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Direct numerical simulations (DNS) and large eddy simulations (LES) of homogeneous Hall magnetohydro-
dynamic (MHD) simulations are carried out to verify the properties of a sub-grid-scale (SGS) model which has
been developed for LES recently. LES with the new SGS model reproduces one-dimensional spectra of DNS. It
is also shown that the probability density functions (PDFs) of the current density components of DNS and LES in
the grid-scale coincide with each other by an appropriate normalization. We verify by this numerical study that
our improved SGS model is applicable to homogeneous Hall MHD turbulence. We also find that the difference
in the deviation of the current density components is smaller in the MHD-scale of LES than in that of DNS.
These results provide a new insight to study the spectral anisotropy of turbulence, especially in relation to the
sub-ion-scale.
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1. Introduction
MHD turbulence has been studied extensively over

decades to clarify its ubiquitous and universal nature such
as the inertial sub-range power-law in the energy spectrum,
and various physical mechanisms which sustain the na-
tures [1–3]. More recently, another power-law in the sub-
ion-scale has gathered attention as well, and has been stud-
ied by the Hall MHD model [4–10].

In numerical simulations of Hall MHD turbulence (or
an extended MHD simulation of torus plasma which keeps
the Hall term in the system of equations as well), provid-
ing a wide range of the wave-numbers both for the MHD-
scale and the sub-ion-scales is not very easy. In order
to ease the difficulty, we consider low-pass filtering the
Hall MHD equations, and solve the low-pass filtered (grid-
scale, GS) equations. This allows us to keep the influ-
ence of the sub-ion-scale to the MHD-scale and provide
a wider wave-number range for the MHD-scale. For this
technique, LES, we need to replace some terms which orig-
inate from the filtering of the nonlinear terms and represent
influences of high wave-number components to low wave-
number (GS) components by a phenomenological model,
a sub-grid-scale (SGS) model.

We have developed our first SGS model for the Hall
MHD equations both with and without background con-
stant magnetic field [11], and applied the SGS model for
LES of nonlinear growth of ballooning modes in the Large
Helical Device (LHD), a nuclear fusion experiment facil-
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ity [12]. Then the model has been improved so that the
SGS model can give a higher effective resolution for ho-
mogeneous and isotropic turbulence [13]. Since the new
model is not verified for anisotropic turbulence, we verify
the applicability of the improved SGS model for a forced
homogeneous turbulence under the mean magnetic field,
and provide a perspective to apply the model to our appli-
cations of magnetized plasmas.

This paper is organized as follows. In §2, the GS Hall
MHD equations and the SGS model are introduced. In §3,
numerical results are presented. Finally in §4, concluding
remarks are presented.

2. Hall MHD Equations and SGS
Model
Incompressible Hall MHD equations can be expressed

as
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with the incompressible (solenoidal) conditions ∂uk/∂xk =

∂Bk/∂xk = 0. The three symbols with one index Bi,
Ji = ϵi jk∂ jBk, and ui represent the i-th components of the
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magnetic field, the current density, and velocity field vec-
tors, respectively. Tensor symbols δi j and ϵi jk are the Kro-
necker’s delta and the Levi-Civita’s anti-symmetric tensor,
respectively. The sum of 1, 2, and 3 is taken for repeated
suffixes of the vector and tensor variables. See Ref. [13]
for the normalization of the equations. The symbols ϵH ,
η, and ν are the Hall parameter (the ratio of the ion skin
depth to the system length), magnetic diffusivity, and shear
viscosity, respectively. Since the equations have been nor-
malized, 1/ν and 1/η can be understood as the reference
Reynolds number and the Lundquist number, respectively.

