particle flow [Eq. (27)]. It is noted that, even in

the case without microscopic fluctuations, the expansion of

the distribution function in Eq. (29) is used in the drift ki-

netic theory29–31 where the neoclassical transport fluxes are

calculated from the first-order distribution function given as

the solution of the drift kinetic equation [see Eq. (C5)]. In the

gyrokinetic theory, small amplitudes of fluctuations of O(ε)
are assumed so that the fluctuation parts appear from the first

order as seen below.

A. Zeroth-order flows

The zeroth-order part fa0 of the distribution function fa in ε
is considered to represent the equilibrium part which contains

no fluctuations, and we accordingly write

fa0 = 〈 fa0〉ens, f̂a0 = 0. (31)

The zeroth-order density n
(g)
a0 is given by

n
(g)
a0 (x, t)≡

∫
d6Z Da0(X, t) fa0(Z, t)δ

3(X− x), (32)

where Da0 represents the zeroth-order Jacobian given by

Da0(X, t) =
B(X, t)

ma

. (33)

The zeroth-order part (dX/dt)0 of the gyrocenter velocity

dX/dt is given by Eq. (B1) and it has only the component

parallel to the background magnetic field.

Noting that fa0 is independent of the gyrophase angle ξ and

using Eqs. (24), (28), (B1), and (B6) we have

(
1

ea

∂Pa(x, t)

∂ t

)

0

=
∫

d6Z Da0 fa0δ 3(X− x)

(
dρa

dt

)

0

= 0, (34)

and

(
c

ea

Ma(x, t)

)

0

= 0. (35)

Thus, the polarization and magnetization never produce par-

ticle flows of O(na0vTa). From Eqs. (15) and (25), we also

have

Γ
C
a0(x, t) = Γ

C∗
a0 (x, t) = 0. (36)

In the present work, we use the low-flow ordering in which

the lowest-order flow velocity is in the order of O(εvTa). This

means that the zeroth-order particle flow vanishes,

Γ
(p)
a0 (x, t) = 0, (37)

and the zeroth-order gyrocenter flow given by fa0 also van-

ishes,

Γ
(g)
a0 (x, t)≡ n

(g)
a0 u

(g)
a0 (x, t)

≡
∫

d6Z Da0(Z, t) fa0(Z, t)δ
3(X− x)

(
dX

dt

)

0

= 0. (38)

B. First-order flows

In the first-order in ε , the gyrocenter distribution function

generally consists of ensemble average and fluctuation parts,

fa1 = 〈 fa1〉ens + f̂a1. (39)
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In the same way, the first-order particle and gyrocenter flows

are written as

Γ
(p)
a1 (x, t) = 〈Γ

(p)
a1 (x, t)〉ens + Γ̂

(p)
a1 (x, t), (40)

and

Γ
(g)
a1 (x, t) = 〈Γ

(g)
a1 (x, t)〉ens + Γ̂

(g)
a1 (x, t), (41)

respectively. As explained in Appendix C, the collision term

vanishes to the zeroth order in ε and it is regarded as of the

first order. Then we see from Eqs. (15) and (25) that ΓC
a and

Γ
C∗
a are of O(ε2na0vTa) (na0: the background particle density)

and

Γ
C
a1 = Γ

C∗
a1 = 0. (42)

1. Ensemble-averaged part

The first-order ensemble-averaged gyrocenter flow is writ-

ten as

〈Γ
(g)
a1 (x, t)〉ens =

∫
d6Z δ 3(X− x)

[
Da0 fa0

〈(
dX

dt

)

1

〉

ens

+(Da0〈 fa1〉ens +Da1 fa0)

(
dX

dt

)

0

]
, (43)

where (dX/dt)0 and 〈(dX/dt)1〉ens are given as functions of

(Z, t) as shown in by Eqs. (B1) and (B3), respectively. It is

found from Eq. (22) that the first-order polarization flow van-

ishes,

〈Γ
pol
a1 (x, t)〉ens ≡

〈(
1

ea

∂Pa(x, t)

∂ t

)

1

〉

ens

= 0. (44)

From Eq. (28), we obtain

〈(
c

ea

Ma(x, t)

)

1

〉

ens

=−
c

eaB
(Pa⊥)0b, (45)

and the first-order magnetization flow,

〈Γ
mag
a1 (x, t)〉ens ≡ ∇×

〈(
c

ea

Ma

)

1

〉

ens

=−∇×

(
c

eaB
(Pa⊥)0b

)
, (46)

where

(Pa⊥)0 ≡

∫
d6Z δ 3(X− x)Da0 fa0 µB. (47)

Using Eqs. (27), (42), (43), (44), and (46), the total first-

order ensemble-averaged particle flow is written as

〈Γ
(p)
a1 (x, t)〉ens = 〈Γ

(g)
a1 〉ens + 〈Γmag

a1 〉ens

=

∫
d6Z δ 3(X− x)Da0〈 fa1〉ensUb+

na0

B
〈E1〉ens ×b

+
c

eaB

[
b×∇(Pa⊥)0 +

{
(Pa‖)0 − (Pa⊥)0

}
(∇×b)

]

= b

[∫
d6Z δ 3(X− x)Da0〈 fa1〉ensU +

c

eaB

{
(Pa‖)0

− (Pa⊥)0

}
(b ·∇×b)

]
+

c

eaB

[
na0ea〈E1〉ens

−∇ ·
{
(Pa‖)0bb+(Pa⊥)0(I−bb)

}]
×b. (48)

where

(Pa‖)0 ≡

∫
d6Z δ 3(X− x)Da0 fa0

1

2
maU2. (49)

In a case where, as described in Appendix C.1, fa0 takes the

form of the local Maxwellian distribution with no mean flow,

the zeroth-order pressure is isotropic so that we can write

(Pa‖)0 = (Pa⊥)0 = Pa0. Equation (48) agrees with the mag-

netization law in drift kinetics.24

Within accuracy up to O(εna0vTa), Eq. (48) is rewritten

more compactly as

〈Γ
(p)
a1 (x, t)〉ens =

∫
d6Z δ 3(X+ρa1 − x)

× [Da〈 fa〉ensvc +Da0 fa0vda] , (50)

where vc and vda are given by Eqs. (A13) and (B3), respec-

tively, and ρa1 represents the lowest-order (or first-order) ex-

pression of the gyroradius vector shown in Eq. (A12). In the

first term of the integrand on the right-hand side of Eq. (50),

we need to use Da = Da0 +Da1 and fa = fa0 + fa1 in order to

keep the validity up to O(εna0vTa).

2. Turbulent part

The first-order turbulent gyrocenter flow is given from

Eq. (14) as

Γ̂
(g)
a1 (x, t) =

∫
d6Z D0δ 3(X− x)( f̂a1Ub+ fa0v̂ga), (51)

where the first-order turbulent gyrocenter velocity v̂ga is given

by Eq. (B4). The first-order turbulent polarization flow is de-

rived from Eq. (24) as

Γ̂
pol
a1 (x, t)

=
∞

∑
l=0

(−1)l+1

(l + 1)!

