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Abstract

To review the present status of the research on plasma chaos, a working group was
organized in 1990. The second meeting of the working group was held on December
1991 at National Institute for Fusion Science. This is the report of the second meeting,

which contains both experimental and theoretical works.
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FIG. 3. Experimental results for a helium spectral lamp
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Fig. 2. (a)-{c) Frequency spectrum of the plasma current for successive period doublings. (d} Chaotic spectrum
corresponding to the nonperiodic oscillation. {e} and {f) Period tripling with additional period doubling. (g}
Secondary chaotic spectrum. The arrow indicates the driving frequency f, (=126 kHz). The frequency f, is
half the ion plasma frequency. [;=24-37 mA and V,=7.2 V.
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Structure of the Woltjer State of a Plasma

Zensho Yoshida

Department of Nuclear Engineering, The University of Tokyo

Analytical solutions of the static plasma equations were intensively studied in
1950's; For example see VanKampen and Felderhof.!) A force-free field u is the zero

- pressure-gradient limit of a plasma equilibrium, which is characterized by
(Vxupau =0, (1)

where u corresponds to the magnetic flux density, Vxa is proportional to the current

density in the plasma. Equation (1) is equivalent to

Vxu =hu, @)
where A is a scalar function. By V-u =0, A should satisfy

(V- = 0. | ®

A solution with a non-constant A is sometimes called a nonlinear force-free
field2) Although the equations look simple, even the solvability of the general non-
linear problem is unknown. The linear force-free equation with a constant A is identi-
cal to the eigenvalue problem associated with the curl operator. Under appropriate
conditions, we can prove that the eigenvalue A takes a value in a discrete set.3)
Woltjer® introduced a variational principle to characterize a constant-A force-free
field as an eigenstate of a plasma. For the normalized helicity of the vector field, |7J
corresponds to the energy of each eigénstate. With réstricting the helicity by intro-

ducing a Lagrange multiplier A, we consider a functional

Jow) =%[ (wa +h)2 dx — lj (wa 4+ h)-w dx 4)
Q Q



Here € is the total volume of the plasma, u = Vxw + h, h is a fixed vacuum field such
that V-h =0, Vxh = 0, and the vector potential w satisfies a boundary condition nxw
=0 (n is the unit normal vector onto the boundary dQ2). The first term in the right-
hand side of (4) corresponds to the magnetic energy. The Euler-Lagrange equation
with respect to (4) is the eigenvalue problem (2) (Rayleigh's principle). Since the he-
licity conserves as far as the resistive dissipation is negligible, a state that is a mini-
mizer of J(w) is regarded as an eigenstate with minimized magnetic energy.

The eigenfunction of curl is called a Woltjer state, which was originally high-
lighted in its relation to the structures of astrophysical plasmas. A turbulent labora-
tory plasma also has tendency to relax into a Woltjer state.) In many other fields of
physics, eigenfunctions of curl are frequently studied. A flow described by an eigen-
function of curl is called a Beltrami flow. Other examples in recent articles of appli-
cations of the curl's eigenfunctions are seen in the representations of waves with cir-
cular polarizations,®) the inverse source problem for the acoustic and electromagnetic
equations,”) and more practically the superconducting magnet design problems.®)

Let €2 be a smoothly bounded three-dimensional domain of arbitrary topology.
We introduce a self-adjoint curl operator by choosing suitable boundary conditions.
Let us denote L%(C) the Hilbert space of square-integrable vector functions on the

domain Q. We define the following subspaces of L2(Q2);9:10)

L% ={ue LHQ);Vu=0,nu=0flux=0),
L ={he LXQ);VAh=0,Vxh=0,nh=0),
LG={ve LAQ) ;v =Yg, Vv=0},

Ly ={we LXQ);w=Vo, nw=0],

where ¢ is a single-valued scalar function, flux is given by [soru ds, where T is a cut
of multiply connected £2, ¢ris a unit normal vector onto . Using these subspaces, we

obtain direct-sum decompositions;10)

L2(Q) = L2 & 12, ®12; L2,

— 49 —



Ker(curl) <{u e L2Q); Vxu=0 } = L2 ®LG BL%,
Ker(div) = {n e [2Q);Vu=0}= 13 & L% oL .

Here L2y is the the space of harmonic vector fields that represent the cohomology
classes, and its dimension is equal to the genus of 9Q2. When we consider the homo-
geneous boundary condition s = 0 on 9, then L%y @ L2y is the total of such
solenoidal fields. If we impose an inhomogeneous condition n-u = g on 0€2, we de-
compose u = w + v with w e L3 @ L%y, v € L%, nv =g, to homogenize the bound-
ary condition.

The self-adjoint curl operator § is defined in L2y, i.e., the orthogonal comple-
ment of Ker(chrl), The domain D(§) of § is defined by

D(&) ={u ely; Ve LZ);} ,
which is a dense subset of L2y, We have the following theorem.?

