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The influence of the ion diamagnetic flow on the resistive interchange mode including dissipation in the
Large Helical Device (LHD) plasmas is investigated with three-dimensional (3D) magnetohydrodynamic (MHD)
codes. The contribution on the interchange mode stability depends on the difference between the ideal growth
rate γI and the single fluid growth rate including resistivity and dissipation γD. When γD is close to γI, the ion
diamagnetic effects are stabilizing. In this case the stabilization can be approximated by an analytic formula by
analogy with the case without dissipation. When γD is far from γI the ion diamagnetic effects are destabilizing.
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1. Introduction
The MHD stability of heliotrons has not yet been

fully understood. This stability against interchange modes,
which are pressure driven modes, depends not only on the
plasma β but also on the horizontal position of the vacuum
magnetic axis Rax. Increasing Rax makes the plasma more
stable, however for large Rax the confinement of high en-
ergy particles, which is crucial in a burning fusion plasma,
is degraded. Thus a trade-off is needed to obtain an op-
timum configuration with both good MHD stability and
good particle confinement.

In LHD, the original standard value of Rax is 3.75 m.
It was determined based on the stability against ideal in-
terchange modes. Recently, experiments have shown that
even for smaller values, down to Rax ∼ 3.6 m, where the
mode was predicted to be more unstable, the machine can
be operated safely up to ⟨β⟩ ∼ 5% without major MHD
event [1]. Here ⟨β⟩ is the volume averaged ratio between
kinetic and magnetic pressure.

This means that LHD plasmas are more stable than
predicted by ideal MHD. Understanding this stability is of
major importance for the prediction of the characteristics
of future heliotron fusion reactors. Many factors can ex-
plain the improved stability. First whereas the growth rate
of the ideal interchange mode increases with the toroidal
mode number n, in the experiment, the interchange modes
actually observed have small mode number [2]. This can
be explained by the fact that dissipation, i.e. thermal con-
ductivity and viscosity, damps the higher n modes. This
improves the overall stability, however the dissipation co-
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efficients required to stabilize the mode to the experimen-
tally observed level are too high compared with the mea-
sured values of these coefficients [3].

An other well-known stabilizing effect is the plasma
flow. In the heliotron case as in the case of tokamaks, the
locking of a mode in the magnetic perturbations coming
from misalignment of the coils or from perturbation coils
causes the plasma flow to stop in the vicinity of the mode’s
resonant surface, allowing the mode amplitude to grow sig-
nificantly [4]. This phenomenon can lead to the collapse of
the discharge. The fact that the mode grows after the rota-
tion has stopped is an experimental evidence of the stabi-
lizing effect of plasma flows. Thus, a theoretical analysis
including the flow is desirable. The flow consists of the
E × B, parallel, and diamagnetic flows. In this study, we
focus on the influence of the ion diamagnetic flow on the
interchange mode stability. We study the stability numeri-
cally by utilizing 3D equilibrium and dynamics codes.

The generation of a 3D heliotron equilibrium with
toroidal flows is a difficult problem because of some strin-
gent theoretical constraints [5, 6]. In particular, it is much
more difficult than in the tokamak case because of the lack
of axisymmetry, which means the flow is not free even in
the toroidal direction. The effects of the diamagnetic flows
are implemented, with no modification of the equilibrium
in the dynamics calculation.

In section 2 the physical model and the numerical me-
thods are presented, in section 3 the results of the diamag-
netic effects on the interchange mode stability in an LHD
configuration are detailed. A discussion and summary fol-
lows in section 4.
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2. Physical Model and Numerical Me-
thods
The MHD stability is investigated using the MIPS

code [7], which solves a set of extended MHD equations
as an initial value problem. Thus the observed mode in the
linear phase is the one with the largest growth rate. The
extended MHD equations used here are very close to the
two-fluid model of Hazeltine and Meiss [8]. The normal-
ized equations for the plasma mass density ρ, velocity u,
pressure p and magnetic field B are as follows:

