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Abstract 

 

This report contains a collection of practical approximating formulas for one-electron loss and 

one-electron capture cross-sections of ion-atom and ion-ion collisions of H
0
, H

+
, He

0
, He

+
 and He

2+
 

particles with Li, Be, B, C and Ne neutral atoms and all of their positive ions. The report consists of 

two parts treating charge exchange and ion impact ionization collisions respectively. The results are 

mainly based on theoretical calculations by CAPTURE, CDW, and ARSENY numerical codes. 

Independent experimental and theoretical results were taken into account where available. The 

primary objective of this work is to provide the necessary background concerning atomic processes 

essential for localized fusion plasma diagnostics based on light impurity pellet injection. As for 

passive line-integral diagnostics of energetic proton and α-particle energy distributions, impurities 

contribute to both the source function and the attenuation rate of neutral atom fluxes escaping from 

the plasma. Impurities also play a significant role in the high energy neutral atom heating beam 

stopping in the plasma. The analytic cross-section fits for a wide energy range presented here may 

be useful in the numerical modeling and in the experimental data analysis. 

 

Keywords: charge exchange cross-sections, fusion plasma diagnostics, neutral particle analysis, 

pellet charge exchange method, neutral beam injection 
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1. Introduction 

 

In controlled nuclear fusion research cross-section data are required for atomic collisions that 

lead to a change of electric charge state of Hydrogen and Helium particles in pure plasmas and in 

the presence of impurities. In particular, the knowledge of cross-sections as functions of energy is 

needed for the quantitative analysis of (a) magnetically confined plasma heating by high energy 

neutral particle beam injection and (b) passive and impurity pellet-based active diagnostics of 

plasma ion distribution by escaping neutral particle flux measurements. The required cross-section 

data for processes involving impurities are often not available in the existing literature. This 

explains the motivation and determines the scope of the present report. 

In passive diagnostic methods naturally occurring neutral particle fluxes are measured. The 

local source function for neutral atoms of energy E within the plasma 

( )( )( , ) ( ) ( , ) ( ) v
ll

i i

l

g E n f E nρ ρ ρ ρ σ= ∑                                             (1) 

is expressed via the local plasma ion distribution ( ) ( , )
i i

n f Eρ ρ  and the sum of electron capture 

frequencies over all targets. Radial profiles of target densities ( ) ( )ln ρ  and the knowledge of 

electron capture rate coefficients 
( )

v
l

σ  are required for the processes H
+
 → H

0
 in case when the 

proton distribution is studied, or He
2+

 → He
+
, He

+
 → He

0
 and He

2+
 → He

0
 in case of α-particle 

distribution studies.  

In the local active diagnostic method, referred to as Pellet Charge eXchange (PCX), an ablating 

solid impurity pellet is used as a dense target for electron capture by fast ions of a fusion plasma. 

Consider a monoenergetic flux 1 0( , ) xx E =Γ  [cm
-2

s
-1

] of fast protons H
+
 of energy E entering the 

cold dense cloud surrounding an ablating solid pellet; x is the transversal distance across the cloud. 

The  to tal  hydrogen  f lux  wi th in  the  cloud  wil l  cons i s t  o f  H
0
 and  H

+
 f ract ions 

 1( , ) ( , ) (0, ), 0, 1
i i

x E F x E E iΓ = Γ =                                             (2) 

due to the charge changing collisions with cloud particles. The conservation of the total number of 

hydrogen particles requires that the dimensionless non-negative functions ( , ), 0, 1
i

F x E i =  satisfy 

the condition 0 1( , ) ( , ) 1F x E F x E+ = . For the neutral fraction the boundary condition is 

0 0( , ) 0xF x E = = . Densities ( )
l

n x  of the pellet cloud atomic and ionic species are expressed via the 

cloud density function ncl(x) as cl( ) ( )
l l

n x n xκ= . The dimensionless non-negative proportionality 
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coefficients 
l

