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ABSTRACT

A novel scheme to predict the turbulent transport of ion heat of magnetic confined plasmas is developed by combining mathematical
optimization techniques employed in data analysis approaches and first-principle gyrokinetic simulations. Gyrokinetic simulation, as a first-
principle approach, is a reliable way to predict turbulent transport. However, in terms of the flux-matching [Candy et al., Phys. Plasmas 16,
060704 (2009)], quantitative transport estimates by gyrokinetic simulations incur extremely heavy computational costs. In order to reduce
the costs of quantitative transport prediction based on the gyrokinetic simulations, we develop a scheme with the aid of a reduced transport
model. In the scheme, optimization techniques are applied to find relevant input parameters for nonlinear gyrokinetic simulations, which
should be performed to obtain relevant transport fluxes and to optimize the reduced transport model for a target plasma. The developed
scheme can reduce the numbers of the gyrokinetic simulations to perform the quantitative estimate of the turbulent transport levels and
plasma profiles. Utilizing the scheme, the predictions for the turbulent transport can be realized by performing the first-principle simulations
once for each radial position.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0103447

I. INTRODUCTION

In magnetic confined fusion plasma research, first-principle sim-
ulation based on gyrokinetic model1 is a powerful and reliable means
to predict the turbulent transport or profiles of plasma temperatures
and densities. Indeed, it has been possible to validate local gyrokinetic
simulations against experimental observations of transport fluxes
within experimental errors.2–5 For the predictions, there are two main
approaches. One is to perform many first-principle gyrokinetic simu-
lations, which is the so-called flux-matching technique.6,7 The other is
to employ the quasi-linear transport model8–10 or the reduced trans-
port model11 with reduced calculation costs.

In the former approach, based on the flux-matching technique,
by performing gyrokinetic simulations while changing the input
parameters for the plasma profiles, e.g., radial gradients of the temper-
atures and densities, we can find the transport fluxes that agree with
the experimental observations quantitatively. Furthermore, the flux-
matching approaches are also significant to quantitatively estimate the
discrepancies against the experiment in order to clarify the validity of

the physical model used in the simulation. However, to obtain such
matched transport fluxes, numerous gyrokinetic runs should be
demanded. Even in the simplest case of the ion temperature gradient
turbulence with a single-ion-species plasma, the conventional flux-
matching technique demands several nonlinear runs for each radial
position, to find out the matched transport flux. Therefore, in particu-
lar, for cases of multi-ion-species plasmas including kinetic electrons,
we must perform a huge number of the simulations in a multi-
dimensional space of the temperature and density gradients which
exponentially expands with increasing numbers of species. For exam-
ple, in the case of three ion-species plasma4 in the large helical device
(LHD),12 the flux-matching technique has been performed while
changing the temperature gradients and density gradients of electrons
and ions. In the case, we perform over 50 nonlinear gyrokinetic runs
at certain radial position, to obtain the heat transport flux matched
region of the ion and electron temperature gradients, where the heat
transport fluxes of each ion species can match the experimental obser-
vations. Of course, in more realistic cases with many ion species
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plasmas, we have to perform the gyrokinetic runs not only for chang-
ing the gradients of temperature and density but also the ratios of den-
sities and temperatures between each species, to find the matched
parameter region for multi-transport fluxes of heat and particles.
Therefore, in such realistic cases, extremely numerous runs are needed
for the flux-matching technique.

In the latter approach to predict the plasma transport, we employ
reduced transport models, which are constructed by the results of
many nonlinear gyrokinetic simulations and the linear or quasi-linear
analysis. In the approach, the reduced transport model enables us to
obtain the turbulent transport fluxes without additional nonlinear
gyrokinetic simulations. However, since such reduced transport mod-
els are constructed by limited numbers of parameters of the plasma
profiles for the various cases of the plasmas, the models essentially
include certain prediction errors. Especially in marginal instability
regions of the temperature or density gradients, the prediction errors
will be crucial, because a sensitive dependence of the turbulent trans-
port on radial gradients of the temperatures or densities, namely,
profile stiffness, may enhance the error impacts.

