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A numerical code has been developed in order to investigate the applicability of the permanent magnet
method to vertically-stacked multiple high-temperature superconducting (HTS) tapes. The permanent magnet
method was proposed to simply and contactlessly measure the critical current density in the HTS tape. By
this method, the critical current density is estimated from the proportional relation between the critical current
density and the Lorentz force working on the permanent magnet. The Maxwell equation, coupled with the
superconductivity characteristics, is solved by the edge-based finite element method to investigate the effect of
the number of HTS tapes on the Lorentz force. As a result, it is clear that the permanent magnet method can be
applied to measurement of the critical current density in the multiple HTS tapes although there is an upper limit
of the number of HTS tapes in which the critical current density can be measured. In addition, by using stronger
magnet, the permanent magnet method can measure the critical current density when more number of HTS tapes
are stacked.
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1. Introduction
Recently, the application of a high-temperature super-

conducting (HTS) tape to an electromagnet for fusion reac-
tors has attracted attention [1, 2]. In an HTS tape, an HTS
layer is piled with a stabilizing layer made of Cu and/or
Ag on a material substrate made of Hastelloy (see Fig. 1).
If defects such as clacks and/or small holes exist in the
HTS tape, the superconductivity performance deteriorates
locally. As one of the physical parameters characterizing
the superconductivity, the critical current is widely known.
The critical current is a maximum electric current which
can flow in a superconductor. It is necessary to develop a
method to measure the critical current in the HTS tape.

As a simple and contactless measurement method,
Ohshima et al. proposed the permanent magnet method
[3, 4]. A permanent magnet is arranged above an HTS
sample, cooled by liquid nitrogen, and moves down and
up (see Figs. 2 (a) and 2 (b)). When the permanent mag-
net approaches the HTS sample, a shielding current is in-
duced in the HTS sample to shield the applied magnetic
field generated by the permanent magnet (see Fig. 2 (a)).
Then, a repulsive force acts on the permanent magnet.
When the permanent magnet leaves the HTS sample, the
reverse shielding current is induced to conserve a magnetic
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Fig. 1 A schematic view of the HTS tape.

field in the HTS sample (see Fig. 2 (b)). Then, an attrac-
tive force acts on the permanent magnet. If the HTS sam-
ple is exposed to a sufficiently large magnetic field, so that
the shielding current becomes equal to the critical current,
then the repulsive force is proportional to the critical cur-
rent. Hence, the critical current can be estimated from the
repulsive force. Ohshima et al. experimentally confirmed
the proportional relation between the critical current and
the repulsive force [3, 4]. Takayama et al. numerically
confirmed the proportional relation [5]. The HTS sample
used in these studies was a single layer HTS film. On the
other hand, an HTS conductor used in the HTS magnets
is made vertically-stacked multiple HTS tapes. However,
it is not clear whether the permanent magnet method can
estimate the critical current in the multiple HTS tapes.

The purpose of the present study is to develop a
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Fig. 2 A schematic view of the permanent magnet method.

numerical code based on the edge-based finite element
method (FEM) for analyzing the electromagnetic field and
the shielding current in multiple HTS tapes. Moreover, the
applicability of the permanent magnet method to the multi-
ple HTS tapes is investigated by using the numerical code.

2. Governing Equation and
Numerical Method
The FEM model of the permanent magnet method is

shown in Fig. 3. Throughout the present study, we assume
that the electromagnetic effect of the metallic substrate and
the buffer layer is neglected. This is because the HTS layer
and the metal substrate are insulated by the buffer layer.
Moreover, the shape of the HTS tape is a square of thick-
ness 2b and length a on one side. In other words, the thick-
nesses of both the stabilizing and HTS layers are b. The
upper and lower surfaces of the multiple HTS tapes are lo-
cated at z = 0 and at z = −2Lb, respectively, where L is
the number of the HTS tapes. Moreover, the HTS tapes
are exposed to a magnetic flux density Bex generated by
a permanent magnet. The shape of the permanent magnet
is a cylinder of radius RM and height HM. The center of
the magnet bottom is located at (x, y, z) = (0, 0, d(t)). The
distance d(t) between the magnet bottom and the tape sur-
face is controlled, as shown in Fig. 4. After the permanent
magnet approaches the HTS tape at a constant speed of τ0

Fig. 3 The FEM model of the permanent magnet method for the
case with L = 3. In this figure, the orange and light blue
tapes show the stabilizing and HTS layers of the HTS
tape, respectively. There is only the applied magnetic flux
density Bex on the boundary ∂V .

Fig. 4 Time dependence of the distance d(t) between the magnet
bottom and the tape surface.

sec, it leaves the HTS tape at the same speed. Moreover,
for an index to show the strength of the permanent magnet,
we use a magnetic flux density B0 at (x, y, z) = (0, 0, 0) for
the case with d = dmin.

