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A numerical method has been developed for analyzing the shielding current density in a high-temperature
superconducting (HTS) film containing multiple cracks. By using the method, the inductive method and the
scanning permanent magnet method for contactlessly measuring the critical current density has been successfully
reproduced, and the identifiability of the multiple cracks in the HTS film has been investigated. The results of
computations show that, when the cracks are separated from each other, the multiple cracks can be detected indi-
vidually in the two types of the contactless method. On the other hand, if the crack is pretty close to the interface,
the multiple cracks is considered as a single crack. However, the crack position can be detected collectively.
Therefore, the contactless methods is useful method for detecting the multiple cracks in an HTS film.
c© 2015 The Japan Society of Plasma Science and Nuclear Fusion Research
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1. Introduction
A measurement of a critical current density jC is

essential for designing high-temperature superconducting
(HTS) devices such as a MRI, an HTS cable, and a linear
motor car. An Inductive method [1,2] for measuring a criti-
cal current density jC is employed as the crack detection in
an HTS sample. Kim experimentally investigated the de-
tectability of a crack from observing the V3-I0 curves [3].
He found that the threshold current of I0 decreases if the
coil approaches the crack. This result means that the crack
can be detected by the inductive method.

As an novel method, Ohshima et al. proposed a stan-
dard permanent magnet method [4]. This method is used
for a crack detection. In the method, while moving a per-
manent magnet above an HTS film, an electromagnetic
force Fz acting on the film is monitored. They found
that when the magnet approached the crack, the maximum
repulsive force FM decreases. Consequently, the crack
can be detected by measuring FM. However, it has time-
consuming because to the evaluation of FM at each mea-
surement point.

For the purpose of jC-measurements with a high
speed, Hattori et al. have recently proposed a scanning
permanent magnet method [5]. A magnet is placed in re-
lation to a film surface at a constant distance between an
HTS surface and the magnet bottom, and it is moved in the
direction parallel to the surface. As a result, although the
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Fig. 1 Time evolution of the magnetic flux lines and the shield-
ing current density in an HTS film with a single crack
when a magnet is moving from the left edge to the right
edge. An important point is that you can see an anima-
tion on a PDF file by clicking this figure only when you
download and install the Adobe Acrobat Reader and the
QuickTime on your computer.

jC-measurement speed is higher than the standard method,
they have not yet been applied scanning method to the
crack detection.

In the previous study, we develop a numerical code for
analyzing the time evolution of a shielding current density
in an HTS film with a single crack [6–8]. By using the
code, we obtain the time evolution of the magnetic lines
and the shielding current density is illustrated for a typi-
cal case in Fig. 1. In this figure, the green lines and the
arrows indicate the magnetic flux lines and the flow of a
shielding current density, respectively. The blue plane, the
gray cylinder and the black line show the HTS film, the
permanent magnet, and a single crack, respectively. In ad-
dition, we investigate the detectability of the scanning per-
manent magnet/inductive methods. The results of the com-
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putations show that the single crack can be detected with
high speed and high accuracy by combining the inductive
method and the scanning one [8].

We see from this figure that a shielding current density
j flows along the crack. Furthermore, j remains in the film
after passing through the magnet. The magnetic flux lines
are greatly changed under the influence of the crack and
the edge.

The purpose of the present study is to investigate the
identifiability of multiple cracks by the contactless meth-
ods by modifying an above mentioned numerical code.

2. Governing Equations
In the present study, we suppose that an HTS film con-

tains m pieces of cracks. A rectangle cross-sectionΩ of the
film has not only the outer boundary C0 but also the inner
boundaries Ck (k = 1, 2, · · · ,m). Moreover, n and t on Ck

are a normal unit vector and a tangential unit vector.
As usual, we use the Cartesian coordinate system

〈O : ex, ey, ez〉 (see Fig. 2): z-axis is parallel to the thick-
ness direction. Also, it should be noted that the origin O
is chosen at the centroid of an HTS in the scanning perma-
nent magnet method. On the other hand, O is taken at the
center of an HTS upper surface in the inductive method. In
terms of the coordinate system, the symmetry axis of the
magnet and the coil can be expressed as (x, y) = (xA, yA).

As is well known, a closely relationship between a
shielding current density j an electric field E can be written
as the J-E constitutive equation

E = E (| j|)
(

j
| j|

)
, E ( j) = EC

(
j

jC

)N

.