In this work, we propose a novel scheme to predict the turbulent
transport, focusing on ion heat transport as a simple example. In the
developed scheme, we combine first-principle simulations using the
local flux-tube gyrokinetic code GKV,13 the reduced transport model,
and mathematical optimization techniques. Using the developed
scheme, we can reduce the numbers of first-principle gyrokinetic sim-
ulation runs as much as possible, securing the accuracy of estimates of
turbulent transport levels. We apply the scheme to estimate ion heat
transport, and we achieve reliable and efficient predictions for the tur-
bulent ion heat transport and the ion temperature profiles.

This paper is organized as follows. In Sec. II, the transport predic-
tion scheme developed in this paper is introduced. In Sec. III, the
developed scheme is applied to the ion heat transport analysis and a
prediction of the radial profile of the ion temperature for LHD plasma.
Finally, we summarize the work in Sec. IV.

II. A TRANSPORT PREDICTION SCHEME
A. Reduced transport model

For simplicity, we consider the ion heat transport caused by the
turbulences driven by the ion temperature gradient (ITG) instability
under the adiabatic electron response assumption. In order to reduce
numbers of the first-principle gyrokinetic simulations as much as pos-
sible, it is significant to find relevant input parameter of the ion tem-
perature gradient for the gyrokinetic simulations, to realize the
resultant transport fluxes, which is close to the experimental results. In
the developed scheme, we employ the reduced transport model for ion
heat diffusivity based on the previous our work14 for the LHD plasma
to find the relevant input parameters of the first-principle simulation.
The reduced transport model consists of the turbulent contribution L,
which enhances the transport levels and the zonal-flow contribution
sZF, which reduces the transport levels represented as the following
form:

vmodel
i

vGBi
¼ A1La0

A2 þ sZF=L1=2
: (1)

Here, the turbulent contribution L is a radial function that is given by

LðqÞ � aðqÞ R
LTiðqÞ

� b0
R

LcrTiðqÞ

� �
; (2)

with the ion temperature gradient length LTiðqÞ defined by
L�1Ti ðqÞ � �ð1=rlÞdðlnTiÞ=dq with the normalized radial coordi-

nate q ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
W=Wl

p
, where W is the toroidal magnetic flux, and Wl and

rl are the magnetic flux and minor radius at the last closed surface,
respectively. The critical temperature gradient of the linear ITG instabil-
ity is approximated as a function of R=LcrTiðqÞ ¼

P
j¼0 B

cr
j qj from the

linear instability analysis for the target plasma and the coefficients
are estimated up to fourth order of q in the previous work,14 and
sZFðqÞ �

Ð sf
0 dth/kx;ky¼0ðtÞi=h/kx;ky¼0ð0ÞiðqÞ is the zonal-flow decay

time that is determined by the linear zonal-flow response analyses for
the electrostatic potential /, where the decay time is also approximated
by similar form sZFðqÞ ¼

P
j¼0 B

s
j q

j. aðqÞ ¼
P

j¼0 B
a
j q

j is the radial

function obtained in our initial model construction via the linear insta-
bility analysis.14 The coefficients in the functions LcrTiðqÞ; aðqÞ, and
sZFðqÞ for the LHD plasma, which will be discussed in Sec. II B, are
shown in Table I. On the other hand, A1 ¼ 1:8� 101; A2 ¼ 5:2
�10�1; a0 ¼ 0:38, and b0 ¼ 1:0 are given as constants that can be
applicable to wide range of ITG cases of LHD plasmas, and they are
treated as common parameters for whole radial positions in the model.
Therefore, these common parameters are independent of the radial
positions. Finally, vGBi ¼ q2

TivTi=R is the gyro-Bohm diffusivity, qTi is
the ion thermal gyro radius, vTi is the ion thermal speed, and R is the
major radius.

B. Scheme for transport prediction

As shown in Fig. 1, the scheme developed here basically consists
of three steps as follows:

(i) Guess the initial inputs for gyrokinetic simulations,
(ii) Run the trial gyrokinetic simulations,
(iii) Optimize and apply the transport model for transport

prediction.