Theorem 1. The curl operator § is self-adjoint in the space L2y, The spectrum of &
consists of only point spectrum, and is a discrete set of real numbers. The set of

eigenfunctions of & gives an orthogonal complete basis of the space L2y,

When we consider a mulliply connected domain € and a general solenoidal vec-
tor u with a finite flux, i.e. u € L% @ L2, then we can find a force-free field for every
complex number A. We write L2, =L% @ L%;. We define a curl operator 7 by =
Vxu foru e D(T), where |

D(T) ={ue L%; Voue L%
We have the following theorem 3)

Theorem 2. The spectrum of I consists of only point spectrum.
(1) When Q is multiply connected, then the spectrum of 7 is the total of complex

numbers, viz., for every complex number 3, the eigenvalue problem (2) has a so-

Iution in L%,



(2) When Q is simply connected, then 7 = & so that the spectrum of T is a discrete

set on the real axis.

Chandrasekhar and Kendalll?} gave explicit solutions of {2) in the cylindrical

geometries; The Chandrasekhar-Kendall (CK for short) function!!)

u=AVOXV + Vx(VOxV ),  © = () explimB-ikz), (5)

is an eigenfunction of curl belonging to an eigenvalue A. Here Ji; is the Bessel func-
tion of orderm (=0, 1,2, ), A= 2(u2+ k)72, k=2anL(n=0,1,2,- ), G =1,

2, --- }is determined by the boundary condition atr = a;
n-u =230 + Iz = Amla) pia) — kI, (a) = 0, (6)

where subscript j represents the j-th root of (6). For m=k=0, (6} is trivial, and the

eigenvalue is determined by the vanishing flux condition;

a a
271:[ wVzrdr= 291] J o) rdr = 2mapl7 ((pa) = 0.
i} 0

We have the following theorem.12)

Theorem 3. The CK functions with O flux give the total of the eigenfunctions of the
self-adjoint curl operator & defined for functions in a periodic cylindrical domain
€2 Every divergence-free field in  is expanded by CK functions with 0 fluxes, the

cohomology Vz, and the transverse vacuum field Vo € L?g with the specified non-

homogeneous boundary value of the normal component nVo=nu .

Every CK function has flux surfaces, i.e. there exists a scalar function y such that
u-Vy =0, where u is a certain CK function. Thus, the vector field u is everywhere
tangential to a constant-y surface, so that a plot of y visualizes the vector field u.
Since the Hausdorff dimension of each constant-y surface is 2, this relation implies

that the field u is not ergodic.



Let us derive the helical flux function ¢ form > 0 modes. We may write
i = VoxVz + uflon-1r2V0 + Vz ). _ )

It is easy to demonstrate the helical flux function ¢ satisfies u-V¢ = 0. By comparing
(7) and (5), we obtain ¢ = AD — k19,0 and u, = (A+k2)P. Similarly form =0
modes, we can define a poloidal flux function.

The CK functions have magnetic surfaces, so that the field lines are not ergodic.
This fact seems to be tightly related to the symmetry of the domain. The abstract
Theorem 1 proves the existence of eigenfunctions for general domain of arbitrary
topology and shape. As far as the author knows, however, there is no explicit exam-
ple of an analytic solution of the eigenvalue problem without any symmetry. This
probably is because the eigenfunction for a non-symmetric problem is ergodic whose
complexity rejects any analytic expression.

The ergodic problem of force-free fields leads to a furthér interest when we con-
sider the nonlinear problem with non-constant A in (2) and (3). For symmetric cases,
we know that the problem is solvable for non-constant A. For the axisymmetn'é case,
where dg = 0 in the (r, 6 z) coordinates, equations (2) and (3) are equivalent to the

force-free version of the Grad-Shafranov equation;!3)
- B9y} + Fy =-W )

where v is the flux function, VW) = Wiy)\Vy, W) = F 2(y), VF(y) = My)\Vy,

and the force-free field u is related to w and F(y) by u = VyxVe + Fiy)vVe. We

thus can imagine as follows; When the solution has no symmetry, then the solution
must be ergodic. When u is ergodic, so that a field line is densely embedded in a vol-
ume, then the relation'(3) implies that A must be a constant throughout the volume. In
such a case, the problem is solvable only if A is a constant. In fact, as farasAis a
constant, the problem is solvable (Theorem 2), This expectation, though we have no
rigorous proof, implies a drastic chaos in force-free fields, because any finite pertur-

bation to the symmetry must result in ergodic force-free fields.
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Fig. 1. Magnetic field profile of the reverse field
equilibrium configuration used in the simulation.
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Fig. 2. Poloidal electric field £, at the reverse field sur-
face and toroidal magnetic field flux inside the reverse
field surface versus time. E, is negative in the shaded
region where the flux enhancement occurs,
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different & coordinates.

DISPERSION(Xx 1079

0Oy, I(TIME)
0.0 1.0 2.0 3.0 4.0 5.0x1077

Fig. &. The particle dispersion appears to have two or
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Fig. 7. Collision frequency dependence of the
anomalous diffusion coefficient. Data with error bar
are Monie Carlo results of electron diffusion
coefficient, and the hyphen-line shows the level of col-
lisionless electron diffusion coefficient. The hyphen-
dot line shows the order of ion diffusion coefficient.

Solid line is the ciassical ion diffusion coefficient ob-
tained from v, p;.
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