κ  obviously satisfy the condition 1
ll

κ =∑ . The electron density ne(x) = κencl(x) is 

obtained from the cloud plasma quasineutrality condition. Denote 1 0

1 0 ( ) ( )
l ll

E Eσ κ σ →
→ =∑  the total 

effective cross-section of electron capture by H
+
 and 0 1

0 1( ) ( )
l ll

E Eσ κ σ →
→ =∑  the total effective 

cross-section of electron loss by H
0
. The sums run over all possible electron capture and electron 

loss processes, respectively, and 
l

κ  are the proportions of the corresponding target particles of the 

cloud. Let Ξ [cm
-2

] be the line integral pellet ablation cloud density representing the number of target 

particles per cm
2
 along the hydrogen path within the cloud: 

cl
0

( ) ( )
x

x n x dxΞ = ∫ � � .                                                                  (3) 

The rate equations 

 0
1 0 1 0 1 0

dF
F F

d
σ σ→ →= −

Ξ
 and 1

0 1 0 1 0 1

dF
F F

d
σ σ→ →= −

Ξ
                               (4) 

 were solved in a general form in [1]. The neutral fraction is 

( )( )0 1 1 0( ) ( ) ( ) ( )

0 0 0( , ) ( ) 1 ( )
E E x x

F x E F E e F E
σ σ→ →− + Ξ Ξ →∞∞ ∞= − → ,                        (5) 

where 

( )0 1 0 0 1 1 0( ) ( ) ( ) ( )F E E E Eσ σ σ∞
→ → →= +                                               (6) 

is the equilibrium value attained after a sufficient number of collisions. Thus, the proportions 
l

κ  of 

cloud species and the cross-sections of relevant charge changing collision processes are needed to 

calculate the neutral hydrogen fraction. Neutral helium fraction can be calculated in an analogous 

way by solving the corresponding rate equations as shown in [1]. 

The neutral flux attenuation in the plasma column enters multiplicatively in the form of Poisson 

exponent determined by λmfp(E, ρ), i.e. the local mean free path of a neutral atom with respect to all 

electron loss reactions H
0
 → H

+
 or He

0
 → He

+
, He

0
 → He

2+
. From the practical viewpoint it can be 

calculated as 

1
,( , ) ( ) ( )

mfp e s
E n Eλ ρ ρ σ ρ

−
=                                                       (7) 

using a suitable approximating formula for the total neutral hydrogen or helium stopping cross 

section ,( )
s

Eσ ρ  in magnetically confined plasma in the presence of certain impurity species. 

Practical formulas for hydrogen total stopping cross-section were developed in [2]. 
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The knowledge of cross-sections of the charge changing atomic collision processes is required 

in a wide energy range. This report consists of two parts covering charge exchange and ion impact 

ionization. One-electron processes are considered. 

 

2. Theoretical approaches and methods of calculations 

 

The wide range of collision energies (1 keV/a.m.u. – 1 MeV/a.m.u.) makes it impossible to 

use a general method for the calculation of the capture cross sections: the ratio of the velocity of the 

outer (active) electron to the collisional velocity divides this range into two regions – adiabatic 

region (where this ratio is larger than unity) and Born region (the opposite case).  

For the calculations of the capture cross sections of low energy ion-atom collisions the 

advanced adiabatic approach developed by E.A. Solov’ev [3-5] has been used (code ARSENY). 

The collisions of the intermediate and high energy were treated in Born approach: normalized 

Brinkman-Kramers (BK) approximation in the impact parameter representation [6] (code 

CAPTURE) and Coulomb Distorted Wave (CDW) approximation [7] (codes CDW and CDW2) 

were used. 

The following is a brief description of the numerical codes used in the calculations. 