Here, jC, EC, and N are the critical current density, the
critical electric field, and a positive value, respectively. As
a function E( j), we adopt the power law for characterizing
a HTS property.

Similar to the previous study, we use the thin-layer
approximation [9]: the thickness of an HTS film is thin
enough so that the shielding current density j can hardly
flow in the thickness direction. From this approximation it

Fig. 2 A schematic view of a scanning permanent magnet
method.

is follows that j = (2/b)(∇S × ez), where a scalar function
S (x, t) and its time evolution is governed by the following
integro-differential equation [9]:

μ0∂t(ŴS ) + ez · (∇ × E) = −∂t〈B · ez〉. (1)

Here, the square bracket 〈 〉 denotes an average operator
over the thickness, and B is an applied magnetic field. The
explicit form of Ŵ is given in Ref. [9].

Applying the initial condition S = 0 at t = 0 to (1),
we assume the three boundary conditions: S = 0 on C0,
∂S/∂s = 0 on Ck, and hk(E) ≡ ∮

Ck
E · tds = 0, where s

is an arclength along Ck. By solving the initial-boundary-
value problem of (1), we can determine the time evolution
of the shielding current density j in an HTS film with the
multiple cracks.

As the discretization methods, we apply the finite
element method and the backward Euler method to the
initial-boundary-value problem of (1). The problem is re-
duced to the nonlinear boundary-value problem, and it is
transformed by simultaneous linear equations by using the
Newton method and virtual voltage method [10].

Incidentally, we adopt Hitachi SR16000 XM1 as the
numerical computations. In the computers, the matrix cal-
culation for the numerical libraries (MATRIX/MPP) is im-
plemented. We use the HDLGEM subroutine to solve si-
multaneous linear equations in the initial-boundary-value
problem of (1). As a result, the CPU time is about 92
times faster than before the implementation of the above
subroutine.

Throughout the present study, the physical and geo-
metrical parameters of the HTS film are fixed as follows:
l = 30 mm, w = 12 mm, b = 1 μm, jC = 1 MA/cm2, EC =

1 mV/m, N = 20.

3. Identifiability of Multiple Cracks
by Using Contactless Methods
In this section, we numerically investigate the identifi-

ability of the multiple cracks by using the two types of the
contactless methods for measuring a critical current den-
sity jC. In the present study, the number m of cracks are m
= 3, and three cracks are denoted by C1, C2, and C3 (see
Fig. 3). The shape of two cracks, C1 and C3, is the line seg-
ment paralleled to the y-axis, and C2 is the vertical line to
the y-axis. The length of C1, C2, and C3 is fixed as Lc. In

Fig. 3 The three cracks, C1, C2, and C3, containing an HTS film.
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addition, the center points (x, y) = (±xc, 0) and the origin
in the xy-plane, and the distance between cracks is denoted
by dc(≡ 2xc).

3.1 Scanning permanent magnet method
A cylindrical permanent magnet of radius R and

height H is located above an HTS film, and a distance
between a magnet bottom and a film surface is denoted
by L. For characterizing the magnet strength, we use
the magnitude BF of a magnetic flux density at (x, y, z) =
(xA, yA, b/2) when the magnet is not moving.

In order to numerically assess the identifiability of the
multiple cracks, the movement of the magnet is controlled
by xA(t) = ±(vt − l/2) (≡ x±(t)), where v is the magnitude
of the scanning velocity. Specifically, the magnet is moved
toward the right edge of the film for xA(t) = x+(t). On the
other hand, it is moved toward the left edge of the film for
xA(t) = x−(t).

The parameters in this subsection are fixed as follows:
R = 1 mm, H = 2 mm, BF = 0.1 T, v = 30 cm/s.

Although an electromagnetic force Fz acts on an HTS
film by moving the magnet, it is difficult to detect the mul-
tiple cracks from the behavior of Fz. In order to identify
cracks numerically, we adopt a defect parameter

d ≡ sgn(ΔF+z · ΔF−z )
√
|ΔF+z · ΔF−z |. (2)

Here, force deferences ΔF±z are determined form the differ-
ence between the electromagnetic forces F±z with a crack
and F±z without a crack. In addition, the superscripts (+)
and (-) denote the movement of the magnet for the case
with x+(t) and x−(t), respectively.