∂ l

∂x j1 · · ·∂x jl

[∫
d6Z δ 3(X− x)Da0

·

{
ρ j1

a1 · · ·ρ
jl

a1 fa0

(
ea

mac
Â⊥+

c

B
b×∇ψ̂a

)

−ρ
j1

a1 · · ·ρ
jl−1

a1

ea

B
˜̂ψa

∂ fa0

∂ µ

(
ρ

jl
a1vc⊥+ l(vc⊥)

jlρa1

)}]
,

(52)
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where ρ j
a1 is the jth component of ρa1. On the right-hand side

of Eq. (52), ˜̂ψa ≡ ψ̂a−〈ψ̂a〉ξ is the gyrophase-dependent part

of ψ̂a ≡ψa−〈ψa〉ens ≡ φ̂ −c−1vc ·Â where φ̂ and Â should be

evaluated at X+ρa1. The first-order turbulent magnetization

flow is derived from Eq. (28) as

Γ̂
mag
a1 (x, t) =

(
c

ea

∇×Ma

)

1

=
∞

∑
l=1

(−1)l

l!

∂ l

∂x j1 · · ·∂x jl

(∫
d6Z δ 3(X− x)Da0

·

[
ρ j1

a1 · · ·ρ
jl

a1

{
f̂a1 vc − fa0

ea

mac

(
Â‖b+

l

(l + 1)
Â⊥

)

+
1

(l + 1)
fa0

c

B
b×∇ψ̂a

}
+ρ

j1
a1 · · ·ρ

jl−1

a1

ea

B
˜̂ψa

∂ fa0

∂ µ

·

{
ρ

jl
a1Ub+

l

l+ 1

(
ρ

jl
a1vc⊥− (vc⊥)

jlρa1

)}])
. (53)

Then, using Eqs. (51)–(53), the first-order turbulent particle

flux is written as

Γ̂
(p)
a1 (x, t)≡ Γ̂

(g)
a1 + Γ̂

pol
a1 + Γ̂

mag
a1

=
∞

∑
l=0

(−1)l

l!

∂ l

∂x j1 · · ·∂x jl

[∫
d6Z δ 3(X− x)Da0

·ρ j1
a1 · · ·ρ

jl
a1

{
f̂a1vc +

(
− fa0

ea

mac
Â+

ea
˜̂ψa

B

∂ fa0

∂ µ
vc

)}]

=

∫
d6Z δ 3(X+ρa1− x)Da0

·

[
f̂a1vc +

(
− fa0

ea

mac
Â+

ea
˜̂ψa

B

∂ fa0

∂ µ
vc

)]
+O(ε2na0vTa).

(54)

Summing up Eqs. (50) and (54), we obtain the expression of

the first-order particle flow, which is valid up to O(εna0vTa),
as

Γ
(p)
a (x, t) = 〈Γ

(p)
a (x, t)〉ens + Γ̂

(p)
a (x, t)

=

∫
d6Z δ 3(X+ρa1 − x)

[
Da(Z, t) fa(Z, t)vc

+Da0

{
fa0

(
vBa −

ea

mac
Â

)
+

eaψ̃a

B

∂ fa0

∂ µ
vc

}]
.

(55)

where vBa is defined by Eq. (A25). In the same way as in

Eq. (50), Da = Da0 +Da1 and fa = fa0 + fa1 should be used

in the first term of the integrand on the right-hand side of

Eq. (55), in order to keep the validity up to O(εna0vTa).

C. Second-order flows

When considering particle confinement of magnetically

confined plasmas on the transport time scale of (ε2ωTa)
−1, it

is important to evaluate the ensemble-averaged or mean parti-

cle flux across the surface formed by field lines. We find from

Eq. (22) that the second-order Ensemble-averaged polariza-

tion flow vanishes,

〈
Γ

pol
a2 (x, t)

〉
ens

≡

〈(
1

ea

∂Pa

∂ t

)

2

〉

ens

= 0, (56)

as well as the zeroth- and first-order parts shown in Eqs. (34)

and (44).

For plasmas confined in the toroidal magnetic configura-

tion where the zeroth-order equilibrium distribution function

Fa0 is given by the Maxwellian with no mean flow, we see

from Eq. (28) that the second-order ensemble-averaged mag-

netization flow is given by

〈
Γ

mag
a2 (x, t)

〉
ens

≡

〈(
c

ea

∇×Ma

)

2

〉

ens

=−∇×

(
c

eaB
(P⊥)a1b

)
, (57)

where (P⊥)a1 ≡
∫

d6Z δ 3(X − x)Da0〈 fa1〉ensµB. For this

Maxwellian equilibrium distribution function fa0, we have

the scalar equilibrium pressure Pa0 = (Pa‖)0 = (Pa⊥)0 and

the average electrostatic potential 〈φ〉ens which are given as

flux surface functions, as explained after Eq. (C4) in Ap-

pendix C. Then the first-order ensemble-averaged particle

flow in Eq. (50) is rewritten as

〈Γ
(p)
a1 (x, t)〉ens =

∫
d6Z δ 3(X− x)Da0〈 fa1〉ensUb

+
c

eaB

(
na0ea〈E1〉ens −∇Pa0

)
×b, (58)

which has no component in the radial direction perpendicu-

lar to the magnetic flux surface, because 〈E1〉ens = −∇〈φ〉ens

and ∇Pa0 are both perpendicular to the surface. Therefore the

mean radial particle flow is of O(ε2na0vTa), which is con-

sistent with the ordering of the transport time scale given by

(ε2ωTa)
−1.

The second-order ensemble-averaged gyrocenter flow is

obtained from Eq. (14) as

〈Γ
(g)
a2 (x, t)〉ens =

∫
d6Z δ 3(X− x)Da0

[
fa0vda2

+ 〈 fa1〉ensvda + 〈 f̂a1 v̂ga〉ens

+

〈
fa2 +

Da1

Da0

fa1

〉

ens

Ub

]
, (59)

where vda, v̂ga, and vda2 are given by Eqs. (B3), (B4), and

(B5), respectively.

The remaining part of the second-order ensemble-averaged

particle flow is derived using Eq. (15) and (25) as

〈ΓC
a2(x, t)〉ens = 〈ΓC∗

a2 (x, t)〉ens

=
∫

d6z′ D
(p)
a 〈(C̃

(p)
a )1〉ensδ

3(x′− x)
v′×b

Ωa

=
c

eaB
Fa1 ×b

=

∫
d6z′ D

(p)
a 〈 f̃a2〉ens δ 3(x′− x) v′⊥, (60)
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where 〈(C̃
(p)
a )1〉ens is defined by

〈(C̃
(p)
a )1〉ens ≡ ∑

b

{
C
(p)
ab [〈 f̃

(p)
a1 〉ens, fb0]+C

(p)
ab [ fa0,〈 f̃

(p)
b1 〉ens]

}
,

(61)

Fa1 is the collisional friction force defined by

Fa1 ≡

∫
d6z′ D

(p)
a δ 3(x′− x)〈(C

(p)
a )1〉ens mav′, (62)

and f̃a2 is obtained using Eq. (7). It is verified from Eq. (60)

that 〈ΓC
a2〉ens = 〈ΓC∗

a2 〉ens represents the classical collisional

particle flow.29–31

As seen from Eqs. (18) and (56), the total second-order par-

ticle flow is given by the sum of the gyrocenter, magnetization,

and classical particle flows,

〈Γ
(p)
a2 (x, t)〉ens = 〈Γ

(g)
a2 〉ens + 〈Γmag

a2 〉ens + 〈ΓC
a2〉ens. (63)