 

2.1. Code ARSENY 

 
Code ARSENY is based on the method of hidden crossings. In the adiabatic approximation 

inelastic transitions occur in the regions of the closest approach of potential curves and are 

decomposed into a sequence of individual two-level transitions via hidden crossings. Hidden 

crossings arise when the full-dimensional classical trajectory of the electron collapses into an 

unstable periodic orbit. They are invisible on the plot of the adiabatic potential curves at the real 

value of the adiabatic parameter R  (inter-nuclear separation), and require the direct calculation in 

the complex R-plane. Code ARSENY (having as an input the charges of the nuclei or the effective 

charges, the nl quantum numbers of the initial state of the active electron, the list of the energies of 

the colliding particles and the basis size) calculates adiabatic potential curves of two Coulomb 

center problem in complex R-plane. Then it searches all branch points and calculates the 

corresponding Stueckelberg parameter 

 

[ ]∫ −=∆
c

c

R

R

qppq
bRV

dR
RERE

Re
),(

)()(Im  ,                                (8) 
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where p and q is the set of quantum numbers of the final and initial atomic states, Rc  is a complex 

branch point, Ep and Eq are energies of the final and initial atomic states, respectively, V(R,b) is the 

radial internuclear velocity and b is the impact parameter. The probability as a function of L 

(nuclear angular momentum) for the entire set of nonadiabatic transitions is calculated as 

 

e
pq

pqP
∆−

=
2

 .                                                   (9) 

 
Then the S-matrix is calculated as a product of elementary S-matrices for the individual transitions 

induced by the separated branch points. Finally, the cross sections are calculated as a sum over L: 

 
2

0

)(

2
1)12(∑

∞

=

−+=
L

L

qq

q

qq SL
K

π
σ ,                                          (10) 

 
for elastic scattering and  

 
2

0

)(

2
)12(∑

∞

=

+=
L

L

pq

q

pq SL
K

π
σ ,                                          (11) 

 

for inelastic transition, where )(L

pqS  are the S-matrix elements and  

 

))((2 ∞−= qq EMK ε ,                                              (12) 

 
M is the reduced mass of nuclei, Eq(∝) are the energy levels of separated atoms and ε is the energy 

of the system in the center of masses. This yields simultaneously all partial cross sections for 

arbitrary initial and final states in a given molecular-orbital basis set. 

 The range of impact energies in which the adiabatic approximation is valid depends strongly 

on the actual process being considered. In the case of slow atomic collisions we can extrapolate 

adiabatic approximation up to the values of impact velocity v at which the transition probability Ppq 

becomes comparable with unity, i.e., up to the maximum of the cross section for a given channel. 

 

2.2. Code CAPTURE 

 
The CAPTURE code is aimed at calculating the probabilities P(b,v) and cross sections σ(v) 

for single-electron capture in ion-atom and ion-ion collisions. It was created on the basis of 

normalized Brinkman-Kramers (BK) approximation in the impact parameter representation. The 
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total cross section is given by the sum of the partial cross sections σn for all the possible states with 

the principal quantum numbers n as a function of collision velocity v: 

 

,v),(2v)(      v),()v(
0

)(

0

bdbbP
N

nn

n

n

ntot

cut

∫∑∑
∞

== γγ
γ

γ πσσσ  

                                                                           (13) 

∑
=

+

=
max

0'

'

)(

v),(1

v),(
 v),(

n

nn

n

nN

n

bP

bP
bP

γ

γ

γ , 

 
where Pγn(b,v) denotes the electron capture probability from the target shell γ into the n-state of the 

resulting ion, including the ground state n0, at the impact parameter (b) and the collision velocity (v) 

in the BK approximation, nmax is the maximum principal quantum number accounted for probability. 

The summation is also made over all shells of the target γ.  Here N refers to the normalized 

probability and ncut is a parameter depending on the target density: for low-dense targets it is 

infinity while in a dense target it is strongly reduced due to the so-called target-density effects. 