Due to the flow of the scheme above, at the first step (i), using the
reduced transport model in Eq. (1) and the mathematical optimization
technique in the machine learning numerical library,15 we search the
relevant initial guess of the input parameter of the ion temperature
gradient, which realizes the ion heat transport flux Qi ¼ �nivirTi

that agrees with experimental observations in the target plasma. Here,
we employ the most basic technique of the optimizations, gradient
descent optimizer16 or Adam optimizer17 as an example. Of course,
we are free to choose any optimization techniques because it is only
essential to find the point in the input parameter space which is the

TABLE I. Coefficients in the functions R=LcrT iðqÞ ¼
P

j B
cr
j qj ; aðqÞ ¼

P
j B

a
j q

j ,
and sZFðqÞ ¼

P
j¼0 B

s
j q

j for the LHD plasma focused in this paper.

j¼ 0 1 2 3 4

Bcr
j 4.0929 �3.7681 19.712 11.087 �14.272

Ba
j 0.386 61 �0.070 919 0.2571 0.959 49 �0.929 78

Bs
j 0.985 65 �0.659 43 2.4471 3.2337 �2.8382
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closest to the experimental observations. Then, we obtain guessed tem-
perature gradients R=LðguessÞTi at each radial position.

At the second step (ii), using the guessed parameters for the ion
temperature gradients, “trial” runs of the first-principle gyrokinetic
simulations are performed once for each radial position by the GKV
code. Then, the turbulent ion heat fluxes or the ion heat diffusivity
vtriali at the guessed temperature gradients R=LðguessÞTi at each radial
position can be obtained.

At the final step (iii), using the results of the trial gyrokinetic runs
at several radial positions, the optimization technique is applied to
optimize the reduced transport model by tuning the common parame-
ters in the initial model among whole radial positions. Here, as an
example of the optimization technique, we employ the
Levenberg–Marquardt method,18,19 which is one of the nonlinear

function optimization techniques. Although all common parameters
of the reduced model in Eq. (1) and (2) can be tuned for the optimiza-
tion, here we focus on two common parameters a0 and b0 in the
model, because they have a strong influence on the transport coeffi-
cients in the marginal temperature gradient region. In the optimiza-
tion, we try to minimize the objective function defined as

rða;bÞ � 1
Ntrial

XNtrial

j

vmodel
i;j

vtriali;j

�����
R=LðguessÞTi½ �

j

� 1

0
@

1
A

2
2
64

3
75
1=2

; (3)

in the parameter space of fa; bg instead of fa0; b0g. Here, Ntrial is the
total number of the trial gyrokinetic simulations. After the optimiza-
tion process, we can obtain the optimized values a0 ! a, and b0 ! b
to cover all trial gyrokinetic results at different radial positions. In this
way, by a few run of the nonlinear gyrokinetic simulation at
each radial position, we can obtain the optimized transport model
vopti ¼ A1La=ðA2 þ sZF=L1=2Þ with L ¼ a½R=LTi � bR=LcrTi�, which
is expected to be suitable for the target plasma. Utilizing the optimized
model, the transport prediction is performed. However, note that the
obtained optimized model will be designed for the target plasma, it
will be not universal to general targets. If the plasma condition
changes, we have to repeat the same procedures from the step (i) with
reconstructed reduced model.

Figure 2 shows the results of the optimized model obtained by
the developed scheme for the temperature gradient dependences of
the ion heat diffusivity in the case of the ITG turbulent transport in
the high-Ti LHD plasma.20,21 In this case, we apply the developed
scheme to the ion heat transport at radial positions, q ¼ 0:46, 0.50,
0.57, 0.65, 0.72 and 0.83 in the plasma. Comparing the results of the
optimized transport model with the initial transport model, the opti-
mized transport model with the tuned parameters of a=a0 ¼ 0:89 and
b=b0 ¼ 0:92 quite agree with the reference first-principle nonlinear
gyrokinetic runs, which are never used for the construction of the opti-
mized model. Indeed, it is confirmed that relative errors among whole

FIG. 1. A schematic flow diagram of the developed scheme combining first-
principle gyrokinetic simulations, the reduced transport model, and the optimization
technique. The scheme consists of three steps.