It is recalled here that the tangential component of the mean

particle flow to the magnetic flux surface is dominated by the

first-order flow 〈Γ
(p)
a1 〉ens given in Eq. (48) although the nor-

mal component is of the second order. Now using Eqs. (28),

(59), (60), and (63), the component of the second-order par-

ticle flow 〈Γ
(p)
a2 〉ens perpendicular to the background magnetic

field line is given by

〈Γ
(p)
a⊥2

(x, t)〉ens = 〈Γ
(g)
a⊥a2

〉ens + 〈Γmag
a⊥2

〉ens + 〈ΓC
a2〉ens

=

∫
d6Z δ 3(X− x)Da0

[
〈 fa1〉ensvda + 〈 f̂a1 (v̂ga)⊥〉ens

]

−
[
∇×

( c

eB
(Pa⊥)1b

)]
⊥
+

c

eaB
[na0e〈E2〉ens +Fa1]×b

=
c

eaB

[
−∇ ·

{
(Pa‖)1bb+(Pa⊥)1(I−bb)

}

+ na1ea〈E1〉ens + na0e〈E2〉ens +Fa1

−
c

B

∫
d6Z δ 3(X− x)Da0〈 f̂a1 ∇〈ψ̂a〉ξ 〉ens

]
×b, (64)

where na1 ≡
∫

d6Z δ 3(X − x)Da0〈 fa1〉ens, (Pa‖)1 ≡∫
d6Z δ 3(X − x)Da0〈 fa1〉ensmaU2, 〈E1〉ens = −∇〈φ1〉ens,

and 〈E2〉ens = −∇〈φ2〉ens − c−1∂A/∂ t are used. In toroidal

confinement systems, the lowest-order ensemble-averaged

electrostatic potential 〈φ1〉ens is considered to be uniform over

the magnetic flux surface. On the right-hand side of Eq. (64),

the part including the anisotropic pressure tensor represents

the neoclassical particle transport29–31 while the turbulent

particle transport is given by the last term including the

correlation between the fluctuating distribution function and

the gradient of the gyrophase-averaged fluctuating potential

field.37

V. LAGRANGIAN FOR VARIATIONAL DERIVATION OF
POISSON’S EQUATION AND AMPÈRE’S LAW

The action integral for the gyrokinetic Vlasov-Poisson-

Ampère system is given by

I ≡

∫ t2

t1

dt LGKF ≡

∫ t2

t1

dt (LGK +LF), (65)

where the Lagrangian LGK is written as

LGK ≡ LGK0 +LGK1 +LGK2. (66)

Here, we use the gyrocenter distribution function fa to define

LGK0 and LGK1 by

[
LGK0

LGK1

]
≡ ∑

a

∫
d6Z0 Da(Z0, t0) fa(Z0, t0)

×

[
LGYa0(Za(t), Ża(t), t)

LGYa1(Za(t), t)

]

≡ ∑
a

∫
d6Z Da(Z, t) fa(Z, t)

[
LGYa0(Z, Ż, t)

LGYa1(Z, t)

]
, (67)

where the gyrocenter phase-space orbit for the particle species

a is represented by Za(t) which satisfies the initial condition

Za(t0) = Z0. The gyrocenter Lagrangian LGYa0 appearing in

Eq. (67) is defined by

LGYa0(Z, Ż, t)≡
ea

c
A∗

a(X,U, t) · Ẋ+
mac

ea
µ ξ̇

−

(
1

2
maU2 + µB(X, t)

)
, (68)

which describes the gyrocenter motion for the case where the

electrostatic potential φ and the vector potential fluctuation Â

vanish. In this section, we use the modified vector potential

A∗
a(X,U, t) ≡ A(X, t)+ (mac/ea)Ub(X, t) which is obtained

from Eq. (A21) with the second-order small term neglected.

The gyrocenter Lagrangian LGYa1 is the part which linearly

depends on φ and Â,

LGYa1(Z, t) ≡−ea〈ψa(Z, t)〉ξ

≡−ea

〈
φ(X+ρa1, t)−

vc

c
· Â(X+ρa1, t)

〉
ξ
. (69)

The second-order Lagrangian LGK2 is given by

LGK2 ≡ ∑
a

∫
d6Z Da0(Z, t) fa0(Z, t)LGYa2(Z, t) (70)

where fa0 is the zeroth-order part of the gyrocenter distribu-

tion function and LGYa2 is the second-order gyrocenter La-

grangian defined by

LGYa2(Z, t)≡
ea

c
vBa · 〈Â(X+ρa1, t)〉ξ

−
e2

a

2mac2
〈|Â(X+ρa1, t)|

2〉ξ +
e2

a

2B

∂

∂ µ
〈(ψ̃a)

2〉ξ .

(71)

We note here that LGYa1 + LGYa2 corresponds to the

opposite sign of eaΨa defined by Eq. (A24). The

term (e2
a/2B)(∂ 〈(ψ̃a)

2〉ξ /∂ µ) in Eq. (71) is a part of
1
2
ea〈{S̃a, ψ̃a}〉ξ in Eq. (A24), while the remaining part of

1
2
ea〈{S̃a, ψ̃a}〉ξ is removed in LGYa2 because, when it is re-

tained, its contribution to LGK2 is of higher order in ε than that

of the terms included in Eq. (71). As noted after Eq. (A25) in

Appendix A, one of the second-order terms, (ea/c)vBa · 〈Â〉ξ ,
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is often neglected in conventional studies although this term

is kept here to accurately derive the gyrokinetic Ampère’s law

later.

The Lagrangian LF is defined by12

LF ≡
1

8π

∫

V
d3x
[
|EL(x, t)|

2 −|B(x, t)+ B̂(x, t)|2

+
2

c
λ (x, t)∇ · Â(x, t)

]
. (72)

where the longitudinal (or irrotational) part EL of the electric

field is written in terms of the electrostatic potential φ as

EL ≡−∇φ , (73)

and λ plays the role of the Lagrange undetermined multiplier

to derive the Coulomb gauge condition,

∇ · Â = 0, (74)

from δ I/δλ = 0 (or δLGKF/δλ = δLF/δλ = 0). Equa-

tion (72) is used for making the Darwin approximation to re-

move electromagnetic waves propagating at light speed.

From the condition that δ I = 0 holds for the variation of

Za(t) which is fixed at t = t1, t2, we can derive the gyrocen-

ter motion equations for Za(t) and accordingly the gyroki-

netic Vlasov equation for the distribution function fa which is

constant along the gyrocenter phase-space orbit represented

by Za(t). This is a variational derivation of the gyroki-

netic Vlasov equation based on the Lagrangian picture of the

gyrocenter phase-space motion.12 The resultant gyrokinetic

Vlasov equation is given by removing the collision term from

Eq. (1). In the Eulerian picture (or the Euler-Poincaré for-

mulation),17–19,38–41 we use the expression in the last line of

Eq. (67) and consider the variations of fa and Ż as functions of

(Z, t) to derive the gyrokinetic Vlasov equation from δ I = 0.

Effects of the collision term, if included, on the local energy

and momentum balance equations can be clarified following

the same procedure as shown in Refs.17,18.

In the present case, Eq. (70) is used for the second-order

Lagrangian to make the linear polarization-magnetization ap-

proximation, in which the deviation of fa from fa0 does not

enter the polarization and magnetization terms proportional to

φ and Â in the gyrokinetic Poisson and Ampère equations as

shown later.12 It also should be noted that in the gyrokinetic

equation derived in this approximation, quadratic terms with

respect to φ and Â are removed from the gyrocenter phase-

space velocity dZ/dt.