In the CAPTURE code, the hydrogenic wave functions H

nlP  are used to get wave functions 

for particle with a charge q: 

 

)(2),()( 2/1
qInZrZPZrP nlscrscr

H

nlscr

q

nl == ,                           (14) 

 
where Zscr is the effective charge accounting for the screening effects for the nl shell and Inl denotes 

the binding energy of the target atom (ion), or the resulting ion X
(q-1)+

. The hydrogenic wave 

functions here are used because of the following three main reasons: at relatively low energies, the 

role of excited hydrogenic states is very large; at high energies, the inner-shell target electrons close 

to nucleus are mainly captured and, therefore, can be described by the hydrogenic functions; it is 

possible to get the capture probabilities in a closed analytical form expressed over the McDonald 

functions Kn(x) and to include excited states with nmax up to very high n ~1000. 

 

 

2.3. Codes CDW and CDW2 

 
 Codes CDW and CDW2 are based on the CDW method proposed by Cheshire [8]. An 

extensive discussion of this method and its generalization to complex system has been given in [9]. 

The main feature of this theory is a ‘single’ electron approximation: during the collision the active 

electron experiences transition while all other electrons are ‘spectators’ (their orbitals are frozen 
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during the collision). Initial and final orbitals of the active electron are described in terms of a 

combination of Slater orbitals. 

 The total cross section for the capture of the electron from the initial orbital i to the final 

orbital f in CDW approximation is given by: 

 

( )
2

0

2

2

0
2

1
)( ∫

∞

= ηηη
π

ifif Td
v

aQ ,                                         (15) 

 

 

( ) sxif vNT ΙΙ ⋅−= )(η  ,                                               (16) 

 
where 

 

{ }BABA )(2/(exp)i1()i1()( vvvvvN +−Γ−Γ= π                               (17) 

 
and v is the relative velocity. Here Γ  designates the gamma function. One has: 

 
2/12

B

2/12

ABA,BA, )2(,)2(,/ iiff nnvv εξεξξ −=−== ,                         (18) 

 
ni εi  and  nf εf  are the principal quantum number and orbital energy of the initial and final states, 

correspondingly, and ξΑ,Β correspond to effective charges as discussed in [9]. 

 The integrals Ix and Is take the form: 

 
 

[ ] )ii,1,i()( B11

i
vxvFxedx ixx +⋅∇= ∫

⋅
xvΙ

xp φ ,                              (19) 

 

)ii,1,i()( A11

i
vsvFseds sfs +⋅∇= ∗⋅

∫ svΙ
sq φ ,                              (20) 

 
 

,0ˆˆ,ˆ,ˆ
21 =⋅−−=−−= vηvηqvηp ββ                                   (21) 

 
./)(,2/,2/ 21 vvv fi εεααβαβ −=−=+=                              (22) 

 

 
The initial (φι) and final (φf) orbitals of the active electron are supposed to be of the form: 
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),ˆ()(
,, ,

1,

, r
fifi ml

rnfi

fi YerCr γγ λ

γ
γφ

−−∑=                                      (23) 

with 

 

[ ] .)2()!2(
2/12/1,, +−

= γ

γγγγ

nfifi nnbC                                        (24) 

 
 In our calculations the initial orbitals of active electron were described by the wave 

functions given by Clementi and Roetti [10] and the charge (or effective charge) of the projectile 

was used in the definition of the final hydrogenic orbitals (code CDW2). In case of the capture from 

H or He
+
 targets hydrogenic wave functions were used to describe initial and final orbitals of the 

active electron (code CDW).  

 

3. Approximating Formula 

 

Cross-section σ, [cm
2
] as a function of specific energy � = E/m [keV/a.m.u.] is expressed for 

all reactions by the following formula 

( )
15

0

( ) exp
i i

i

ATσ ξ
=

 
=  

 
∑� ,                                                (25) 

where 

min

max min

ln ln
2 1

ln ln

γ

ξ
 −

= − 
− 

� �

� �
                                           (26) 

and Ti (ξ) is the ith degree Chebyshev polynomial of the first kind. The 19 parameters required to 

calculate the cross-section for each reaction are given in this report. The order of the parameters is 

as follows. 