∂ρ

∂t
+ ∇ ·

(
ρ(u + δiu

⋆
i )

)
= S ρ + ∇ · D⊥∇ρ, (1)

ρ

(
∂u

∂t
+ u · ∇u + δiu⋆i · ∇u⊥

)
= J × B − ∇p

+
4
3
∇ [
νρ∇ · u] − ∇ × [

νρ∇ × u] , (2)

∂p
∂t
+ ∇ · (pu) + (Γ − 1)p∇ · u = S p + ∇ · χ⊥∇p,

(3)

∂B
∂t
= ∇ × (u × B − ηJ) . (4)

In these equations, the variable u = E× B/B2 + v∥B/B
represents the MHD velocity, and u⋆i = B × ∇pi/(ρB2) is
the normalized ion diamagnetic velocity. The quantitites
S ρ = −∇ · D⊥∇ρeq and S p = −∇ · χ⊥∇peq are the sources
of density and pressure, where ρeq and peq are the equilib-
rium density and pressure respectively. The normalization
is as follows: the magnetic field is normalized to the field
magnitude on the magnetic axis B0, the density to the den-
sity on the magnetic axis ρ0, the velocity to the Alfvén
velocity VA = B0/

√
µ0ρ0, and the pressure to ρ0V2

A. The
time is normalized to the Alfvén time τA = x0/VA, where
x0 is the distance normalization. In addition, D⊥, χ⊥, ν and
η are, respectively, the particle and heat diffusion coeffi-
cients, the viscosity and the resistivity. As a result of this
normalization, all the diamagnetic terms are multiplied by
the parameter δi = 1/(ωciτA) = di/x0 = K/(x0

√
n0), where

ωci = eB/mi is the cyclotron frequency, di the ion skin
depth and K =

√
mi/(µ0e2) is a constant.

As can be seen from the normalization considerations
above, changing the parameter δi amounts to change either
the size of the machine or the density normalization. If
the plasma size is fixed, we have simply δi ∝ n−1/2

0 . Some
values of δi corresponding to LHD plasma densities are
given in Table 1. In the range 1018 ≤ n0 ≤ 1020 (m−3) , the
parameter δi is smaller than 1.

Equations (1-4) require several comments. The model
of Hazeltine and Meiss includes the Hall term in the in-
duction equation. Here we do not include this term. In a
first time, we are interested only in the ion diamagnetic ef-
fect, the electron effects will be included in a future study.
The expression of the ion diamagnetic term in the momen-
tum equation is obtained using the gyroviscous cancela-
tion [8, 9].

An other important missing element in the pressure

Table 1 Some values of δi and the corresponding density nor-
malization n0.

n0 (m−3) 1 × 1018 1 × 1019 1 × 1020

δi 0.23 0.072 0.023

equation is the parallel heat conductivity χ∥, which should
be several orders of magnitude larger than χ⊥. We do
not include this term to avoid numerical difficulties. In-
deed, for numerical stability, this term has to be treated
implicitely, which increases significantly the simulation
time in the case of large ratios of χ∥/χ⊥. For instance, for
χ∥/χ⊥ = 105, the simulation time is increased by roughly
a factor of 5. The effect of the parallel heat conductivity is
particularly important in the nonlinear evolution, because
in this case a significant flattening of the pressure profile
can be observed. However, we focus on the linear phase
in this study. We checked the effect on the linear growth
rate, and found an increase of only 10% of the growth rate
for χ∥/χ⊥ = 105. Therefore, we do not include the parallel
heat conductivity in the present study.