The gyrokinetic Poisson’s equation is derived from the vari-

ational derivative of the action integral I with respect to the

electrostatic potential φ . Since the time derivative of φ never

appears in the Lagrangian density LGKF , the above-mentioned

condition can be replaced by δLGKF/δφ = 0, which leads to

∇ ·EL = 4π ∑
a

ea

∫
d6Z δ 3(X+ρa1 − x)

(
Da fa

+Da0
eaψ̃a

B

∂ fa0

∂ µ

)
. (75)

In O(en0) and O(εen0), the ensemble-averaged part of

Eq. (75) gives the quasineutrality conditions,

0 = ∑
a

eana0 ≡ ∑
a

ea

∫
d6Z Da0 fa0δ 3(X− x), (76)

and

0 =∑
a

ea〈n
(g)
a1 〉ens ≡∑

a

ea

∫
d6Z Da0〈 fa1〉ensδ

3(X−x), (77)

respectively. The fluctuation part of Eq. (74) is written as

∇ · ÊL = 4π ∑
a

ea

∫
d6Z Da0δ 3(X+ρa1 − x)

(
f̂a

+
ea
˜̂ψa

B

∂ fa0

∂ µ

)
, (78)

which is valid up to the lowest order, O(εen0). Here and here-

after, we do not consider the particle species dependence in

using the ordering parameter ε ∼ ρa/L and O(eana0). Such

dependence may occur due to large mass and charge differ-

ences although they should be treated using subsidiary pa-

rameters other than ε . We can confirm that Eqs. (75)–(78)

are consistent with the results derived from using Eqs. (21),

(22), and (A11) for Poisson’s equation ∇ ·EL = 4π ∑a ean
(p)
a .

The gyrokinetic Ampère’s law is derived from the varia-

tional derivative of the action integral I with respect to the

fluctuation part Â of the vector potential. Since the time

derivative of Â never appears in the Lagrangian density LGKF ,

we can use δLGKF/δ Â = 0 to obtain

∇× (B+ B̂) =
4π

c
j−

1

c
∇λ , (79)

where the electric current density is given by

j = ∑
a

ea

∫
d6Z δ 3(X+ρa1 − x)

[
Da(Z, t) fa(Z, t)vc

+Da0

{
fa0

(
vBa −

ea

mac
Â

)
+

eaψ̃a

B

∂ fa0

∂ µ
vc

}]
. (80)

We see that the Eq. (80) agrees with the result shown in

Eq. (55). The longitudinal (or irrotational) part of Eq. (79)

gives

∇λ = 4πjL. (81)

From the transverse (or solenoidal) part of Eq. (79), the gy-

rokinetic Ampère’s law is written as

∇× (B+ B̂) =
4π

c
jT . (82)

In Eqs. (81) and (82), jL and jT represent the longitudi-

nal and transverse parts of j, respectively. It is noted here

that an arbitrary vector field a is written as a = aL + aT

where the longitudinal and transverse parts of a are given

by aL(x) =−(4π)−1∇
∫

d3x′ (∇′ ·a(x′))/|x−x′| and aT (x) =
(4π)−1∇× (∇×

∫
d3x′ a(x′)/|x− x′|), respectively.23
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The ensemble-averaged part and the fluctuation part of

Eq. (82) are written as

∇×B =
4π

c
〈j〉ensT , (83)

and

∇× B̂ =
4π

c
ĵT , (84)

respectively, where the ensemble-averaged part and fluctua-

tion part of the current density is given by

〈j〉ens = ∑
a

ea

∫
d6Z δ 3(X+ρa1− x)

[
Da0〈 fa1〉ensvc

+(Da0 +Da1) fa0vc +Da0 fa0vda

]

=

{
∑
a

ea

∫
d6Z δ 3(X− x)Da0〈 fa1〉ensU

+
c

B

(
(P‖)0 − (P⊥)0

)
(b ·∇×b)

}
b

+
c

B
b×∇ ·

{
(P‖)0bb+(P⊥)0(I−bb)

}
, (85)

and

ĵ = ∑
a

ea

∫
d6Z δ 3(X+ρa1 − x)Da0

·

(
f̂avc − fa0

ea

mac
Â+

ea
˜̂ψa

B

∂ fa0

∂ µ
vc

)
, (86)

respectively. On the right-hand side of Eq. (85), (P⊥)0 ≡
∑a(Pa⊥)0 and (P‖)0 ≡∑a(Pa‖)0 are used and the definitions of

(Pa⊥)0 and (Pa‖)0 are found in Eqs. (47) and (49), respectively.

When fa0 takes the form of the local Maxwellian distribution

with no mean flow, we have the isotropic equilibrium pressure

(P⊥)0 = (P‖)0 = P0. It should be noted that Eqs. (80) (85), and

(86) are valid up to the lowest in ε . In Appendix D, using the

WKB representation, the turbulent parts of Poisson and Am-

père equations in Eqs. (78) and (84) are shown to agree with

the results derived in earlier works.25,26

VI. CONCLUSIONS

In this paper, effects of both equilibrium and gyroradius

scale electromagnetic turbulence are included to derive ex-

pressions of polarization and magnetization in terms of the

distribution function in the gyrocenter phase-space coordi-

nates. These expressions presented in Eqs. (22) and (28)

include infinite series expansion with respect to the gyrora-

dius vector, which is defined in the gyrocenter coordinates by

Eqs. (A11)–(A17), where effects of the turbulent fields are

taken into account.

To the leading (or first) order in the normalized gyroradius

parameter ε , the polarization flow vanishes and the ensemble-

averaged (or non-turbulent) part of the particle flow consists of

the gyrocenter and magnetization flows, which agrees with the

result called the magnetization law in the drift kinetics.24 On

the other hand, the leading-order turbulent part of the particle

flow is given by the sum of the turbulent parts of the polariza-

tion, magnetization, and gyrocenter flows. Thus, a practical

extension of the drift kinetic magnetization law is made to gy-

rokinetic systems with electromagnetic fluctuations and col-

lisions. The compact expression of the particle flow, includ-

ing both mean and turbulent parts, is given in Eq.(55), which

is valid to the leading order and useful for evaluating the to-

tal current density to self-consistently determine the magnetic

field in full- f global gyrokinetic simulations.1–9

The effect of collisions appears as the classical transport in

the second-order mean particle flow. In toroidally confined

plasmas, the first-order mean (or ensemble-averaged) particle

flow is tangential to the magnetic surface, so that the mean

particle transport flux across the magnetic surface is of the

second-order and it is verified to contain classical, neoclassi-

cal, and turbulent transport processes which determine plasma

particle confinement in a transport time scale.

The Lagrangian is presented for variational derivation of

the gyrokinetic Poisson and Ampère equations, which prop-

erly include mean and turbulent parts. It is shown that the dia-

magnetic current can be correctly included in the mean part

of Ampère’s law derived from the variational principle us-

ing the Lagrangian, which retains the second-order term given

by the inner product of the turbulent vector potential and the

drift velocity consisting of the curvature drift and the ∇B drift.

The resultant expressions of Ampère’s law [Eq. (82)] and the

current density [Eq. (80)] are useful especially for the full- f

global electromagnetic gyrokinetic simulations to accurately

treat high-beta plasmas. Properly taking account of the differ-

ence between the phase space coordinates in the classical gy-

rokinetic formulation and the modern formulation employed

in the present work, the equivalence between descriptions of

electromagnetic gyrokinetic turbulent fluctuations in the two

formulations is clarified as shown in Appendices C and D.