 

� min      lower limit of the approximating formula applicability range 

� max      upper limit of the approximating formula applicability range 

 

γγγγ            index of power in the nonlinear variable change formula 
 

A0                                     coefficient of T0(ξ) 

A1                                     coefficient of T1(ξ) 
. 
. 
. 

A15                                    coefficient of T15(ξ) 
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For those reactions, where independent data are available, it is shown on the plots together with 

the calculation results and the approximating curve. Bibliographic sources are listed directly on 

each plot. 

 

4. Sample Program 

 

Cross-section calculation is a straightforward implementation of (25) and (26). Below is a 

sample program that calculates  H
+
 + C

0
 → H

0
 + C

+
  charge exchange cross-section at N energy 

values equidistant in logarithmic scale in the range between Eleft and Erght. Similar source 

codes are given in C++ and in Fortran. 

 

/*  Sample program in C++  -------------------------------------------*/ 
 
#include <numeric> 
#include <vector> 
#include <cmath> 
#include <fstream> 
#include <iomanip> 
using namespace std; 
 
// dimension of Chebyshev polynomial basis 
const int M = 16; 
 
// below are the 19 parameters required to calculate the cross-section: 
// Emin  - lower limit of the approximating formula applicability range, [keV] 
// Emax  - upper limit of the approximating formula applicability range, [keV] 
// gamma - index of power in the nonlinear variable change formula 
// A[]   - coefficients of Chebyshev polynomials 
 
const double Emin =    0.5308400000000000E-002, 
             Emax =    0.1000000000000000E+005, 
             gamma =   0.1051320000000000E+001, 
             A[M] = { -0.4280088217508590E+002, 
                      -0.3847174500369429E+001, 
                      -0.8303841248235285E+001, 
                      -0.1272784281507118E+000, 
                       0.3202821077083545E+000, 
                       0.2479805580143766E-001, 
                       0.1575381966666113E+000, 
                      -0.8901874130104495E-001, 
                      -0.1433392134922326E+000, 
                       0.1522664257717566E-001, 
                       0.2112895403629301E-001, 
                      -0.3165101585110966E-001, 
                       0.6976153339471197E-001, 
                       0.3426096112612832E-001, 
                      -0.3845256025471072E-001, 
                      -0.1855130938720516E-002  }; 
 
double ChebyshevTPolynomial(int k, double x) 
{ 
  double T; 
  T = cos(((double) k)*acos(x)); 
  return T; 
} 
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const double nought = 0.0000000000000000E+000, 
             one =    0.1000000000000000E+001, 
             two =    0.2000000000000000E+001; 
 
double CrossSection(double E) 
{ 
 int j; 
 double sigma; 
 vector <double> v; 
 sigma = log(Emin); 
 sigma = two*pow((log(E) - sigma)/(log(Emax) - sigma), gamma) - one; 
 for (j = (int) 0; j != M; j++) v.push_back(A[j]*ChebyshevTPolynomial(j, 
sigma)); 
 sigma = exp(accumulate(v.begin(), v.end(), nought)); 
 return sigma; 
} 
 
// output cross-section file name 
const char* CSFName = "cs.txt"; 
 
// energy grid dimension for the test calculation 
const int N = 100; 
 
// energy range for the test calculation 
const double Eleft = 0.1000000000000000E+001, 
             Erght = 0.1000000000000000E+004; 
 
int main(void) 
{ 
 int i; 
 double p, q; 
 vector <double> Egrid; 
 ofstream CSFile; 
 p = log(Eleft); 
 q = (log(Erght) - p)/((double) N - one); 
 for (i = (int) 0; i != N; i++) Egrid.push_back(exp(p + q*((double) i))); 
 CSFile.open(CSFName); 
 CSFile.precision(3); 
 for (i = (int) 0; i != N; i++) CSFile << scientific << 
 Egrid[i] << "  " << CrossSection(Egrid[i]) << endl; 
 CSFile.close(); 
}  
 