Equations (1-4) are solved on an (R, φ, Z) mesh which
is cartesian in the poloidal plane (R,Z). The poloidal plane
is divided into two regions, called the plasma region in the
center and the vacuum region surrounding it. The plasma
region is defined by a condition on the equilibrium pres-
sure peq: (pmax − peq)/(pmax − pmin) < 0.998, where pmax

and pmin are the maximum and minimum values of peq.
The values of the fields are all kept constant in the vacuum
region, and thus the boundary between the plasma and vac-
uum regions acts as a fixed boundary condition on the cal-
culation in the plasma region. This kind of boundary con-
ditions is sufficient to simulate interchange type instabili-
ties, since they are localized around the resonant surface lo-
cated in the plasma region. The resolution of the grid used
in this study is 128× 640× 128. The code solves the equa-
tions by an explicit fourth-order Runge-Kutta integration.
The spatial derivatives are obtained by fourth order finite
differences and an upwind scheme is used for the stabiliza-
tion of advection terms. The equilibrium is obtained from
the HINT2 code [10]. This code is able to obtain the static
3D heliotron equilibrium without assuming the existence
of nested flux surfaces. In the case considered here, the
inward-shifted LHD configuration is employed. It is char-
acterized by Rax = 3.60 m and γc = (ac/Rc)(N/l) = 1.129,
where N = 10 is the toroidal periodicity of the helical field,
and l = 2, ac, Rc are respectively the pole number, the mi-
nor radius and the major radius of the helical coils.

3. Diamagnetic Effects on the Inter-
change Mode Stability
The dissipation coefficients are set to ν = χ⊥ = D⊥ =

10−6, η = 10−7. With these values and the equilibrium
pressure profile given as p = p0(1 − s)(1 − s4) where s is
the normalized toroidal flux, the interchange mode is un-
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Fig. 1 Evolution of the single fluid growth rate γI and the dia-
magnetic frequency ω⋆i of the 4/3 mode for different val-
ues of β. The evolution of γD with β is very strong.

stable for 1% ≤ β ≤ 2%, as shown in Fig. 1, where β
represents the central β value. The most unstable mode is
the m/n = 4/3 mode, where m and n are the poloidal and
toroidal mode numbers. Figure 1 also shows the evolution
with β of the single fluid growth rates γI (ideal) and γD

(with dissipation) of the m/n = 4/3 interchange mode and
the corresponding values of ω⋆i for three different values of
the density. It is seen that whereas ω⋆i scales linearly with
β, γD has a very strong dependence on β. From β = 1%
to β = 2%, there is an increase of a factor 20. If we look
at the ratio between γD and γI, we have γD/γI = 0.6 for
β = 2% and γD/γI = 0.09 for β = 1%. Thus γD and
γI can be considered close for β = 2% and very differ-
ent for β = 1%. This allows us to study two regimes:
strong or weak modification of ideal stability by the dis-
sipative effects. Each regime is examined in the density
range 1018 m−3 to 1020 m−3.

The effect of the diamagnetic flow can be decomposed
in two contributions: (i) the shear of the flow and (ii) the
modification of the dispersion relation. Sheared flows are
able to stabilize large scale instabilities because they have
a tendency to tear apart the structures. However, as shown
in Fig. 2, the profile of the equilibrium diamagnetic fre-
quency, ω⋆i , here defined on a constant s surface as

ω⋆i =
2πmδi(∮
dl/|u⋆i,eq|

) ,
where dl is the length element on the curve of constant
s, is virtually flat in the resonant region close to the ι =
3/4 surface. Here, ι denotes the rotational transform. The
shearing rate ωs ≡ r dω⋆i /dr < 10−4 is much too small to
modify the stability of the mode, because ωs ≪ γ is easily
verified in our simulations (γ > 10−3 is the mode’s growth
rate).