The turbulent parts of the gyrokinetic Poisson and Ampère

equations in Eqs. (75) and (82) are confirmed to agree with

the results derived from the classical gyrokinetic formulation

using the WKB representation in earlier works. Thus, these

equations present a basic model for global full- f gyrokinetic

simulations which is also consistent with the local turbulence

model used in flux-tube gyrokinetic simulations.42–46 Based

on the presented Lagrangian, local energy and momentum bal-

ance equations for the gyrokinetic system with electromag-

netic turbulence and collisions can be derived following the

same formulation as given by our previous work in the case

of electrostatic turbulence.18 Details of the derivation will be

reported in a future work.
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Appendix A: GYROCENTER COORDINATES AND
EQUATIONS OF MOTION

We consider motion of a charged particle in a strong mag-

netic field. The particle mass and charge are denoted by ma

and ea, respectively, where the subscript a represents the par-

ticle species. The magnetic field is assumed to consist of the

background part B ≡ ∇ × A and the small fluctuation part

B̂ ≡ ∇× Â. The particle’s position and velocity are denoted

by x and v, respectively. The velocity v is written by the sum

of the parallel and perpendicular components as

v ≡ v‖b+ v⊥, (A1)

where the unit vector b ≡ B/B in the direction parallel to the

magnetic field is evaluated at the particle’s position x. Using a

right-handed orthogonal triad of unit vectors (e1,e2,b) which

are regarded as functions of (x, t), we represent the perpendic-

ular velocity as

v⊥ ≡−v⊥(sinξ0 e1 + cosξ0 e2), (A2)

where v⊥ ≡ |v⊥|. We now define the particle phase-space co-

ordinates z by

z ≡ (x,v‖,µ0,ξ0), (A3)

where

µ0 ≡
mav2

⊥

2B(x, t)
. (A4)

Using the Lie transformation technique, the gyrocenter

phase-space coordinates,

Z ≡ (X,U,µ ,ξ ), (A5)

are obtained, such that the Lagrangian for the particle motion

is transformed into a function which is independent of the gy-

rophase angle variable ξ , as shown later in Eq. (A20). The

relations of the gyrocenter coordinates Z ≡ (X,U,µ ,ξ ) to the

particle coordinates z ≡ (x,v‖,µ0,ξ0) are given by

X = x−
v⊥

Ωa

a+
v⊥

Ω2
a

[{
v‖(b ·∇×b)−

v⊥

2B
(a ·∇B)

}
a

+

{
2v‖(b ·∇b · c)+

v⊥

8
(c ·∇b · c− 5a ·∇b ·a)

}
b

]

+
1

B

[(
Â+

c

ea

∇S̃a

)
×b+b

∫
dξ0

˜̂
A‖

]
, (A6)

U = v‖−
v⊥

Ωa

[
v‖(b ·∇b ·a)

+
v⊥

4
(3a ·∇b · c− c ·∇b ·a)

]
+

ea

mac
Â‖, (A7)

µ =
mav2

⊥

2B
+

mav2
⊥

BΩa

[
v2
‖

v⊥
(b ·∇b ·a)

+
v‖

4
(3a ·∇b · c− c ·∇b ·a)+

v⊥

2B
(a ·∇B)

]

+
ea

B

(
1

c
v⊥ · Â+ ψ̃a

)
, (A8)

and

ξ = ξ0 +
1

Ωa

[
v2
‖

v⊥
(b ·∇b · c)+

v‖

4
(c ·∇b · c− a ·∇b ·a)

+ v⊥

(
c ·

∇B

B
− a ·∇c ·a

)]
−

ea

mac

∂ S̃a

∂ µ0

, (A9)

where Ωa ≡ eaB(x, t)/(mac), v⊥ ≡ (2µ0B(x, t)/ma)
1/2, c ≡

v⊥/v⊥, a ≡ b× c, Â‖ ≡ Â ·b, and the definitions of ψ̃a and S̃a

are shown later in Eqs. (A18) and (A19), respectively. Equa-

tion (A6) for the gyrocenter position X is valid up to the sec-

ond order in the normalized gyroradius parameter ε , while

Eqs. (A7)–(A9) are up to the first order. When there are

no fluctuation fields, the formulas in Eqs. (A6)–(A9) agree

with those given by Littlejohn,47 except that Eq. (A7) is given

here in a slightly different way, in order to remove the O(ε)
term of the Hamiltonian in Ref.47. The same procedure as in

Ref.12 is used to include the effects of the fluctuation fields in

Eqs. (A6)–(A9).

We can inversely solve Eqs. (A6)–(A9) to represent the par-

ticle position vector x by the function of the gyrocenter coor-

dinates Z as

x = X+ρa(Z, t) (A10)

where the gyroradius vector ρa(Z, t) is expanded in ε as

ρa(Z, t) = ρa1(Z, t)+ρa2(Z, t)+ · · · . (A11)

The lowest-order part of ρa is given by

ρa1(Z, t)≡
b(X, t)× vc(Z, t)

Ωa(X, t)
, (A12)

where vc is defined by

vc ≡Ub(X, t)−W [sinξ e1(X, t)+ cosξ e2(X, t)], (A13)

and

W ≡

(
2µB(X, t)

ma

)1/2

. (A14)

To the lowest order in ε , the particle velocity v and the gyro-

radius vector ρ≡ x−X are represented by vc and ρa1, respec-

tively. The second-order part of ρa is written as

ρa2(Z, t)≡ 〈ρa2〉ens + ρ̂a2, (A15)
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where the ensemble-average and fluctuation parts of ρa2 are

given by

〈ρa2〉ens ≡ b

[
−

W 2

8Ω2
a

(3a ·∇b ·a+ c ·∇b · c)−
2UW

Ω2
a

(b ·∇b · c)

]

+ a

[
c

ΩaB
(a · 〈E1〉ens)−

W 2

2Ω2
a

(a ·∇ lnB)

+
UW

4Ω2
a

(a ·∇b · c− 3c ·∇b ·a)−
U2

Ω2
a

(b ·∇b ·a)

]

+ c

[
c

ΩaB
(c · 〈E1〉ens)−

W 2

Ω2
a

(c ·∇ lnB)

+
UW

4Ω2
a

(a ·∇b ·a− c ·∇b · c)−
U2

Ω2
a

(b ·∇b · c)

]
,

(A16)

and

ρ̂a2 =
b

B
× Â+ {X+ρa1,

˜̂
Sa}

=−
c

BW

(
φ̂ −

U

c
Â‖−〈ψ̂a〉ξ

)
a+

macW

B2

∂

∂ µ

(∫
˜̂ψa dξ

)
c

−
1

B

[
Â+

c

Ωa

∇

(∫
˜̂ψa dξ

)]
×b−

1

B

(∫ ˜̂
A‖ dξ

)
b,

(A17)

respectively. The definitions of 〈· · · 〉ξ and ·̃ · · are given in

Eqs. (3) and (4), respectively, and ψ̂a ≡ ψa −〈ψa〉ens is the

fluctuation part of ψa which is defined in terms of the elec-

trostatic potential φ and the fluctuation part Â of the vector

potential as

ψa ≡ φ(X+ρa1, t)−
vc

c
· Â(X+ρa1, t). (A18)

Here, we also define

S̃a ≡
mac

B

∫
ψ̃adξ , (A19)

where the integral constant is determined from the condition

〈S̃a〉ξ = 0. We now note that
˜̂
A, ψ̃a, and S̃a are defined above

as functions of Z ≡ (X,U,µ ,ξ ) and t, although when they are

substituted into the formulas for the coordinate transforma-

tion from z to Z [see Eqs. (A6)–(A9)], the independent vari-

ables (X,U,µ ,ξ ) for the functions
˜̂
A, ψ̃a, and S̃a should be

replaced with (x−ρa1(z, t),v‖,µ0,ξ0) to keep the validity of

the formulas up to the orders described after Eq. (A9). Here,

the finite gyroradius ρa1 cannot be neglected because fluctua-

tions are considered to have O(ρa) wavelengths in directions

perpendicular to B.

