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1. Introduction
Lower hybrid waves (LHWs) are essentially electrostatic waves often observed in the Earth's magnetosphere. 
These waves propagate perpendicular to the magnetic field and are characterized by the lower hybrid resonance 
frequency defined as,
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𝑝𝑝∕𝑚𝑚𝑝𝑝 is the plasma frequency, Ωs = qsB/msc is the cyclotron frequency, and the suffix s 

denotes particle species (s = i and e). In the polar region, the LHWs are believed to play a crucial role in the 
perpendicular ion heating and subsequent ion outflow (André et al., 1998; Bouhram et al., 2002). The LHWs also 
play crucial roles in the magnetic reconnection region (Graham et al., 2017). Energetic ions with a ring-like veloc-
ity distribution perpendicular to the magnetic field are observed in the polar region (André et al., 1986; Bouhram 
et al., 2002; Gorney, 1983), and it is now understood that they can excite the LHWs (Akimoto et al., 1985; Cattell 
& Hudson, 1982).

Past satellite observations at around 4,000  km altitude revealed the presence of the narrowband electrostatic 
emission at ωLH (Cattell et al., 2002). Although there are no perpendicularly-propagating waves above ωLH in the 
cold plasma approximation, one of these observations has clearly shown the harmonic structure of the LHWs (see 
Figure 2h in Cattell et al. (2002)). These LHWs and their harmonics are considered to be generated by ring-like 
energetic ions, but the excitation mechanism of the harmonic LHWs remains unclarified. Furthermore, Huang 
et al. (2020) reported harmonic LHWs in the magnetotail plasma sheet and suggested that they can be excited by 
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non-linear wave-wave coupling. However, the detailed excitation mechanism 
remains unclear because energetic ions, which are considered to excite the 
LHWs, were not found in their observation.

Roth and Hudson (1983), Roth and Hudson (1985) performed particle simu-
lations aiming at LHWs with ω ≲ ωLH in the polar region, and their simu-
lations were electrostatic or neglected electron dynamics. So far, no studies 
have investigated harmonic LHWs in-depth using electromagnetic, full 
particle-in-cell (PIC) simulations, which are indispensable for investigating 
the non-linear wave-wave coupling of the harmonic LHWs in low and high 
frequencies and long and short wavelengths. Hence, this is the first report 
to investigate the excitation and development of harmonic LHWs driven by 
energetic ions using one-dimensional, electromagnetic, full PIC simulations 
based on real observation at 4,000 km altitude in the polar region. We also 
investigate ion acceleration when harmonic LHWs are excited.

2. Simulation Methods and Parameters
In this letter, we perform 1D3V (one-dimensional, three-velocity compo-
nents), electromagnetic, full PIC simulations, using the code which was used 

in Moritaka et al. (2016) and now named PASTEL. PIC simulations are commonly used to study ion-ring insta-
bilities that drive the LHWs (Min & Liu, 2015; Toida et al., 2019; Winske & Daughton, 2012, 2015). We use 
realistic parameters in the simulations based on the observation at 4,000 km altitude (Cattell et al., 2002), as 
shown in Table 1.

We consider a uniform plasma consisting of background ions, electrons, and energetic ions. The background ions 
and electrons have Maxwellian velocity distributions at the same temperature, and the energetic ions have an ideal 
ring-like velocity distribution expressed as follows:

𝑓𝑓ℎ(𝑣𝑣⟂, 𝑣𝑣‖) =
1

2𝜋𝜋3∕2𝑢𝑢⟂𝑣𝑣𝑡𝑡ℎ
𝛿𝛿(𝑣𝑣⟂ − 𝑢𝑢⟂)exp

(

−
𝑣𝑣2
‖

𝑣𝑣2
𝑡𝑡ℎ

)

, (2)

where v⊥ and v‖ are energetic-ion velocities perpendicular and parallel to the background magnetic field, respec-
tively, u⊥ is the ring speed, and vth is the thermal velocity of the energetic ions, which is set to be equal to the 
bulk-ion thermal velocity. Following to previous studies (Roth & Hudson, 1983, 1985), we assume that energetic 
ions only have a ring-like component. It is a crucial factor in exciting the LHWs, although beam and loss-cone 
components have been found in the observation (Cattell et al., 2002).