Thus any effect of the diamagnetic flow comes directly

Fig. 2 Profile of ω⋆i in the simulation, for the case δi = 0.228
(n0 = 1 × 1018 m−3). The ι = 3/4 and ι = 1 surfaces are
indicated by dashed vertical lines.

from the modification of the dispersion relation due to the
additional ion diamagnetic effects. Physically, the ion dia-
magnetic term modifies the inertia of the plasma, which
modifies the energy balance and hence the stability of the
interchange mode. The modification for ideal modes is
given [11] by

ω
(
ω − ω⋆i

)
= −γ2

I , (5)

where γI is the growth rate of the ideal mode and ω is the
complex eigenvalue of the mode including the ion diamag-
netic effect. In principle according to Eq. (5), the mode is
totally stabilized when ω⋆i = 2γI. In our simulations, the
dissipation is also included so that Eq. (5) does not exactly
hold. It is not trivial to understand how this relation is mod-
ified when dissipation is included. Thus, by analogy with
Eq. (5), we consider a model dispersion relation

ω
(
ω − ω⋆i

)
= Ω2

D, (6)

where ΩD = ωD + iγD here is the single fluid complex fre-
quency including dissipation (without the ion diamagnetic
effects) of the dominant mode, and we will try to see if it
is able to predict the stabilization of the interchange mode.
Often ωD = 0 but since the force operator is Hermitian
only in the ideal case, ωD does not always vanish in the
non-ideal case, as we will see later. If ωD = 0, equation (6)
gives the expected diamagnetic stabilization and rotation
frequency as

γ = ℑ(ω) = γD

√
1 −

(
ω⋆i /2γD

)2
, (7)

ωr = ℜ(ω) = ω⋆i /2. (8)

Since the amplitude of ω⋆i is fixed by the density,
which often varies in the range 1018 − 1020 m−3 in the ex-
periments, and the ideal growth rate is mainly determined
by β, it is natural to explore the (ω⋆i , β) parameter space.
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Fig. 3 Diamagnetic stabilization in the β = 2% case. The
growth rate and frequency of the interchange mode are
compared to those given by Eqs. (7-8). Rotation is in the
ion direction. The vertical dashed lines indicate the cor-
respondance between density and ω⋆i for n = 1018 and
n = 1019 m−3.

The results are displayed in Fig. 3 and Fig. 4. The
growth rate and frequency are plotted as the blue circles
and the green diamonds respectively. Figure 3 shows the
stabilization influence of ω⋆i in the case where β = 2%
and γD/γI = 0.6 (ωD = 0 in this case). The solid red
and dashed magenta lines respectively show the growth
rate and frequency γ and ωr from Eqs. (7-8). In this case
Eqs. (7-8) show good agreement with the numerical results
until ω⋆i ∼ 1.5γD (ω⋆i τA = 4 × 10−2). The mode rotates
in the ion direction. For higher ω⋆i the agreement is less
good. The point ω⋆i = 2.7γD (ω⋆i τA = 7 × 10−2) is repre-
sented with a different color because the mode helicity is
changed from m/n = 4/3 to m/n = 6/5. This does not indi-
cate that the 4/3 mode is completely stabilized, but that the
growth rate of the 4/3 mode was reduced below that of the
6/5 mode. Note that the 6/5 mode rotates in the electron
direction.

Figure 4 shows the same study for the case where
β = 1% and γD/γI = 0.09. Now the typical values of
ω⋆i become much larger than the single fluid growth rate.
As can be seen in the figure, the growth rate increases
with ω⋆i . This behavior is quite different from that in the
β = 2% case, the mode is not stabilized at all. Contrary to
the β = 2% case where the mode structure changes when
ω⋆i /γD is larger than 2, in the presently discussed β = 1%
case, the 4/3 mode is still the dominant mode in the simu-
lation even for ω⋆i ≫ 2γD. The mode structure of the 4/3
mode is identical in the β = 1% and β = 2% cases, as seen
by Fig. 5, which shows the pressure perturbation. The only
small difference in the radial position of the mode can be
attributed to the small difference of resonant surface posi-
tion.

Fig. 4 Diamagnetic effects in the β = 1% case. The conventions
are the same as in Fig. 3. To fit on the graph, the rotation
frequency of the mode has been divided by -10. Rotation
is in the electron direction.