FIG. 2. The temperature gradient depend-
ences of the ion heat diffusivity obtained
from the initial model (thin blue curves)
and the optimized model (bold orange
curves) at q ¼ 0:46; 0:65, and 0.83 in
the high-Ti LHD plasma. The green circles
represent the results of the trial runs for
each radial position, and the black dia-
monds are the reference gyrokinetic simu-
lation results for the reference.
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radial positions against the results of the reference nonlinear
gyrokinetic runs vrefi , defined by the root of mean square

rmodel=opt � ½ð1=Nref ÞRNref
k ðv

model=opt
i;k =vrefi;k � 1Þ2�1=2, are ropt ¼ 0:095

for the optimized transport model, which is smaller than that of the
initial transport model rmodel ¼ 0:35. Here, Nref is number of the data
for the reference simulations. In addition, we confirm that the opti-
mized transport model can reproduce the weakening phenomena of
profile stiffness, due to nonlinear effects for higher temperature gradi-
ent regions. In Fig. 3, we also plot the whole radial structure of the
optimized model while changing the ion temperature gradient.

Furthermore, as shown in Fig. 4, the convergence test of the
developed scheme for the tuning parameters, a and b, and the resul-
tant heat diffusivity are performed. In the test, after the step (iii) of the
scheme, we return to the step (i) and apply the optimized model vopti
instead of the initial model vmodel

i , and perform trial gyrokinetic simu-
lations, iteratively. From the figure, it is found that the first execution
of the scheme with one trial run of the first-principle nonlinear gyroki-
netic simulations for each radial position is enough to construct an
optimized transport model. Because of the validity of the initial
reduced model Eq. (1), the initial guess of the temperature gradient in
the first step (i) can be not so far from the guess by the reference non-
linear gyrokinetic runs. Therefore, required number of the iterations
depends on the initial reduced model. At least in this case, the devel-
oped scheme can reduce the numbers of first-principle nonlinear gyro-
kinetic simulation runs to only once for each radial position.
Especially in a multi-species case, the reduction efficiency of the
scheme for the computation time may be remarkable, because the
increase in the numbers of the species expands the multi-dimensional
space of the input variables for the first-principle gyrokinetic simula-
tion. Of course, if the number of the parameters in the objective func-
tion Eq. (3) increases, we have to increase the number of the radial
positions where the trial simulation should be done and find the global

minimum of the objective function rða;b;…Þ in broader parameter
space of fa; b;…g. In that case, the calculation cost of the optimiza-
tion is increased.

C. Radial profiles for transport coefficient
and temperature gradient

Using the optimized model, we can obtain the guesses for the ion
temperature gradient and the resultant ion heat diffusivity vi by per-
forming the nonlinear gyrokinetic simulations at the guessed ion tem-
perature gradients from each transport model, as shown in Fig. 5.
Although the temperature gradients guessed by the initial and the opti-
mized transport models are not so different from each other, the
results of the diffusivity at the temperature gradients guessed by the
optimized model can reproduce the diffusivity at the temperature gra-
dients guessed by the reference simulation better than the initial
reduced model. Because of the profile stiffness of the turbulent trans-
port, the slight differences in the temperature gradients lead to clear
differences in the heat diffusivity. At least in this application, we can
obtain transport levels which quantitatively agree with many nonlinear
gyrokinetic simulation results, by using the developed scheme per-
forming one run of the first-principle simulation for each radial posi-
tion. On the other hand, in the case of the gyrokinetic simulations
with kinetic electrons, the guess about the temperature gradient
changes, as discussed in our previous work.22 Nevertheless, the devel-
oped scheme can be useful in that case, because the scheme is designed
to reproduce the reference nonlinear gyrokinetic simulation results in
each case of the employed simulations and the corresponding reduced
models. Since the developed scheme enables us to thoroughly reduce
the numbers of first-principle simulations to obtain the turbulent

FIG. 3. The result of the optimized transport model vopti in the space of
fq;R=LT i; vi=vGBi g. For the initial model (blue surface), the trial first-principle simu-
lation at each radial position (green points) is performed and the optimized model
(orange surface) is obtained. FIG. 4. The convergence test of the iterations of the developed scheme. The top

figure represents the convergences of the tuning parameters, a and b, and the bot-
tom figure represents the convergences of the resultant ion heat diffusivity for the
radial positions, q ¼ 0:46; 0:50; 0:57; 0:65; 0:72, and 0.83. The dotted lines in
the bottom figure represent the results from the reference gyrokinetic simulations.
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transport fluxes, the scheme can be applied to the integrated transport
code for quick and precise predictions of the plasma profiles under
operation scenarios with saved computational resources, as discussed
in Sec. IIB.

