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Lynopsis

A magnetic field cbnfiguration produced by immersing
poloidal current rings in a toroidal magnetic field is ex-
amined, covering wide range of parameters: nurtcr of the
rings, aspect ratio of the ring and amount of the ring
current. Owing to the toroidal effect, null-field lines
shift from their original positions in case of the linear
configuration. An averaged magnetic well is certainly formed
around the separatrix and also local magnetic shear appears
due to the toroidal effect. Constant édR/B surfaces close
themselves, except for those far from the minor axis.
Critical lines where 6$&2/B = 0 exist in the bad region of
the torus. Cases wheg the current in the ring is induced
by the time variation of the toroidal field are considered.
Minimum B can be formed when the number of the ring exceeds

a value which is given by the aspect ratio.



§]. Introduction

A periodic arrangement of inner ring conductors which
carry currents encircling the minor axis of a torus produces
a minimum B or an averaged minimum B field configuration for

plasma confinement.l) - 4)

This field is characterized by
the existence of null-field lines as shown in Fig.l. FExperi-
ments on a low B plasma confinement showed that a fairly

5)

stable plasma is trapped in the field. Short circuiting

currents flowing on the null-field lines were found to

reduce the polarization of plasma due to the toroidal drift.6)
In case of high g plasma produced by toroidal theta pinch,
the outward expansion of plasma was well suppressed when the

7)

number of rings were enough to form a minimum B. Besides,
usage of many rings makes the connexion length short and
depresses the growth rate of resistive ballooning instability.
These inner-ring systems may not be suited for the

confinement of fusion plasma, but some auxiliary applications
can be considered. One of them is a smooth conversion of
toroidal pinch to a normal Tokamak mode. The ion temperature
in Caulked Cusp Torus, equipped with 24 inner rings, was
inferred to be 200 eV at the first stage of the pinch.g)
In an electric field for exciting toroidal current is applied

in the accompaniment of the decay of the ring currents, a

Tokamak plasma with initially high ion temperature may be



nulkfield line

Fig.l Superposition of a toroidal magnetic
field on a magnetic field produced by ring
currents which are arranged along the minor
axis of a torus. The aspect ratio of the
ring is 10, and the currents in the ring
conductors are induced by the time variation
of the toroidal field. The upper figure is
the case that 24 rings are used, and the
lower is the case of 12 rings.



realized. Such a field configuration may also be generated
by a periodic arrangement of current annulus of plasma.

9)10)

Concepts of Astron and Canted Mirror with relativistic

1)

electronsl will be extended to the similar case.

Characteristics of this inner ring system are summa-
rized here, covering the wide range of parameters such as
the aspect ratio of the ring radius to the major radius, the
amount of the ring current and the used number of the rings.
Adding to the results given in ref. (4), the parameters to
form the minor-radial minimum B at the midplane of neigh-
bouring rings are examined in the case that ring currents
are induced by the time variation of the toroidal field.

These calculations offer some foundation for the design of

Caulked Cusp Torus II, which is now under planning.



§2. Types and Parameters of the Field Configuration

Here is only considered the case that the magnetic
field of the ring current is inverse inside its loop to the
toroidal field. The resultant noll-field lines where B = 0
change their position as frqm A to C in Fig.2 with the in-
crease of the ring current. For the linear arrangement of
ringé, the position of null-field lines is easily given
analytically, but the introduction of toroidicity makes it
necessary to use a computer method.

The magnetic field is caliculated by assuming the ring
current to be a filamentary one, and quasi-toroidal coordi-
nates (r, 6, ¢) shown in Fig.3 are used. We shall consider
the following ring system:

circular filamentary current loops of radius a and
magnitude I stay at the planes ¢ = %% j; 3 =0, 1, ...,

N-1 and their centres are on the minor>axis (r = 0)

where the major diameter is R.

In order to see the properties of the field, we use
the parameters defined as

number of rings : N,
aspect ratio of the ring : R/a = s,
and

a normalized ring current : -(u01/2a)/B0

i
<

0 and

where B is the toroidal magnetic induction at r



:
2
P

Fig.2 Variation of the field configuration
with the increase of the ring current.

> N
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Fig.3 Quasi-toroidal coordinates (r, 6, ¢).



M, is the magnetic permeability of vacuum. The magnetic
*
induction B and r are also normalized such that B = g/B0
*
and r = r/a. The magnetic field can be given by above

three parameters s, y and N as expressed in Appendix.



§3. Characteristics of the Field

3.1 Magnetic lines of force and null-field lines
The null-field lines of type A in Fig.2 are approximately
\elliptic, owing to the toroidicity. The centre of the
ellipse shifts toward the major axis of the torus from the
cenére of tlhie ring. This shift denoted by AR* = AR/a 1is not
particularly affected by N if vy and s are kept constant.
However, keeping y and N fixed, AR* decreases as S increases,
and it becomes less than 1072 for S > 30. Figure 4 shows a
typical example of the magnetic induction on a ¢ plane where
a ring is located (hereafter the plane is called "ring-plane'").
With the increase of vy, the ellipse of the null-field
line becomes smaller in size, and finally it degenerates to
a point, the position of which is also inside off the minor
axis. Then this degeneration breaks again at the larger
value of y (type B in Fig.2). The null-field points go