Fig. 5 Comparison of mode structure of m/n = 4/3 pressure
perturbation for β = 2% and β = 1%. In the β = 2% case,
we have chosen n = 2 × 1018 m−3 (ω⋆i τA = 3.8 × 10−2).
In the β = 1% case, we have chosen n = 5 × 1018 m−3

(ω⋆i τA = 1.2 × 10−2). The vertical dashed lines indicate
the resonant surface position in the two cases.

The rotation of the 4/3 mode is in the electron dia-
magnetic direction, rather than in the ion diamagnetic di-
rection. The frequency has a weak dependence on ω⋆i . On
the figure, we have scaled it by a factor −1/10 in order to
visualize it on the same graph. Note that the frequency
does not go to zero for ω⋆i = 0, which reflects the fact that
ωD , 0. Thus we are in a case where the single fluid prob-
lem contains complex eigenvalues. The interpretation is as
follows. In the single fluid problem, there are two eigen-
values which are complex conjugate of each other, that is,
they have same growth rate and opposite frequencies ωD
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Fig. 6 Evolution of the mode energy in the single fluid case
(blue line), and for n = 1.6×1019 m−3 (ω⋆i τA = 6.7×10−2)
(red dashed line). The first case displays a modulation
corresponding to the existence of two eigenvalues with
same growth rate and opposite frequency. The absence of
modulation in the second case means that the degeneracy
between the growth rates is removed by the diamagnetic
effect. In this case, the mode with highest growth rate is
the one which rotates in the electron direction.

and −ωD. If the two solutions have comparable amplitude
(which should be the case for random initial conditions),
then the system does not rotate but we should observe a
modulation of the mode energy at twice the frequency of
the mode. We indeed observe such a modulation as shown
in Fig. 6. From the period T of the oscillation, we can in-
fer the absolute value of the pulsation in the single fluid
case as 2ωD = 2π/T , which gives ωDτA = 1.01 × 10−2.
Then when the diamagnetic frequency is included, the de-
generacy in the growth rate between the two solutions is
removed, so the modulation of the energy disappears (also
shown in the figure). In this case we observe a rotation
of the mode. When ω⋆i tends to 0, the absolute value of
this frequency should tend to the absolute value of the fre-
quency of the single fluid case, ωD. So by extrapolating
the green curve to the vertical axis (and remembering the
scaling by −1/10), we find the absolute value of ωD to be
1.04 × 10−2τ−1

A , in excellent agreement with the preceding
estimate.

In this case where ωD , 0 we compare the results with
the equivalent of Eqs. (7-8) in the general case:

γ = ℑ
ΩD

√
1 +

(
ω⋆i /2ΩD

)2
 , (9)

ωr = ω
⋆
i /2 +ℜ

ΩD

√
1 +

(
ω⋆i /2ΩD

)2
 . (10)

As can be seen in Fig. 4 where these two equations are
plotted respectively as the red line and magenta dashed
line, there is a qualitative agreement for the frequency: in-
creasing the ion diamagnetic frequency causes a shift of

Fig. 7 Diamagnetic effects in the β = 1.75% case. The conven-
tions are the same as in Fig. 3.

the mode frequency toward the ion direction. However the
model dispersion relation predicts stabilization even in this
case, whereas the numerical result displays a clear desta-
bilization. Note however that because ωD , 0, the stabi-
lization predicted by Eqs. (9-10) is much weaker than if we
had used Eqs. (7-8), in which case stabilization is predicted
for ω⋆i τA = 2γD ∼ 2.5× 10−2 (also represented in Fig. 4 as
the dot-dashed red line).