Considering that energetic ions are continuously injected along the magnetic field in the polar region, it is reason-
able that we use the energetic-ion injection model in the simulations where energetic ions and the same number 
of electrons are continuously injected into the plasma. Some simulation studies (Kotani et  al.,  2021; Toida 
et al., 2019) have shown that the energetic-ion injection plays a crucial role in the acceleration of background ions 
and the development of ion-ring instabilities. The position and gyro-phase of these particles are given at random.

The simulations are performed in the x-direction with a periodic boundary condition. The background magnetic 
field (B0) points to the z-direction. We consider waves that propagate perpendicular to B0. The simulation length 
is Lx ≃ 1.1c/Ωe × 10 3, with 4,096 spatial grid points. The total number of computational particles is on the order 
of 10 8. The time step is ΩeΔt ≃ 0.13.

The other simulation parameters are as follows. The ion-to-electron mass ratio is mi/me = 1,836. The ratio of the 
ring speed of the energetic ions to the light speed u⊥/c ≃ 0.0025 corresponds to energy 3 keV. We assume that 
the density ratio of energetic ions to background ions is zero at Ωit = 0 and 20% at the final time step Ωit ≃ 48. 
For this ratio, we use a value slightly larger than the middle of the range reported in the observation by Cattell 
et al. (2002) (see Table 1), although the choice of this value is somewhat arbitrary. Thus, the values given to the 
parameters in the simulation are based on the observation.

Table 1 
Observed Parameters in the Polar Region by Cattell et al. (2002)

Range

Frequency ratio a 0.07 ≤ ωpe/Ωe ≤ 0.28

Lower hybrid resonance frequency a 3.15Ωi ≤ ωLH ≤ 11.6Ωi

Energetic-ion energy 100 eV to 3 keV

Energetic-ion density 2%–30%

Velocity distribution of energetic ions Ring-like, beam, loss-cone

Ion and electron temperatures Unclear b

 aThe range of ωpe/Ωe can be calculated by 𝐴𝐴 𝐴𝐴2
𝑝𝑝𝑝𝑝
∕Ω2

𝑝𝑝
= (𝑚𝑚𝑝𝑝∕𝑚𝑚𝑒𝑒)

(

𝐴𝐴2
𝑝𝑝𝑒𝑒∕Ω

2
𝑒𝑒

)

 
with mi/me  =  1,836 and 10  ≤ 𝐴𝐴 𝐴𝐴2

𝑝𝑝𝑝𝑝
∕Ω2

𝑝𝑝
   ≤  140 (paragraph [14] in Cattell 

et al. (2002)). The range of ωLH can be calculated by the obtained ωpe/Ωe and 
Equation 1.  bElectron temperature at the observed altitudes and latitudes was 
estimated to be about 5 eV in another study (Kletzing et al., 1998).
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In this letter, two cases are considered: ωpe/Ωe = 0.2 (case A) and 0.1 (case 
B). These values are within the range of the observed parameters in Table 1. 
The value of ωpe/Ωe = 0.1 for case B is within the estimated range of ωpe/
Ωe when the harmonic LHWs are observed (0.1 ≤ ωpe/Ωe ≤ 0.12). Case A is 
discussed for comparison with Case B. Other parameters are listed in Table 2.

3. Simulation Results
We show that energetic ions can generate harmonic LHWs for both cases. 
However, the amplitudes and number of harmonic LHWs are much larger 
for case B than for case A. Moreover, the ion acceleration is enhanced more 
strongly for case B.

3.1. Harmonic Lower Hybrid Waves

Figure 1 depicts the wavenumber-frequency spectra of electric field fluctuations in cases A (left panels) and B 
(right panels). For case A (ωpe/Ωe = 0.2), the strongest LHWs are excited around the lower hybrid resonance 
frequency, ωLH ≃ 8.5Ωi(≡ω1) in the period 0 ≤ Ωit ≤ 24. The wavenumber is around k1 ≃ 500Ωi/vA, as consistent 
with the most unstable wavenumber predicted by the linear theory (Kotani et al., 2021). This wavenumber corre-
sponds to λ1/ρi ≃ 4.6 where λ1 is the wavelength, and ρi is the ion gyro radius.