In the gyrocenter coordinates, the Lagrangian for the

charged particle of motion is given by

LGYa(Z, Ż, t)≡
ea

c
A∗

a · Ẋ+
mac

ea

µ ξ̇ −HGYa(Z, t), (A20)

where the modified vector potential A∗
a is defined by

A∗
a ≡ A(X, t)+

mac

ea

Ub(X, t)−
mac2

e2
a

µW(X, t), (A21)

and

W ≡ ∇e1 · e2 +
1

2
(b ·∇×b)b. (A22)

Here, the gyrocenter Hamiltonian HGYa is defined by

HGYa ≡
1

2
maU2 + µB+ eaΨa. (A23)

The fluctuations are included in the Hamiltonian HGYa through

the term eaΨa defined by

eaΨa ≡ ea〈ψa〉ξ −
ea

c
vBa · 〈Â〉ξ +

e2
a

2mac2
〈|Â|2〉ξ

−
ea

2
〈{S̃a, ψ̃a}〉ξ , (A24)

where {·, · } represents the Poisson bracket, defined by

Eqs. (29)–(33) in Ref.12, and

vBa ≡
c

eaB
b×

(
maU2b ·∇b+ µ∇B

)
(A25)

is the first-order drift velocity consisting of the curvature drift

and the ∇B drift. On the right-hand side of Eq. (A24), the

first term is of O(ε) and the others are of O(ε2). There the

third and fourth terms are quadratic in the fluctuations, while

the second term −(ea/c)vBa · 〈Â〉ξ is given by the product of

the average drift velocity and the fluctuation vector potential.

The latter term −(ea/c)vBa · 〈Â〉ξ is often neglected in con-

ventional studies, although it is retained here for accuracy up

to O(ε2).
The gyrocenter equations of motion are derived from the

Euler-Lagrange equations using the gyrocenter Lagrangian in

Eq. (A20). Using the Hamiltonian in Eq. (A23), they are given

in the form,

dZ

dt
= {Z,HGYa}+ {Z,X} ·

ea

c

∂A∗
a

∂ t
, (A26)

which are rewritten as12

dX

dt
=

1

B∗
a‖

[(
U +

ea

ma

∂Ψa

∂U

)
B∗

a

+ cb×

(
µ

ea

∇B+∇Ψa +
1

c

∂A∗
a

∂ t

)]
, (A27)

dU

dt
=−

B∗
a

maB∗
a‖

·

(
µ∇B+ ea∇Ψa +

ea

c

∂A∗
a

∂ t

)
, (A28)

dµ

dt
= 0, (A29)

and

dξ

dt
= Ωa +W ·

dX

dt
+

e2
a

mac

∂Ψa

∂ µ
, (A30)

where B∗
a and B∗

a‖ are defined in terms of A∗
a in Eq. (A21) as

B∗
a ≡ ∇×A∗

a, and B∗
a‖ ≡ B∗

a ·b, (A31)
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respectively. Since the gyrocenter Lagrangian LGY is inde-

pendent of the gyrophase variable ξ , the time derivatives

of the gyrocenter variables do not depend on ξ and the

magnetic moment µ = (ea/mac)(∂LGY /∂ ξ̇ ) is conserved, as

seen in Eqs. (A27)–(A30). The gyrocenter motion given by

Eqs. (A27)–(A30) satisfies Liouville’s theorem, which is ex-

pressed as

∂Da(Z, t)

∂ t
+

∂

∂Z
·

(
Da(Z, t)

dZ

dt

)
= 0, (A32)

where the Jacobian Da(Z, t) is given by

Da(Z, t) =
B∗

a‖

ma

. (A33)

Appendix B: EXPANSION OF dX/dt AND dρa/dt IN ε

In this Appendix, dX/dt and dρa/dt are expanded in the

normalized gyroradius parameter ε . To begin with, the zeroth-

order gyrocenter velocity is parallel to the background mag-

netic field and given by
(

dX

dt

)

0

=Ub(X, t), (B1)

which contains no fluctuation part. The first-order gyrocenter

velocity is written as

(
dX

dt

)

1

=

〈(
dX

dt

)

1

〉

ens

+

(̂
dX

dt

)

1

, (B2)

where the ensemble-averaged part and the fluctuation part are

given by
〈(

dX

dt

)

1

〉

ens

=
c

eaB
b×

(
maU2b ·∇b+ µ∇B+ ea∇〈φ1〉ens

)

≡ vda, (B3)

and
(̂

dX

dt

)

1

=−
ea

mac
〈Â‖〉ξ b+

c

B
b×∇〈ψ̂a〉ξ ≡ v̂ga, (B4)

respectively. Regarding the second-order gyrocenter velocity,

only its ensemble-averaged part is given here as
〈(

dX

dt

)

2

〉

ens

=−
U

Ωa

[
(b ·∇×b)vda +

µB

maΩa

(∇×W)⊥

]

+
c

B

(
−∇〈φ2〉ens −

1

c

∂A

∂ t

)
×b

≡ vda2. (B5)

The zeroth-order part of dρa/dt is given by the perpendic-

ular component of the particle velocity as
(

dρa

dt

)

0

= Ωa
∂ρa1

∂ξ
= (vc)⊥

≡−

(
2µB

ma

)1/2

[sin ξ e1 + cosξ e2], (B6)

The first-order part of dρa/dt is written as

(
dρa

dt

)

1

=

〈(
dρa

dt

)

1

〉

ens

+
̂
(

dρa

dt

)

1

, (B7)

where
〈(

dρa

dt

)

1

〉

ens

=Ub ·

(
∇ρa1 +W

∂ρa1

∂ξ

)
+Ωa

∂ 〈ρa2〉ens

∂ξ
,

(B8)

and

̂
(

dρa

dt

)

1

=−
ea

mac

(˜̂
A‖b+Â⊥

)
−

c

B
b×∇〈ψ̂a〉ξ +{(vc)⊥,

˜̂
Sa}.

(B9)

The second-order ensemble-averaged part of (c/ea)Ma is

derived from Eqs. (28), (B1), (B3), (B6), and (B8) as
〈(

c

ea

Ma

)

2

〉

ens

=
c

ea

∫
d6Z δ 3(X− x)(Da0 fa1 +Da1 fa0)(−µb)

+
1

Ωa

[∫
d6Z δ 3(X− x)Da0 fa0Uvda

− 2
c

ea

∫
d6Z δ 3(X− x)Da0 fa0Uµb× (b ·∇)b

+
c

2ea

b×∇

(∫
d6Z δ 3(X− x)Da0 fa0Uµ

)]
, (B10)

where Da0 and Da1 are given by

Da0 =
B

ma

, Da1 =
c

ea

Ub · (∇×b). (B11)

Appendix C: ZEROTH AND FIRST-ORDER DISTRIBUTION
FUNCTIONS

We here consider the zeroth and first-order distribution

functions in the normalized gyroradius parameter ε , and

present the kinetic equations satisfied by these distribution

functions. As for the zeroth-order distribution function,

Maxwellian and non-Maxwellian cases are treated.