The equations (1)-(4) are operated by a low-pass filter
of a filter width ∆ to obtain the GS Hall MHD equations as
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with the incompressible (solenoidal) conditions ∂uk/∂xk =

∂Bk/∂xk = 0. Then the SGS model presented in Ref. [13]
is introduced as

τi j = −νS GS S i j, (12)

E
M
i + E

H
i = −ηS GS Ji + ϵH

∂

∂x j

(
νS GSσH,1 S i j

)
− ϵ2H

∂

∂x j

νS GSσH,2

∂Ji

∂x j
+
∂J j

∂xi

 , (13)

νS GS = Cν∆
2

(
1
2

CνS
2
i j +CηJ

2
i

)1/2

, (14)

ηS GS = Cη∆
2

(
1
2

CνS
2
i j +CηJ

2
i

)1/2

. (15)

In the SGS model (12) - (15), the filter width ∆ is usually
given as ∆ = ∆0 = (∆x1∆x2∆x3)1/3. Giving a larger ∆
corresponds to denoting a larger Cν and Cη for ∆ = ∆0 as
we have discussed in Ref. [13]. In this paper, two compu-
tations ∆ = ∆0 and ∆ = 2∆0 are provided, as we see in
the next section. Hereafter, we omit the symbol · from
a physical variable. All the physical variables below are
those in the GS.

3. Numerical Results
Numerical simulations are carried out for one DNS

and two LES (LES-H, LES-L). In DNS, eqs. (1) - (4) are
solved numerically by the pseudo-spectral method and
Runge-Kutta-Gill technique. Three-dimensional Fourier
transform libraries P3DFFT [14] and FFTE [15] are used
for the pseudo-spectral computations. The system size of
the simulation is L1 = L2 = 2π in x1 and x2 directions,
respectively, and L3 = 16π in the x3 direction. The num-
ber of grid points Ni in the xi (i = 1, 2, 3) are given so that
the grid width is the same in all three directions. Aliasing
errors in the pseudo-spectral computations are removed by
the 2/3-truncation method in each direction. Thus the nu-
merical resolution is represented by the maximum wave-
number kmax = 170. The external force f̄i in the velocity
equations is given with fixed amplitudes and random phase

in the Fourier space for k =
√

k2
1 + k2

2 + k2
3 ≤ 3. Since the

external random force stirs a large-scale fluid motion, we
focus on the spectral shape and other statistical properties
of k ≫ 3.

In LES, eqs. (5) - (15) are solved by the same schemes
as DNS. Parameters in (5) - (15) are presented in Table 1.
In LES-H, the control parameters of the SGS are given as
that provided by the original theory [16, 17]. This parame-
ter set gives the effective numerical resolution ke f f = 1/∆,
the same as the maximum resolution of the pseudo-spectral
method kmax. In LES-L, the parameters are given so that
ke f f = 1/∆ = kmax/2. Although this parameter set pro-
vides smaller ke f f than LES-H, the effective resolution is
twice as high as that utilized for the first time for the Hall
MHD model [11], and gives a reasonable balance between
the spectral resolution and representation in real space.

In the simulations, the third component of the mag-
netic field B3, the mean magnetic field B0 = 1 is added.
Thus turbulence in our simulations is anisotropic. The tur-
bulence energy and the mean magnetic energy are compa-
rable to each other. In this sense the anisotropy is weak
in this turbulence simulation study, being similar to the
anisotropic turbulence reported in Ref. [11]. This weak-

Table 1 Parameters for DNS and LES of Hall MHD turbulence.

DNS LES-H LES-L

N1, N2 512 128 128
N3 4096 1024 1024

kmax 170 41 41
ke f f - 41 20
ν 2 × 10−3 2 × 10−3 2 × 10−3

η 2 × 10−3 2 × 10−3 2 × 10−3

ϵH 0.05 0.05 0.05
C
ν

- 0.046 0.092
C
η

- 0.0329 0.0657
σH,1 - 1 8
σH,2 - 1 8
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Fig. 1 One-dimensional spectra Eu1u1 (k1) and EB1 B1 (k1).

ness of the magnetization enables us to study the effec-
tiveness of our SGS model which has been developed for
isotropic turbulence to anisotropic turbulence. The Hall
parameter ϵH is set 0.05 throughout this paper. This means
that the wave-number range k > 1/ϵH = 20 is the sub-ion-
scale. The LES-H run resolves the sub-ion-scale (k > 20)
as the GS, while the LES-L treats the wave-number range
for dumping the MHD-scale information.