We also examine the cases of β = 1.75%, 1.5% and
1.25%, in which cases ωD = 0. The results show that the
behaviour of the ion diamagnetic modification of the lin-
ear mode is gradually changed from β = 2% to β = 1%.
Figure 7 shows the β = 1.75% case. We can see that
overall stabilization occurs toward large ω⋆i , and the ro-
tation behaves according to ωr = ω

⋆
i /2, in the ion direc-

tion. However the growth rate increases and departs signif-
icantly from Eq. (7) for ω⋆i τA < 1.5 × 10−2. This destabi-
lization is checked from the numerical point of view. The
resuts are recovered when increasing the poloidal resolu-
tion from 128 × 128 to 256 × 256. For larger ion diamag-
netic frequency, ω⋆i > 2γD, the m/n = 5/4 mode takes over
the 4/3 mode. This mode rotates in the electron direction.

4. Summary and Discussion
In this study, the dependence of the interchange mode

on the ion diamagnetic flow is investigated. The results
depend on the ratio between the growth rates with and
without the dissipation γD/γI. When γD/γI = 0.6 the ion
diamagnetic flow stabilizes the mode as in the case for
the ideal mode. The growth rate decreases and the rota-
tion frequency increases as ω⋆i increases. The direction
of the rotation is in the ion diamagnetic direction. These
properties are due to the fact that the dissipation produces
only a small change of the ideal mode. Therefore, the
model equation Eq. (6) approximates the numerical results
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well. For smaller values of γD/γI, destabilizing effects ap-
pear. The destabilization region where the growth rate in-
creases with ω⋆i extends as γD/γI decreases. In the case of
γD/γI = 0.09, the growth rate increases with ω⋆i for any
value of ω⋆i . Furthermore, the mode rotates in the electron
diamagnetic direction, with a frequency which tends to a
finite value when ω⋆i tends to zero, which means that the
eigenvalue here is complex even in the single fluid situa-
tion. Even after taking this into account, the modification
of the growth rate does not agree with the model disper-
sion relation. This shows that the dissipation affects sig-
nificantly the dispersion relation of the mode in the pres-
ence of the diamagnetic effect. Therefore, Eq. (6) cannot
recover the numerical results any more, and a more exact
model is necessary to understand the observed behavior.
The derivation of such a model is left as future work. The
dispersion relation including both resistivity and the dia-
magnetic effect is given in [12] in the case of the inter-
nal kink mode, and such dispersion relation for the tear-
ing mode based on the Glasser-Greene-Johnson method in
tokamaks is discussed in [13]. Such formulation may help
the derivation for the interchange mode in heliotrons.

Some problems remain unresolved in the present anal-
ysis. Firstly, the mode which appears after the reduction of
the m = 4 mode growth rate, asω⋆i increases, has a poloidal
mode number of m = 5 or 6. This fact is in apparent con-
tradiction with the expectation that ω⋆i has a stronger sta-
bilizing effect for higher mode number, because ω⋆i is pro-
portional to m. Secondly, these higher modes rotate in the
electron diamagnetic direction. This point is another prob-
lem. These problems should be treated in the future.

We have obtained a preliminary result of the nonlin-
ear evolution of the plasma in the case of β = 2%. In this
case, the 5/4 mode becomes dominant after the 4/3 mode
is saturated. The growth rate of the 5/4 mode is a lit-
tle smaller than that of the 4/3 mode. During the growth
of the 5/4 mode, the rotation direction reverses from the
ion-diamagnetic direction to the electron diamagnetic di-
rection. These properties show a similarity with the above

linear analysis of the ω⋆i dependence.
Regarding the understanding of the stability property

of LHD plasmas in the viewpoint of the diamagnetic ef-
fects, the present study does not easily explain a significant
stabilization. The ion diamagnetic effect contribution on
the interchange mode is either stabilizing or destabilizing
depending on γD/γI. However, this study remains limited
because the vacuum configuration, the equilibrium condi-
tion and the dissipation parameters are kept fixed. Besides,
some physical elements are neglected in the present for-
mulation as discussed in Section 2. Therefore, in order to
discuss the LHD stability comprehensively, we have to ex-
tend the range of parameters and the physical model in the
numerical study.
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