In Fig. 4, we show the dependence of the defect pa-
rameter d on the magnet position xA. We see from this fig-
ure that the value of d almost vanishes near the film edge,
and we obtain d near the crack. For the case with yA =

3 mm, d only appears near the crack C2, whereas d affect
the all cracks for yA = 0 mm. Here, the defect parameter d
is useful for the crack detection.

Finally, let us investigate the distribution of d for two
types of the crack position. In Figs. 5 (a) and (b), we show
the contour maps of the defect parameter d. We see from
Fig. 5 (a) that three regions for d > 0 mN containing in
each crack can be obtained. In addition, it is found that
the largest value of d becomes around the both ends of the
cracks C1 and C3. On the other hand, d does not increases
at the end of C2. From Fig. 5 (b), since the defect param-
eter d is forced near the cracks, it is difficult to identify
crack individually. However, it is possible to estimate the
approximate position and shape of the crack for this case.

3.2 Inductive method
A small M-turn coil of inner radius Rin, outer radius

R, and height H is located just above an HTS film and an
ac current I(t) = I0 sin 2π f t flows in the coil. In addition,
L denotes a distance between the coil bottom and the film

Fig. 4 Dependences of a defect parameter d on the magnet po-
sition xA for the case with dc = 5 mm.

Fig. 5 Contour maps of a defect parameter |d| for the case with
(a) dc = 5 mm and (b) dc = 2 mm.

surface. As a result, a harmonic voltage Vn (n = 1, 2, · · · )
is induced in the coil. A critical current density jC can be
estimated from a third-harmonic voltage V3. In this subsec-
tion, we adopt the parameters as follows: Rin = 0.75 mm,
R = 1.25 mm, f = 1 kHz, M = 400.

In order to determine jC, it needs to evaluate a thresh-
old current IT when a third-harmonic voltage V3 begins to
develop in the coil. To this end, we use the conventional
voltage criterion [2]

V3 = 0.1 mV⇔ I0 = I∗T, (3)

because it is difficult to determine IT accurately. Here, I∗T
denotes an estimated value of the coil current I0.

Let us first investigate the influence of the three
cracks, C1, C2, and C3, on a third-harmonic voltage V3.
In Fig. 6, we show V3-I0 curves for various xA. From this
figure, V3 gradually develops above the certain value of
I0. Using the voltage criterion (3), we get I∗T = 158.8 mA,
234.4 mA, and 261.1 mA for xA = 0 mm, 2 mm, and 4 mm,
respectively.

Next, let us investigate the detectability of multiple
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Fig. 6 V3-I0 curves for the case with yA = 0 mm and dc = 5 mm.

Fig. 7 Contour maps of the relative error e for the case with (a)
dc = 5 mm and (b) dc = 2 mm.

cracks. To this end, a relative error is defined by

e ≡ |IA
T − I∗T|/IA

T , (4)

as a measure of the crack detection, where IA
T is an an-

alytic value of the threshold current determined from the
Mawatari’s theory [2].

In Figs. 7 (a) and (b), we show the contour maps of the
relative error e for two types of the crack position. We see
from Fig. 7 (a) that the distribution of the error e is con-
tained in a region for e > 0% except for a HTS film edge
and the both ends of cracks. Moreover, the value of e is e
= 0% near the both ends of each crack. This result means
that the crack position can be detected by examining the
distribution of the relative error e. In Fig. 7 (b), although
the values of e vanish near the left end of the crack C1 and
the right end of C3, e at the top end of C2 is about e = 35%.
Consequently, the multiple cracks is considered as a single
crack, if the distance between the cracks is pretty close to
the interface. However, the crack position can be detected

collectively.

4. Conclusion
We have developed a numerical code analyzing the

time evolution of the shielding current density in an HTS
film containing the multiple cracks. By using the code,
we numerically investigate the identifiability of the three
cracks in the HTS film by the inductive method and the
scanning permanent magnet method. Conclusions ob-
tained in the present study are summarized as follows:

1. In the two types of the contactless method for mea-
suring a critical current density, when the cracks are
separated from each other, the multiple cracks can
be detected individually. In detecting the cracks, the
scanning method is used for a defect parameter de-
termined from an electromagnetic force acting on an
HTS film. In the inductive method, a distribution of a
threshold current is adopted.

2. If the crack is pretty close to the interface, the multiple
cracks is considered as a single crack. However, the
crack position can be detected collectively.
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