In Fig. 1, the one-dimensional spectra (a)
〈̃
u1ũ∗1

〉
x2,x3

and (b)
〈
B̃1B̃∗1

〉
x2,x3

are presented as the function of the

wave-number k1, where ⟨·⟩xa,xb
is the average on the xa− xb

plane and ∗ represents the complex conjugate. Since the
mean magnetic field is imposed on the third component
B3, this figure represents the perpendicular spectrum of the
perpendicular vector components. (The words parallel and
perpendicular are used for the direction of the mean mag-
netic field in the x3 direction all through this paper.) We
find that both of the two LES give a reasonable reproduc-
tion of the GS parts of DNS.

In Fig. 2, the one-dimensional spectra (a)
〈̃
u3ũ∗3

〉
x1,x2

and (b)
〈
B̃3B̃∗3

〉
x1,x2

are presented as a function of the wave-

number k′3, where k′3 =
2π
L k3 is the wavenumber normal-

ized by the system length L. Thus this figure represents
the parallel spectrum of the parallel vector components.
The parallel spectrum of the velocity by two LES pre-
sented in Fig. 2 (a) shows a reasonable agreement with that
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Fig. 2 One-dimensional spectra Eu3u3 (k’3) and EB3 B3 (k’3).

of DNS. Although the parallel magnetic energy spectrum〈
B̃3B̃∗3

〉
x1,x3

in Fig. 2 (b) in the two LES has a larger ampli-
tude than that of DNS, the spectral profile is similar to each
other. We come to this difference in amplitude later in the
last section.

Next, we see the probability density function (PDF) of
the current density components Ji = ϵi jk∂ jBk in Fig. 3. In
order to see a difference among scales, we provide band-
pass filters extracting three ranges, 10 < k′ ≤ 20 (range
I), 20 < k′ ≤ 40 (range II), and 40 < k′ ≤ 80 (range

III), where k′ =
√

k2
1 + k2

2 + k′23. The range I is a part
of the MHD-scale (k′ < 1/ϵH) excluding the low wave-
numbers affected by the random external forces. The range
II is a part of the sub-ion-scale neighbouring to the MHD-
scale, resolved by DNS and LES-H. The range III is also
a part of the sub-ion-scale, which is included only DNS.
For all the PDFs over the three ranges, the abscissa is nor-
malized by the deviation of each PDF, as Ji/σJi where

σJi =

√〈
J2

i

〉
− ⟨Ji⟩2 is the deviation of the current com-

ponents at each scale.
In Fig. 3 (a), the three current density components Ji

of DNS and LES-H in the MHD-scale are presented. The
solid line represents the Gaussian distribution P(Ji/σJi ) ∝
exp

(
− (

Ji/σJi

)2
)
. The PDFs collapse to each other.

Though the PDFs of LES-L are excluded for clarity of
plots, the PDFs collapse with them, too. PDFs of other
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Fig. 3 PDF of the three components of the current density Ji

(i = 1, 2, 3) in (a) the MHD-scale (range I) and (b) sub-
ion-scale (range II).

quantities such as the vorticity components, which are not
shown in this paper due to a restriction in page numbers,
also collapse among DNS, LES-H, and LES-L as well. In
this sense, our LES reproduces the turbulent statistics in
MHD-scale well by the use of the SGS model. This is
what we expect for LES of Hall MHD turbulence.

In Fig. 3 (b), the PDFs of Ji in the range II and III of
DNS, and those in the range II of LES-H and LES-L are
presented. The PDFs of Ji of DNS in the two ranges II and
III do not collapse to each other. The differences indicate
that the intermittency in the sub-ion-scale is stronger in a
higher wave-number. The PDFs of Ji of LES-H appear less
intermittent than those of DNS. This has been expected be-
cause the dynamics of LES-H in this range is fully domi-
nated by the energy sink nature of the SGS model.

It should be emphasized that disagreement between
the PDFs of DNS and those of LES-H above is not neces-
sarily a negative result. The essential part of this study is
the MHD-scale in the range I, turbulent dynamics of where
should be strongly influenced by the sub-ion-scale in the
range II neighbouring to I. The stiffness and resolution-
demanding nature of the Hall term are successfully sup-
pressed by the SGS model at the expense of the energy
sink at this range, as we intend for LES. Thus our intention
of LES has been achieved as we have seen in Fig. 3 (a).