Under the above condition, the shielding current den-
sity jsh is calculated by solving the following Maxwell
equation [6, 7]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇ × E = −∂B
∂t

∇ ×
(

1
μ0

B
)
= j

∇ · B = 0

j = jsh + jex

. (1)

Here, E and B are the electric field and magnetic flux den-
sity, respectively. Moreover, μ0 is magnetic permeability
in a vacuum. Furthermore, jex is the source current density
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generating the applied magnetic flux density Bex and satis-
fies Ampère’s law: jex = ∇ × (Bex/μ0). Note that jsh is a
function of position. Namely, jsh in the HTS layer denotes
the shielding current density, and jsh in the stabilizing layer
denotes the eddy current density. In addition, as initial and
boundary conditions of the Maxwell equation, we assume
the following conditions:

jsh = 0 at t = 0, (2)

B · n = Bex · n on ∂V. (3)

Here, n is the outward unit normal vector on the bound-
ary ∂V (see Fig. 3). The initial condition (2) shows that
the shielding current does not exist in the HTS tapes at
t = 0. The boundary condition (3) shows that a magnetic
flux density of the shielding current does not exist on the
boundary ∂V .

The shielding current density jsh in the HTS layer non-
linearly depends on the electric field E. Throughout the
present study, as the J–E constitutive relation representing
the superconductive characteristics, we adopt the follow-
ing critical-state model [6]:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
jsh =

jC
|E|E (|E| � 0)

∂ jsh

∂t
= 0 (|E| = 0)

. (4)

Here, jC is the critical current density. On the other hand,
in the stabilized layer consisting of Cu/Ag, Ohm’s law is
satisfied:

jsh = σE, (5)

where σ is the electric conductivity in the stabilizing layer.
Throughout the present study, σ in the stabilizing layer is
fixed as σ = 108 S/m.

Before discretizing the Maxwell equation (1) with the
edge-based FEM, the Maxwell equation (1) is transformed
by using the A-formulation [7, 8]. The total magnetic flux
density B is divided into two terms: B = Bex + Bsh, where
Bsh is the magnetic flux density generated by the shielding
current density jsh. By introducing the magnetic vector
potentials Ash and Aex, the Maxwell equation (1) becomes
equivalent to the following equation:

∇ ×
(

1
μ0
∇ × Ash

)
= −σ ∂

∂t
(Ash + Aex) . (6)

The edge-based FEM [8] is applied to Eq. (6) to obtain the
following equation:

Kash +C(ash)
dash

dt
= −C(ash)

daex

dt
, (7)

where ash and aex are the vectors corresponding to Ash and
Aex, respectively. Moreover, K and C are the matrixes
corresponding to permeability μ0 and conductivity σ, re-
spectively. Because the conductivity σ in the HTS layer
depends on the shielding current density jsh, the matrix C

also depends on jsh. The conductivity σ in the HTS layer
is modified in the following iterative procedure until the
maximum of | jsh| is converged to jC:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
σnew =

jC
| jsh|σold (| jsh| > jC)

σnew = σold (| jsh| ≤ jC)
. (8)

Here, σnew is the modified conductivity, and σold is the
known conductivity. An initial value of σold is assumed
to be σold = jC/EC, where EC is the critical electric field.

In the present study, Eq. (7) is solved by using the
backward difference method and the incomplete Cholesky
conjugate gradient (ICCG) method. The shielding current
density jsh and the applied magnetic flux density Bex can
be determined from the vectors ash and aex by the follow-
ing equations, respectively:

jsh = −
N∑

i=1

σ

(
dash,i

dt
+

daex,i

dt

)
Wi, (9)

Bex =

N∑
j=1

aex, j

(
∇ ×W j

)
. (10)

Here, Wi is the shape function of the i-th edge-element
(i = 1, 2, · · · ,N) and N is the number of the unknowns [9].
Moreover, ash,i and aex,i are the i-th component of the vec-
tors ash and aex, respectively. Hence, the Lorentz force F
acting on the permanent magnet is obtained by substituting
Eqs. (9) and (10) with the following equation:

F =
�

Vsh

jsh × Bex dV. (11)

Here, Vsh is the region in which the shielding current den-
sity jsh flows.

3. Numerical Results
In this section, the numerical results obtained by the

edge-based FEM are shown to investigate the applicabil-
ity of the permanent magnet method to the multiple HTS
tapes. The parameters are fixed as follows: a = 10 mm,
b = 10 µm, EC = 1 mV/m, Rpm = 2.5 mm, Hpm = 3 mm,
dmin = 0.2 mm, dmax = 20 mm, and τ0 = 39 s.

3.1 Relation between maximum repulsive
force and critical current density

First, a definition of the maximum repulsive force FM

is explained. Figure 5 shows the dependence of the Lorentz
force Fz calculated by the FEM code on the distance d. The
z-component Fz of the Lorentz force F means an electro-
magnetic force acting on the permanent magnet. More-
over, the maximum repulsive force FM is defined by the
maximum absolute value of Fz. As FM in the case of Fig. 5,
FM = 0.94 N is obtained.

Next, let us investigate whether the proportional re-
lation of the permanent magnet method is established for
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Fig. 5 Dependence of the Lorentz force Fz calculated by the
FEM code on the distance d for the case of L = 1, jC =

10 kA/mm2, and B0 = 0.3 T.