III. APPLICATION TO TRANSPORT ANALYSIS

In this section, we consider the application of the developed
scheme to the transport analysis for ion heat in the high-Ti plasma in
the LHD, No. 88 343.20,21 The dynamics of the radial profile of the
ion temperature can be simulated by solving the diffusion equation
written in

@

@t
3
2
niTi

� �
¼ � 1

V 0
@

@q
V 0Qið Þ þ Phx þ Phi; (4)

where V is the plasma volume, and the prime symbol represents the
radial derivatives, V 0 ¼ dV=dq; Phx is the heat exchange term, Phi is
the absorbed power of the ions, and

Qi ¼ �hjrqj2ini vneoi þ vturbi

� 	
@Ti

@q
; (5)

includes the neoclassical contribution vneoi and the turbulent contribu-
tion vturbi for the ion heat transport flux. Here, the bracket h� � �i
denotes the magnetic flux surface average. The ion heat transport flux
Qi does not contain the convective part, because the core particle
source can be negligible, compared with the edge region.

For the turbulent contribution vturbi , it is impossible to perform
the first-principle nonlinear gyrokinetic simulations at each time step
in the evolution. Therefore, we employ the optimized transport model
vopti obtained in the previous section, instead of vturbi in Eq. (5).
Regarding the neoclassical contribution, we employ the DGN/LHD
database with a low-b limit.23 The radial electric field Er is assumed to
be determined by an ambipolar condition at the initial plasma state,
and there are three roots which satisfy the ambipolar condition for
0:27 � q � 0:80, as discussed in the reference.14 Here, we employ the
positive root of the ambipolar electric field in the three roots region,
and the profile of the electric field is assumed to be dynamically fixed
in the transport analysis. Under the above conditions, we solve the dif-
fusion equation Eq. (4) for the ion heat transport.

Figure 6 shows the comparison of results of the stationary radial
profiles for the ion heat diffusivity, using the initial reduced model
vmodel
i , and the optimized transport model vopti . Here, we fix the tem-

perature profile to the initial state for 0:8 � q � 1:0, and we calculate
the radial profile for the absorbed power of ions Phi, using TASK3D
code24 at the initial state and it is dynamically fixed. The steep changes
of the heat diffusivity around q � 0:27 in Fig. 6 are caused by the
changes of signs of the ambipolar radial electric field, due to a bifurca-
tion from the single root region to the three roots region. Since the ion
temperature gradients are in a marginal region of the ITG instability,
the stationary profile of the heat diffusivity obtained in the analysis
with the optimized transport model is larger than the result with the
initial reduced model for the whole radial region. Also, the result is dif-
ferent from Fig. 5(b) because the plot in Fig. 6 is the result of the

FIG. 5. Radial profiles of (a) the guesses of the ion temperature gradients

R=LðguessÞT i using the initial model (blue triangles) denoted by R=Lðinit:modelÞT i , the

optimized model (orange diamonds) R=Lðopt:modelÞT i , and the reference gyrokinetic

simulation results (black circles) R=Lðref:sims:ÞT i . The error bars represent the experi-
mental results. Radial profile of (b) the nonlinear gyrokinetic simulation results of

the ion heat diffusivity vðNLÞi at each guessed temperature gradients obtained from
the initial model (blue triangles), the optimized model (orange diamonds), and the
reference gyrokinetic simulations (black circles) for the high-Ti LHD plasma. In (a),
the red square at q ¼ 0:65 represents the guess from the gyrokinetic simulations
with the kinetic electrons for the reference.