1. Case of Maxwellian zeroth-order distribution

To the zeroth order in ε , Eq. (1) is written as

Ż0 ·
∂ fa0

∂Z
= ∑

b

C
(p)
ab [ fa0, fb0], (C1)

where Ż0 represents the zeroth-order part of Ż ≡ dZ/dt. The

collision terms appear on the right-hand side of Eq. (C1) be-

cause the collision frequency is regarded here as of the same

order as the transit frequency ωTa.

In Ref.29, it is shown using Eq. (C1) and the property of the

collision operator regarding the entropy production that, in the
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magnetic confinement system with nested toroidal magnetic

surfaces, the collision term vanishes and fa0 is the Maxwellian

equilibrium faM distribution function with no means flow, and

satisfies

b ·∇ faM(X,Ec, t) = 0, (C2)

where Ec represents the zeroth-order particle energy given by

Ec =
1

2
maU2 + µB+ ea〈φ1〉ens. (C3)

It should be noted that, in Eq. (C2), ∇ ≡ ∂/∂X acts on faM

with Ec fixed. Then we can write

fa0 = faM(X,Ec)

= na0

(
ma

2πTa0

)3/2

exp

(
−

Ec − ea〈φ1〉ens

Ta0

)
, (C4)

where na0, Ta0 and 〈φ1〉ens need to be flux surface functions

because of Eq. (C2).

Next we find from Eq. (1) that the first-order ensemble-

averaged gyrocenter distribution function 〈 fa1〉ens satisfies

Ż0 ·
∂ 〈 fa1〉ens

∂Z
+ 〈Ż1〉ens ·

∂ faM

∂Z

= ∑
b

(C
(p)
ab )L[〈 fa1〉ens,〈 fb1〉ens]

≡ ∑
b

〈C
(p)
ab [〈 fa1〉ens, fb0]+C

(p)
ab [ fa0,〈 fb1〉ens]〉ξ , (C5)

where (C
(p)
ab )L represents the linearized collision operator.

Equation (C5) is the so-called linearized drift kinetic equa-

tion, which is used as a basic equation for the neoclassical

transport theory.29–31

From the fluctuation part of Eq. (C10), the governing equa-

tion for the first-order fluctuation part of the gyrocenter distri-

bution function is obtained as

∂

∂ t
f̂a1+{ f̂a1,Ec}+{ faM+ f̂a1,e〈ψ̂a〉ξ }= 〈(C

(g)
ab )

L[ f̂a1, f̂b1]〉ξ ,

(C6)

where effects of gyroradius scale perpendicular wavelengths

of f̂a1 are taken into account in defining the collision operator

(C
(g)
ab )L by

(C
(g)
ab )L[ f̂a1, f̂b1]

≡ eρa1·∇ (C
(p)
ab )L[e−ρa1·∇ f̂a1,e

−ρb1·∇ f̂b1]. (C7)

Here, f̂a1 is given by the sum of adiabatic and nonadiabatic

parts as

f̂a1 =−
ea〈ψ̂a〉ξ

Ta0

faM + ĥa, (C8)

which is substituted into Eq. (C6) to derive the equation for

ĥa,

∂

∂ t
ĥa + {ĥa,Ec + e〈ψ̂a〉ξ}−∑

b

〈(C
(g)
ab )L[ĥa, ĥb]〉ξ

= ea

∂ 〈ψ̂a〉ξ

∂ t

faM

Ta0

−{X,ea〈ψ̂a〉ξ} ·
faM(X,Ec)

∂X
. (C9)

2. Case of non-Maxwellian zeroth-order distribution

In the zeroth-order in ε , Eq. (1) gives

Ż0 ·
∂ fa0

∂Z
= 0, (C10)

where the collision term is neglected by assuming the collision

frequency to be sufficiently small. It is seen from Eq. (C10)

that the zeroth-order distribution function f0 = f0(X,Ec,µ)
satisfies

b ·∇ fa0(X,Ec,µ) = 0, (C11)

where Ec is defined in Eq. (C3) and ∇ ≡ ∂/∂X acts on faM

with Ec fixed in the same way as in Eq. (C2).

From the fluctuation part of Eq. (1), the governing equation

for the first-order fluctuation part of the gyrocenter distribu-

tion function is obtained as

∂

∂ t
f̂a1+{ f̂a1,Ec}+{ fa0+ f̂a1,ea〈ψ̂a〉ξ }=∑

b

〈(C
(g)
ab )L[ f̂a1, f̂b1]〉ξ ,

(C12)

where the collision term is retained for including collisional

effects on gyrokinetic turbulence. Here, f̂a1 is given by the

sum of adiabatic and nonadiabatic parts as

f̂a1 = ea〈ψ̂a〉ξ
∂ fa0(X,Ec,µ)

∂Ec

+ ĥa (C13)

which is substituted into Eq. (C12) to derive the equation for

ha,

∂

∂ t
ĥa + {ĥa,Ec + ea〈ψ̂a〉ξ }−∑

b

〈(C
(g)
ab )L[ĥa, ĥb]〉ξ

=−ea

∂ 〈ψ̂a〉ξ

∂ t

∂ fa0(X,Ec,µ)

∂Ec

−{X,ea〈ψ̂a〉ξ } ·
∂ fa0(X,Ec,µ)

∂X
.

(C14)

It is found that the nonlinear gyrokinetic equation in Ref.27

can be reproduced from Eq. (C14) while neglecting the col-

lision term and using the WKB representation described in

Appendix D.

Substituting Eq. (C13) into Eqs. (78) and (86), the gyroki-

netic Poisson and Ampère equations are written as

−∇2φ̂ = 4π ∑
a

ea

∫
d3X dEc dµ dξ ∑

σ=±1

B

m2
a|U |

× δ 3(X+ρa1 − x)

[
eaφ̂

∂ fa0

∂Ec

+ ea

(
φ̂ −

U

c
Â‖

−〈ψ̂a〉ξ

)
1

B

∂ fa0

∂ µ
+ ĥa

]
, (C15)

and

−∇2Â =
4π

c
∑
a

ea

∫
d3X dEc dµ dξ ∑

σ=±1

B

m2
a|U |

× δ 3(X+ρa1− x)

[
Ub

{
ea

(
φ̂ −

U

c
Â‖−〈ψ̂a〉ξ

)

×
1

B

∂ fa0

∂ µ
+ ĥa

}
+(vc)⊥

{
−〈ψ̂a〉ξ

1

B

∂ fa0

∂ µ
+ ĥa

}]
,

(C16)
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respectively, where σ ≡U/|U | and |U | ≡ [(2/ma)(Ec −µB−

ea〈φ1〉ens)]
1/2 are used and the integration in Ec and µ are done

over the region defined by 0 ≤ µB ≤ Ec − ea〈φ1〉ens.

It is useful to consider a case in which the distribution func-

tion f
(p)
a in the particle coordinates is used instead of the dis-

tribution function fa in the gyrocenter coordinates. These

functions are related to each other by

f
(p)
a (x,E ,µ0,ξ0, t) = fa(X,Ec,µ ,ξ , t), (C17)

where E and Ec are used as independent variables instead of

v‖ and U , respectively. Here, following Ref.25, E is defined

by

E ≡
1

2
mav2 + eaΦ, (C18)

where Φ is the equilibrium electrostatic potential and corre-

sponds to 〈φ〉ens in our notation. The relation between Ec and

E is written as

Ec = E +∆E . (C19)

Then, using Eqs. (A7), (A8), (C3), and (C18), the fluctuation

part ∆ Ê of ∆E is obtained up to the leading order in ε as

∆ Ê = ea

(
1

c
v · Â+ ˜̂ψa

)
= ea

(
φ̂ −〈ψ̂a〉ξ

)
. (C20)

Equation (A8) is rewritten as

µ = µ0 +∆ µ , (C21)

and the fluctuation part ∆ µ̂ of ∆ µ is given up to the leading

order in ε as

∆ µ̂ =
ea

B

(
1

c
v⊥ · Â+ ˜̂ψa

)
=

ea

B

(
φ̂ −

1

c
v‖Â‖−〈ψ̂a〉ξ

)
.