Harmonic LHWs are found to be excited around (mk1, nω1) (m = 1, 2, 3 and n = 0, 1, 2, 3). Especially, the 
harmonics are enhanced on the line of ω = (ω1/k1)kx indicated by the dashed line in the left-top panel of Figure 1. 
For 24 ≤ Ωit ≤ 48, the enhanced region around (k1, ω1) extends to the larger wavenumber (kxvA/Ωi ≥ 800), as 
shown in their harmonic waves. Although some harmonics near nΩi are excited on the long-wavelength side, their 
amplitudes are very small due to the cold ring of the energetic ions given by Equation 2 (Roth & Hudson, 1983).

Next, for case B (ωpe/Ωe = 0.1), wave amplitudes are small in the period 0 ≤ Ωit ≤ 24. However, many harmonic 
LHWs can be found in the period 24 ≤ Ωit ≤ 48. The number of generated harmonic LHWs for case B in this 
period is larger than those for case A. The strongest LHWs for case B are excited around (700Ωi/vA, ωLH) ≡  

Table 2 
Parameters for Two Different Simulations

Case ωpe/Ωe u⊥/vA βe
 a Grid separation b ωLH

A 0.2 0.022 1.4 × 10 −5 4λD 8.5Ωi

B 0.1 0.011 3.6 × 10 −6 2λD 4.4Ωi

 aElectron thermal velocity is set to be constant for cases A and B.  bλD is the 
Debye length.

Figure 1. Wavenumber-frequency spectra of electric field fluctuations for case A (left panels) and case B (right panels). Two 
dashed lines indicate the line of ω = (ω1/k1)kx (see the main text). Electric and magnetic fields in cgs units are normalized by 
the background magnetic field unless otherwise noted.
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(k1, ω1). The wavenumber corresponds to λ1/ρi ≃ 6.6. In addition to the waves that appear near the line of ω = (ω1/
k1)kx, many harmonic LHWs are excited below and above this line for case B, which is different from case A.

The harmonic structure of the LHWs is confirmed by frequency spectra of electric and magnetic field fluc-
tuations (δEx and δBz) in the upper four panels of Figure 2. This figure is obtained by integrating the Fourier 
components δEx(kx, ω) and δBz(kx, ω) over the wavenumber kx. For both cases, the peaks of the harmonic LHWs 
are seen in δEx, while the amplitudes of δBz are much smaller, indicating that the excited waves are almost 
electrostatic.

However, the two cases differ in the following ways. The amplitudes of the higher harmonics with ω ≃ nωLH(n ≥ 2) 
in case B are much larger than those in case A, although the amplitudes of the fundamentals (n = 1) are almost 
equal for the two cases. If we consider higher harmonics with amplitudes greater than, say, log(δEx) = −8, the 
number of such harmonics for case B is 4 (n = 2, 3, 4, and 5), whereas that for case A is 2 (n = 2 and 3). Hence, 
the number of harmonics for case B is greater than that for case A. Moreover, the difference between amplitudes 
of δEx and δBz for case B is greater than that for case A, indicating that the excited waves are more electrostatic 
for case B. Also, the amplitudes of the harmonic LHWs decrease as their order increases. The first peak of δBz is 
comparable to the third peak of δEx in case A, whereas it is comparable to the fifth peak of δEx in case B.

The lower two panels of Figure 2 depict the time evolution of the wavenumber spectra of electric field fluc-
tuations, δEx(kx, t). The time development and excitation region of the harmonic LHWs are different between 
the two cases. In case A, the LHWs begin to grow at Ωit ≃ 8 in the broadband wavenumber region, 400 ≤ kxvA/
Ωi ≤ 600. The second and third harmonic waves around kxvA/Ωi ≃ 1,100 and 1,500 begin to grow at almost the 
same time, Ωit ≃ 12 (see the arrow in the left panel), when the amplitudes of the LHWs exceed log(δEx) = −6. 
After the amplitudes of the LHWs reach their peak, Ωit ≃ 17, the LHWs retain their large amplitudes due to the 
energetic-ion injection. Conversely, the harmonic LHWs gradually decrease in amplitude.