FIG. 6. Stationary radial profiles of ion heat diffusivity obtained from the transport analy-
ses using the initial reduced transport model vmodeli (blue curve) and the optimized trans-
port model vopti (orange curve) for the turbulent contribution. The dotted curve represents
the neoclassical contribution vneoi obtained from the DGN/LHD database.
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stationary radial profiles from the transport analysis of the ion temper-
ature profile dynamics. This means that the optimized transport model
may contribute to decrease the radial profile of the ion temperature.
Indeed, as shown in Fig. 7, we can confirm that the result from the
transport analysis with the optimized transport model realizes
the moderated radial profile of the ion temperature, compared with
the result with the initial reduced model.

For validation against the experimental results, in Fig. 7, we can
find there are certain agreement between the results by optimized
model and the experimental result for the ion temperature profiles.
This reflects that the gyrokinetic simulation with adiabatic electron
assumption may reproduce the experimental transport fluxes in the
LHD plasmas.25 However, it has been also confirmed that the results
of the nonlinear gyrokinetic simulations with kinetic electrons in the
LHD plasma is somewhat different from the experimental observa-
tions for the temperature gradients as shown in Fig. 5(a). Therefore,
we have to perform the validation analyses with further extended
transport model including not only the kinetic electron effect but also
the other effects such as E�B shearing. Even if the first-principle non-
linear gyrokinetic simulation does not agree with the experimental
observations, however, the developed scheme can estimate the turbu-
lent transport fluxes at least within given physical model based on the
gyrokinetic simulations, because the scheme is developed to reproduce
the first-principle gyrokinetic simulation results within the simulation
conditions. Therefore, the proposed scheme may be helpful to quanti-
tatively estimate the discrepancies between the gyrokinetic simulation
and the experiment in order to clarify the validity of the physical
model employed in the simulation.

IV. SUMMARY

While the present local gyrokinetic simulations become a reliable
way to predict the turbulent transport or the profiles of plasma

temperatures and densities as a first-principle calculation, the quanti-
tative predictions of the transport fluxes strongly demand numerous
gyrokinetic runs, in terms of the flux-matching technique against the
experimental observations. In this work, by combining the first-
principle gyrokinetic simulations, the reduced transport model, and
the mathematical optimization techniques, we develop the new
scheme to reproduce the first-principle simulation results for the
transport prediction, reducing the numbers of nonlinear gyrokinetic
simulation runs as much as possible, keeping the accuracy of estimates
of the turbulent transport levels. The developed scheme enables us to
obtain the optimized transport model for the target plasma by a few
run of the nonlinear gyrokinetic simulation at each radial position. It
is confirmed that the optimized transport model can achieve reliable
and efficient accuracy for the estimate of the turbulent ion heat diffu-
sivity and the ion temperature gradient profile, without the least differ-
ence frommany runs of the first-principle gyrokinetic simulations.

In the application of the optimized transport model to the trans-
port analysis for the ion heat in the LHD plasma, we confirmed that
the stationary profile of the heat diffusivity from the transport analysis
with the optimized transport model is slightly larger than the results
with the initial reduced model for the marginal temperature gradients.
The resultant ion temperature profiles are moderated, compared with
the initial reduced model, due to the enhanced heat diffusivity in the
optimized model.

Although the calculations and the application of the developed
scheme elaborated in this paper are limited to the simple example of
ion heat transport driven by the ITG turbulence, with certain tuned
common parameters of the transport model, the scheme could be
extended to broader case such as a multi-species system. In such a
case, we should consider multiple input variables consists of radial gra-
dients of the temperatures and densities for each species and more
common parameters. Before the application of the scheme, of course,
we have to prepare a reduced model function using each variable as
other issues. We should also perform the optimization of the objective
function with in broader parameter space fa; b;…g. Since the opti-
mized model is designed for the target plasma, if the plasma condition
changes, the same procedures should be repeated. Furthermore, to
find the relevant guess parameters for trial runs of first-principle
simulations, we may have to consider a kind of multi-objective optimi-
zation.26 However, even if there is no exact solution to the multi-
objective problem, mathematical optimization techniques may be
applied to find the maximum likelihood of a solution to the problem.
The application of the developed scheme to the case of multi-objective
optimization also still remains as future work.
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