Fig. 6 Dependence of the maximum repulsive force FM/(Lb) on
the critical current density jC for the case of B0 = 0.3 T.

the vertically-stacked multiple HTS tapes. Figure 6 shows
the dependence of the maximum repulsive force FM/(Lb)
on the critical current density jC. The values of FM/(Lb)
obtained by the experiment [4] are also shown in this fig-
ure. The experiment was performed for single HTS films
of different thicknesses. In order to eliminate the thickness
dependency, FM is divided by the total thickness (Lb) of
the HTS layers.

Figure 6 shows that the numerical results for L = 1
and L = 3 agree qualitatively with the experimental result.
However, the numerical results do not agree quantitatively
with the experimental result. The study by Takayama et
al. [5] shows similar results to Fig. 6. Unlike the present
study, Takayama et al. adopt the n-value model as the
superconductive characteristics to simulate the permanent
magnet method. However, the numerical results of the
present study agree quantitatively with those of Ref. [5].
According to Ref. [5], FM increases with a decrease in the
critical electric field EC. Therefore, the offset is not due to
the J–E constitutive relation (4) and is due to EC. How-

ever, it is extremely difficult to measure EC in the HTS
tape. For this reason, EC is fixed as EC = 1 mV/m, which
is commonly used in the simulation [5]. In addition, be-
cause the HTS tape in the simulation is an ideal state like
single crystal HTS, the numerical result can be regarded as
the maximum of FM that can be taken for each jC. The fi-
nite offset between the numerical and experimental results
occurs for the above reasons.

Figure 6 also shows that, as with the experimental re-
sult, FM/(Lb) is proportional to jC regardless of L. In other
words, the permanent magnet method can be applied at
least to the case of three HTS tapes.

3.2 Effect of number of HTS tapes on
maximum repulsive force

Next, let us investigate an upper limit Llimit of the
number of the HTS tapes in which the critical current den-
sity can be measured. When the shielding current density
| jsh| in all the multiple HTS tapes reaches jC, FM is propor-
tional to L. On the other hand, when the applied magnetic
flux density Bex is sequentially shielded by the HTS tapes
close to the permanent magnet, FM is not proportional to L
because | jsh| induced in all the HTS tapes no longer reaches
jC.

Figure 7 shows the dependence of the dimensionless
maximum repulsive force FM/Fsingle on the number of the
HTS tapes L. Here, Fsingle denotes a maximum repulsive
force for L = 1. If the value of FM/Fsingle is proportional
to L, the critical current in the multiple HTS tapes can be
measured accurately. Otherwise, the critical current den-
sity should not be measured by using the permanent mag-
net method.

The upper limit Llimit is investigated for the case of
B0 = 0.3 T (see the red markers in Figs. 7 (a) and 7 (b)).
As shown in Fig. 7 (a), for the case of jC = 10 kA/mm2,
FM/Fsingle is not proportional to L for L > 25. Namely,
the upper limit Llimit is Llimit � 25. As shown in Fig. 7 (b),
for the case of jC = 20 kA/mm2, Llimit is Llimit � 15. The
upper limit Llimit appears to be dependent on jC. Because
a maximum total current which can flow in all the multi-
ple HTS tapes increases with jC and L, Bex is sequentially
shielded by the HTS tapes close to the permanent magnet.
Accordingly, Llimit decreases with an increase in jC.

In order to increase Llimit, the dependence of
FM/Fsingle on L is investigated for the case with B0 = 1 T
(see the blue markers in Figs. 7 (a) and 7 (b)). For the cases
of both jC = 10 kA/mm2 and jC = 20 kA/mm2, FM/Fsingle

becomes proportional to L by increasing B0. For the case
of jC ≤ 20 kA/mm2, by increasing B0 to 1 T, the perma-
nent magnet method can be applied at least to the case of
40 pieces of HTS tape. This result is due to an increases in
Llimit.

3.3 Summary of numerical simulation
Finally, let us summarize the numerical results in
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(a) jC = 10 kA/mm2

(b) jC = 20 kA/mm2

Fig. 7 Dependence of the dimensionless maximum repulsive
force FM/Fsingle on the number of the HTS tapes L.

Figs. 6 and 7. As shown in Fig. 6, FM/(Lb) is proportional
to jC for the cases with L = 1 and L = 3. As shown
in Fig. 7, for the cases with B0 = 0.3 T, FM/Fsingle is not
always proportional to L. Therefore, the permanent mag-
net method can be applied to multiple HTS tapes although
there is the upper limit Llimit of the number of HTS tapes in

which jC can be measured. Moreover, as shown in Fig. 7,
FM/Fsingle becomes proportional to L by increasing B0 to
1 T. Therefore, by using stronger magnet, the permanent
magnet method can measure the critical current density in
more stacked HTS tape.

4. Conclusion
We have numerically investigated the applicability of

the permanent magnet method to the multiple HTS tapes
by using the developed code. Conclusions obtained in the
present study are summarized as follows:

• The permanent magnet method can be applied to the
multiple HTS tapes although there is an upper limit of
the number of HTS tapes in which the critical current
density can be measured.
• By using stronger magnet, the permanent magnet

method can measured the critical current density
when more number of HTS tapes are stacked.
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