/*--------------------------------------------------------------------*/ 

 

 

 

! Sample program in Fortran  ----------------------------------------- 
 
program CSCalcTest 
implicit none 
intrinsic :: dlog, dexp, dble 
 
!dimension of Chebyshev polynomial basis 
integer*8, parameter :: M = 16 
 
! below are the 19 parameters required to calculate the cross-section: 
! Emin  - lower limit of the approximating formula applicability range, [keV] 
! Emax  - upper limit of the approximating formula applicability range, [keV] 
! gamma - index of power in the nonlinear variable change formula 
! A()   - coefficients of Chebyshev polynomials 
 
real*8, parameter :: Emin =                0.5308400000000000E-002, & 
                     Emax =                0.1000000000000000E+005, & 
                     gamma =               0.1051320000000000E+001 
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real*8, dimension(M), parameter :: A = (/ -0.4280088217508590E+002, & 
                                          -0.3847174500369429E+001, & 
                                          -0.8303841248235285E+001, & 
                                          -0.1272784281507118E+000, & 
                                           0.3202821077083545E+000, & 
                                           0.2479805580143766E-001, & 
                                           0.1575381966666113E+000, & 
                                          -0.8901874130104495E-001, & 
                                          -0.1433392134922326E+000, & 
                                           0.1522664257717566E-001, & 
                                           0.2112895403629301E-001, & 
                                          -0.3165101585110966E-001, & 
                                           0.6976153339471197E-001, & 
                                           0.3426096112612832E-001, & 
                                          -0.3845256025471072E-001, & 
                                          -0.1855130938720516E-002  /) 
 
! energy range for the test calculation 
real*8, parameter :: Eleft  = 0.1000000000000000E+001, & 
                     Erght  = 0.1000000000000000E+004 
 
! energy grid dimension for the test calculation 
integer*8, parameter :: N = 100 
 
! output cross-section file name 
character*6, parameter :: CSFName = "cs.txt" 
 
real*8, parameter :: one = 0.1000000000000000E+001, & 
                     two = 0.2000000000000000E+001 
 
integer*8 :: i 
real*8 :: p, q 
real*8, dimension(N) :: Egrid 
p = dlog(Eleft) 
q = (dlog(Erght) - p)/(dble(N) - one) 
forall (i = 1_8:N) Egrid(i) = dexp(p + q*dble(i - 1_8)) 
open(unit = 16, file = CSFName, status = 'new') 
write(16, '(2E11.3E3)') (Egrid(i), CrossSection(Egrid(i)), i = 1_8,N) 
close(unit = 16) 
stop 
 
contains 
 
real*8 pure function CrossSection(E) result(sigma) 
implicit none 
intrinsic :: dlog, dexp, sum 
real*8, intent(in) :: E 
integer*8 :: j 
real*8, dimension(M) :: v 
sigma = dlog(Emin) 
sigma = two*((dlog(E) - sigma)/(dlog(Emax) - sigma))**gamma - one 
forall (j = 1_8:M) v(j) = A(j)*ChebyshevTPolynomial((j - 1_8), sigma) 
sigma = dexp(sum(v(1_8:M))) 
return 
end function CrossSection 
 
real*8 pure function ChebyshevTPolynomial(k, x) result(T) 
implicit none 
intrinsic :: dcos, dacos, dble 
integer*8, intent(in) :: k 
real*8, intent(in) :: x 
T = dcos(dble(k)*dacos(x)) 
return 
end function ChebyshevTPolynomial 
 
end program CSCalcTest 
 
! -------------------------------------------------------------------- 
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