Figure 2. (Upper four panels) Frequency spectra of electric (red line) and magnetic (blue line) fluctuations for case A (left 
panels) and case B (right panels). (Lower two panels) Time wavenumber spectra of electric field fluctuations for case A (left 
panel) and case B (right panel).
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The LHWs grow more slowly in case B than in case A. Compared to case A, the excitation region of the LHWs 
and their harmonics are limited in the narrow wavenumber region for case B. When the amplitudes of the LHWs 
also exceed log(δEx)  =  −6, the harmonic LHWs begin to grow at Ωit  ≃  25. Despite minor differences, the 
harmonic LHWs grow slower as their wavenumber increases (see the arrow in the right panel). Moreover, the 
harmonic LHWs around kxvA/Ωi ≃ 1,500 retain large amplitudes, unlike in case A. This wavenumber corresponds 
to the harmonic LHWs with ω = 2ωLH and 4ωLH, as shown in Figure 1.

Thus, our simulation results have shown that ring-like energetic ions can generate the harmonic LHWs using real-
istic parameters consistent with those reported by Cattell et al. (2002). We have also found that ωpe/Ωe influences 
the development of the LHWs and their harmonics.

3.2. Energy Development

Figure 3 depicts the energy development of background ions, electric fields, energetic ions, magnetic fields, and 
electrons in both cases. Because the energy changes of the magnetic field and electrons are significantly small, we 
focus on the energy development of the bulk ions, electric fields, and energetic ions. Background ions are acceler-
ated by the energetic-ion injection for both cases, but the energy development differs between the two cases. The 
ratio of injected energy to background-ion energy in case A is the same as in case B.

Figure 3. (Upper two panels) Energy development of background ions, electric fields (E-field), energetic ions, magnetic fields (B-field), and electrons for case A (left 
panel) and case B (right panel). Each energy is normalized by the initial energy of background ions. The net energy changes obtained by the difference between the total 
and injected energies are plotted for energetic ions and electrons. Two dashed lines indicate the times when the electric-field energy reaches the peak (t = t1) and the 
variation of the energetic-ion energy stops (t = t2). (Lower two panels) Snapshots of the perpendicular velocity distribution of background ions for case A (left panel) 
and case B (right panel). The horizontal axis is normalized by the bulk-ion thermal velocity.
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In case A, the electric-field energy reaches the peak at Ωit ≃ 17 (t = t1), consistent with the peak time of the LHW 
amplitudes. Simultaneously, the background-ion energy reaches the local maximum, whereas the energetic-ion 
energy reaches the local minimum. At Ωit ≃ 20 (t2), the variation of the energetic-ion energy stops, which does not 
change until Ωit ≃ 27. The background-ion energy increases during this period, whereas the electric-field energy 
decreases. After Ωit ≃ 27, the background-ion energy increases, whereas the energetic-ion energy decreases. 
Finally, at Ωit ≃ 48, the background ions are accelerated by 20% of their initial energy. The ion acceleration is also 
confirmed by the perpendicular velocity distribution of the background ions in the left-bottom panel of Figure 3. 
The number of background ions for v⊥ ≥ 4vti considerably increases at Ωit ≃ 48.

In case B, background ions are accelerated more strongly than in case A. At the final step, Ωit ≃ 48, the back-
ground ions are accelerated by more than 60% of their initial energy, which is three times of case A. The detailed 
time development is as follows. Although the background-ion and energetic-ion energies do not reach the local 
maximum and minimum, the electric-field energy reaches its peak at Ωit ≃ 32 (t1), different from case A. At 
Ωit ≃ 35 (t2), the variations of the background-ion and energetic-ion energies stop for the first time. The energy 
increase of the background ions at this time is already much larger than that at Ωit ≃ 48 for case A. After Ωit ≃ 40, 
the background-ion energy increases, whereas the energetic-ion energy decreases again. The energy changes of 
the magnetic fields and electrons are smaller than those for case A. The strong ion acceleration is confirmed 
in  the background-ion velocity distribution, fi⊥. The number of background ions for 4vti ≤ v⊥ ≤ 9vti is much 
larger for case B, although that for v⊥ ≥ 9vti is larger for case A. These results indicate that background ions can 
be accelerated more strongly for lower ωpe/Ωe where many harmonic LHWs are excited, as shown in Figure 1.