Table 2 Ratios of the deviations of the current components in
DNS and LES.

DNS LES-H LES-L

10 < k ≤ 20 1.6 1.1 1.1
20 < k ≤ 40 1.4 1.0 1.0
40 < k ≤ 80 1.2 - -

Here we need to note the normalization of the PDFs
by σJi . Although the PDFs in Fig. 3 (a) collapse to each
other, the raw values of Ji and the normalization by σJi

can be different between the directions parallel to and per-
pendicular to the uniform magnetic field B0 because of the
anisotropy of homogeneous turbulence [18–20]. In order
to study the difference associated with the normalization,
we see 2σJ3/(σJ1 +σJ2 ). This quantity represents the ratio
of the deviation of the current density components in the
parallel direction to that in the perpendicular direction. We
expect that this quantity represents an aspect of the spectral
anisotropy. While J3 consists of only B1 and B2 (perpen-
dicular components), J1 and J2 consists of both the paral-
lel (B3) and perpendicular (either B1 or B2) magnetic field
component. Thus the spectral anisotropy can induce the
difference between J3 and the other two components.

The ratio of the deviations is presented in Table 2 at
three wave-number ranges I-III. In DNS, the ratio becomes
larger for smaller wave-number ranges, indicating that the
spectral anisotropy is clearer in the MHD-scale than that
in the sub-ion-scale. In other words, the Hall term works
in this simulation to suppress the anisotropy at the small
scale. On the contrary, in the two LES, the ratio stays al-
most unity whether it is in the MHD-scale or the sub-ion-
scale. If a locally strengthened dissipation of the SGS sup-
presses the difference of the deviation, this result suggests
that the sub-ion-scale (or the dissipation scale in single-
fluid MHD turbulence as well) plays a crucial role in form-
ing the spectral anisotropy. By updating the SGS model
and studying this ratio, we can study the physics of the
anisotropy by LES with a smaller computational cost than
by DNS.

4. Concluding Remarks
We have carried out DNS and LES of homogeneous

Hall MHD turbulence. We have shown that our SGS
model developed in Ref. [13] reproduces magnetic and ki-
netic energy spectra in the perpendicular and parallel di-
rection as well as the PDF of the current density compo-
nents in the MHD-scale. This enables us to study Hall
MHD turbulence and turbulence-related phenomena such
as short-wavelength ballooning instability in torus plasma
by means of LES with a higher effective resolution than the
previous model [11].

In this numerical work, the energy level of the mag-
netic energy spectrum in the parallel direction of LES is
higher than that of DNS at the moderate wave-number
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range. Although we do not have a clear explanation, this
difference may be related to a strong coupling between dis-
tant Fourier wave-numbers by the Hall term [9] and the
spectral anisotropy which has been reported and studied
extensively in earlier studies [18–20]. The truncation of
high wave-number Fourier coefficients by a low-pass filter
in LES can induce a large change in the magnetic energy
transfer function even at a low wave-number [9]. Though
our SGS model is provided in order to compensate for such
a role of high wave-number coefficients phenomenologi-
cally, the strength of the nonlinear coupling is modified by
the uniform magnetic field in this paper. Consequently, the
magnetic energy transfer among the scales is lowered, and
the magnetic energy stagnates at a moderate wave-number
range in LES as we have seen in Fig. 2. This understanding
remains conjecture in this paper and is to be studied further
in our future work.

We have also found that the anisotropy in the PDFs
of the current density can be observed in DNS, especially
in its MHD-scale, but not in LES. Since the SGS model
works especially in the sub-ion-scale in our simulations,
this result suggests that the sub-ion-scale (or the dissipa-
tion scale if we study single-fluid MHD turbulence) can
play a crucial role in forming the spectral anisotropy. We
should study the physics of the anisotropy with a smaller
computational cost by LES than by DNS by updating our
SGS model in our future work, too.
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