(C22)

Noting that the zeroth-order parts of fa and f
(p)
a are both given

by the same function fa0, and using Eqs. (C13), (C20) and

(C22), the first-order fluctuation part f̂
(p)
a1 of f

(p)
a is written as

f̂
(p)
a1 (x,E ,µ0, t)

= f̂a1(x−ρa1,E ,µ0, t)+

(
∆ Ê

∂

∂E
+∆ µ̂

∂

∂ µ0

)
fa0(x,E ,µ0, t)

= eaφ̂
∂ fa0

∂E
+ ea

(
φ̂ −

v‖

c
Â‖−〈ψ̂a〉ξ

) 1

B

∂ fa0

∂ µ

+ ĥa(x−ρa1,E ,µ0, t), (C23)

We find from using Eq. (C23) that Eqs. (C15) and

(C16) are rewritten in the well-known forms as

−∇2φ̂ = ∑a ea

∫
d6z′ δ 3(x′ − x) f̂ (p)(z′) and ∇ × B̂ =

(4π/c)∑a ea

∫
d6z′ δ 3(x′− x) f̂ (p)(z′)v′, respectively.

Appendix D: WKB REPRESENTATION

Here, we consider any variable Q, the fluctuation part Q̂ of

which has small wavelengths of the order of the gyroradius ρ

in directions perpendicular to the background magnetic field.

Then we use the WKB (or ballooning) representation25–27 for

Q̂,

Q̂(x, t) = ∑
k⊥

Q̂k⊥(x, t)exp[iSk⊥(x, t)], (D1)

where Q̂k⊥(x, t) has the same gradient scale length L as that

of the equilibrium field, while the eikonal Sk⊥(x, t) represents

the rapid variation with the wave number vector k⊥ ≡∇Sk⊥(∼

ρ−1) which satisfies k⊥ ·b = 0.

The first-order fluctuation part f̂
(p)
a1 (z, t) of the distribution

function in the particle coordinates is given by the WKB rep-

resentation as

f̂
(p)
a1 (z, t) = ∑

k⊥

f̂
(p)
a1k⊥

(z, t)exp[iSk⊥(x, t)]. (D2)

The first-order fluctuation part f̂a1(Z, t) of the gyrocenter dis-

tribution function and its nonadiabatic part ĥa(Z, t) are given

by the WKB representation as

[
f̂a1(Z, t)

ĥa(Z, t)

]
= ∑

k⊥

[
f̂a1k⊥(Z, t)

ĥak⊥(Z, t)

]
exp[iSk⊥(X, t)], (D3)

where the gyrocenter position vector X is used in the eikonal

Sk⊥(X, t) instead of the particle position vector x. From

Eqs. (C13) and (C23), we have

f̂a1k⊥ = ea〈ψ̂a〉ξ k⊥

∂ fa0(X,Ec,µ)

∂Ec

+ ĥak⊥, (D4)

and

f̂
(p)
a1k⊥

= eaφ̂k⊥

∂ fa0

∂Ec

+ ea

(
φ̂k⊥ −

U

c
Â‖k⊥

−〈ψ̂a〉ξ k⊥
e−ik⊥·ρa1

)
1

B

∂ fa0

∂ µ
+ ĥak⊥e−ik⊥·ρa1 , (D5)

respectively, and Eq. (C14) is rewritten as

(
∂

∂ t
+Ub ·∇+k⊥ ·vda

)
ĥak⊥

−∑
b

eik⊥·ρa1〈(C
(p)
ab )L[ĥae−ik⊥·ρa1 , ĥbe−ik⊥·ρb1 ]〉ξ

=−ea

(
∂ fa0

∂Ec

∂

∂ t
+ i

c

B
(b×k⊥) ·∇ fa0

)
〈ψ̂a〉ξ k⊥

+
c

B
∑

k′⊥+k′′⊥=k⊥

[b · (k′
⊥×k′′

⊥)]〈ψ̂a〉ξ k′⊥
ĥk′′⊥

, (D6)

where

〈ψ̂a〉ξ k⊥
= J0

(
k⊥W

Ωa

)(
φ̂k⊥ −

U

c
Â‖k⊥

)
+J1

(
k⊥W

Ωa

)
W

c

B̂‖k⊥

k⊥
.

(D7)

Here, J0 and J1 are the first and second-order Bessel functions,

respectively.
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In the WKB representation, the fluctuation part of the gy-

rokinetic Poisson’s equation in Eq. (C15) and that of the gy-

rokinetic Ampère’s law in Eq. (C16) are given by

k2
⊥φ̂k⊥ = 4π ∑

a

ea

∫
dEc dµ ∑

σ=±1

2πB

m2
a|U |

[
eaφ̂k⊥

∂ fa0

∂Ec

+ ea

(
φ̂k⊥ −

U

c
Â‖k⊥

− J0(k⊥W/Ωa)〈ψ̂a〉ξ k⊥

)
1

B

∂ fa0

∂ µ

+ J0(k⊥W/Ωa)ĥak⊥

]
, (D8)

and

k2
⊥Âk⊥ =

4π

c
∑
a

ea

∫
dEc dµ ∑

σ=±1

2πB

m2
a|U |

×

[
Ub

{
ea

(
φ̂k⊥ −

U

c
Â‖k⊥

− J0(k⊥W/Ωa)〈ψ̂a〉ξ k⊥

)

×
1

B

∂ fa0

∂ µ
+ J0(k⊥W/Ωa)ĥak⊥

}

+ i
b×k⊥

k⊥
W J1(k⊥W/Ωa)

{
−ea〈ψ̂a〉ξ k⊥

1

B

∂ fa0

∂ µ
+ ĥak⊥

}]
,

(D9)

respectively. The component of Eq. (D9) in the direction par-

allel to the background magnetic field is written as

k2
⊥Â‖k⊥

=
4π

c
∑
a

ea

∫
dEc dµ ∑

σ=±1

2πB

m2
a|U |

U

×

[
ea

(
φ̂k⊥ −

U

c
Â‖k⊥

− J0(k⊥W/Ωa)〈ψ̂a〉ξ k⊥

)
1

B

∂ fa0

∂ µ

+ J0(k⊥W/Ωa)ĥk⊥

]
, (D10)

where Â‖k⊥
≡ Âk⊥ ·b. Taking the inner product of Eq. (D9)

and −ib×k⊥/k⊥ gives

−k⊥B̂‖k⊥
=

4π

c
∑
a

ea

∫
dEc dµ ∑

σ=±1

2πB

m2
a|U |

×WJ1(k⊥W/Ωa)

(
−ea〈ψ̂a〉ξ k⊥

1

B

∂ fa0

∂ µ
+ ĥak⊥

)
,

(D11)

where B̂‖k⊥
≡ i(k⊥× Âk⊥) ·b. It is found from the inner prod-

uct of Eq. (D9) and k⊥ that the Coulomb gauge condition,

k⊥ · Âk⊥ = 0, holds. Equations (D8), (D10), and (D11) agree

with the gyrokinetic Poisson and Ampère equations derived in

earlier works25,26 using the WKB representation.
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