To investigate the difference in energy development between the two cases, we compare the perpendicular veloc-
ity distributions of energetic ions in Figure 4. We have found that the difference in the velocity distribution can be 
responsible for the different energy development. In the linear theory, the ability to excite the LHWs is weaker as 

the gradient of the perpendicular velocity distribution 𝐴𝐴

(

𝜕𝜕𝜕𝜕ℎ⟂

𝜕𝜕𝜕𝜕⟂

)

 is smaller. However, in the energetic-ion injection 

model used in the simulations, the injection can sustain large 𝐴𝐴
𝜕𝜕𝜕𝜕ℎ⟂

𝜕𝜕𝜕𝜕⟂
 even after the collapse of fh⊥ (for details, see 

Kotani et al. (2021)). Figure 4 shows that 𝐴𝐴
𝜕𝜕𝜕𝜕ℎ⟂

𝜕𝜕𝜕𝜕⟂
 is larger for case B than for case A at both time t = t1 and Ωit = 48. 

This means that the velocity distribution of the energetic ions less violently collapses for case B compared to case 
A, and the LHWs can be more strongly excited by the injection of energetic ions for case B than for case A. The 
difference in the non-linear development of fh⊥ can explain not only the difference in the energy development but 
also partially explain the difference in the generation of the harmonic LHWs between the two cases.

4. Summary and Discussion
In summary, we have performed one-dimensional, electromagnetic, full PIC simulations to investigate the excita-
tion and development of the harmonic LHWs whose excitation mechanism is unknown. We have demonstrated 
that ring-like energetic ions can generate the harmonic LHWs at 4,000 km altitude in the polar region using 
realistic parameters in the ranges consistent with those reported by the observation (Cattell et al., 2002), The 

Figure 4. Snapshots of the perpendicular velocity distribution of energetic ions for case A and case B at t = t1 (left panel) 
and Ωit ≃ 48 (right panel). The horizontal axes indicate the velocity of the energetic ions normalized by the ring speed.
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wavenumbers and frequencies of the harmonic LHWs are multiples of those of the LHWs. We have examined the 
two cases (ωpe/Ωe = 0.2 and 0.1) and found that the amplitudes and number of the harmonic LHWs are signif-
icantly larger for ωpe/Ωe = 0.1. Since ωpe/Ωe = 0.1 is consistent with the observation (Cattell et al., 2002), our 
simulations have solved a previously unsolved problem.

We have also investigated the ion acceleration and found that the background ions are accelerated by the 
excited waves for both cases. This acceleration is considered to be due to lower hybrid turbulence driven by 
the excitation in the broadband wavenumber range of the LHWs (Bingham et al., 2002; McBride et al., 1972). 
The energetic-ion injection can enhance such acceleration (Kotani et al., 2021). Furthermore, we have shown 
that the background  ions are accelerated more strongly for ωpe/Ωe = 0.1, where the many harmonic LHWs are 
strongly excited. This may be explained by the enhanced turbulence due to the strong excitation of the harmonic 
LHWs. Thus, it has revealed the possibility that the harmonic LHWs are involved in ion acceleration phenomena 
commonly observed in the polar region, such as ion outflow.

The excitation of the harmonics LHWs may be due to the non-linear wave-wave coupling, not due to the dest-
abilization of the linear-mode waves. In our simulations, the ion Bernstein and ion cyclotron waves due to the 
energetic ions (Goede et al., 1976) are excited above ωLH, but they cannot explain the harmonics at nωLH because 
these two waves can be destabilized around ω ∼ nΩi. In addition to the harmonic LHWs, we have found some 
interesting results: difference in non-linear development between the two cases and possibility that the harmonic 
LHWs enhance ion acceleration. In the future, parametric simulations and theoretical analyses will be conducted 
to investigate our findings in more detail.

Note that lower hybrid solitary structure (LHSS) and broadband ELF (BBELF) waves have been considered as 
important driving sources for the ion outflow acceleration. In LHSS, electric fields with frequencies around ωLH 
and a spatial scale of the order of ρi are observed (Schuck et al., 2003). BBELF waves have a broadband frequency 
spectrum below and around Ωi (Knudsen et al., 1998). Considering that the wavenumber range of the excited 
LHWs is on the order of ρi and that one of the harmonic LHWs is excited below Ωi (see the region around (2k1, 
ω ≲ Ωi) in Figure 1), we infer that the LHWs produced in the present simulations are phenomena closely related 
to LHSS and/or BBELF.

Data Availability Statement
The simulation data used in this study and scripts to produce the figures are available online https://doi.
org/10.5281/zenodo.7375165.
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