back to tihie minor axis and shift outwards from the major

axis. Such a behaviour of the null-field line or point is

shown in Fig.5 for s = 6.366 and N = 8 or 16. In case of
*

type B, there is shown the position only in ¢ (= ON/2T)

direction. The transition of the type from A to B occurs at
smaller y for larger N, because the mutual interaction of
the magnetic fields produced by ring currents appears

appreciably.
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The magnetic lines of force do not stay on a same
6-plane due to the magnetic tension, which arises from the
toroidal curvature. Figure 6 shows the azimuthal deviation
of a field line which starts from a given point at 6 = /3
on the ring plane. We can see there exists weak magnetic
shear except for the lines on the meridian plane of the
torus, This maximum deviation occurs at the midplane of
neighbouring rings for types A and B.

3.2 Integral U = -$dt/B

The outermost‘line for MHD stability in the limit of
low B is determined from the spatial variation of the
stability integral U = j¢dl/B. The limiting line appears
at du/dr = 0. There exists no magnetic surface in this
system, since every magnetic field line closes itself with
a circuit about the major axis. However, a critical surface
can be defined as an ensamble of the limiting lines, which
is denoted by SC. Other two kinds of surfaces are defined:
constant U surface Sy and separatrix SS. The latter is a
special one of SU and formed by the field lines passing
through the null-field line. Because of the lack of rota-
tional transform (magnetic surface), the critical surface
SC does not coincide with the constant U surface. The exis-
tence of SS gives an assurance that all SU inside and just
outside SS are closed.

Hereafter, we use the normalized form given by

* :
U = EIL U
a
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Fig.6 Maximum azimuthal deviation angle A6 of
the magnetic lines of force starting from points

at 6 = 7/3 on the ring plane, where s = 6.366 and
N = 8.
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Configuration of type A

. *
Figure 7 presents an example of the variation of U on

the meridian plane (6 = 0, 7) of the torus in case of type
A. The surface Sc exists in only the region - % < 8 < g.

*
The position where U hecome maximum inside S . shifts toward

S
the major axis from the centre of the ring. We define the

field line in this position as "magnetic axis". The shift
becomes smaller as the ring current increases, as shown
in Fig.5.

Figure 8 shows constant U surfaces SU in the same con-
dition as in Fig.7. All surfaces inside the separatrix S
are closed and their centres shift towards the major axis.
Outer surfaces near SS close themselves, but, as going far
from SS, surfaces become open and finaly approach to the
shape of cylinder. The critical surface SC stays only in
the bad region of the torus. Thus, the stable region in the
limit of low B is determined from the outermost closed U
surface which comes into contact with Sc'

In the linear'configuration there exist no critical sur-
face and U* on the magnetic axis is lower than U* of suffi-
ciently outer lines. However, this is not always true in
toroidal configurations. Let U* on the magnetic axis and

* *
on the surface of Sc to be UA and Uc, respectively, the ratio

x %
03]

becomes smaller than unity for small y. Figure 9 shows the

* * .
dependence of UA/Uc on the parameters y, N and S. It is

_13,—
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Fig.8 Constant U surfaces
- tion, where y = 0.785, g =

critical surface S_ and the separatrix S

shown. These surfaces are
plane.
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Sy
6°366 and N = 8.

of type A configura-

5. are also
drawn on the Fing
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mMirror ratio

15

10

0O

Fig.1l0 Magnetic mirror ratio along the magnetic

axis versus y for N=4, 8,and 1l6. s = 6.366.
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. box *
clear that N is necessary to be large so as to make iUA/UCl

! !
large before the transition of the type from A to P

The magnetic mirror ratio along the magnotic axis in-

creases with v and decrecases with N, as shown in Mig.to,
*

|
Thus, in order to have large 1UA

*
/Uﬂ for largce v, the
alignment of many rings is necessary.

Configurations of types A-B and B

Figure 11 presents an tyoical example of SU surfaces 1n
case of type A-B, where the null-field line is degenerated
into a point. The deformation of 5y from a circle is loss
than in the case of type A. The critical surface S, deviates
far away from the separatrix Sq compared with the case of

[,

type A as in Fig.>5.
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3

Fig.ll Constant U surfaces and the critical
surface Sc in case of type A-B, where y = 1.1,
s = 6.366 " and N = 8,
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54. Mutual Induction of the Ring Current

The ring current can be induced by the time variation

5)7) This method is much suited for

of the toroidal field.
the toroidal theta pinch, since the decay time of ring
currents is longer than the time in gquestion and the plasma
loss due to current feeders is avoided. Then, the induced
current of a ring is estimated from the conservation of

magnetic flux in a perfect conductor loop. Using the

formula of the self-inductance as

3r§ 8a rﬁ
L = uoa (1 + ) log — - 21 ,
16a? 0 l6a?

r = 0.7788 a_,
0 r

where a_ is the minor radius of the ring, we have

S / 1
Y: T 57— (l - 71 - -"—) ’
1 B v 52
and B = ﬁ"i . The current parameter Y3 becomes larger as

0
the aspect ratio s decreases.

4.1 Position of null-field lines
Field configurations in this case belong to type A,
because Y5 < 1. The minor-radial position of the null-field

line is shown in Fig.l12 for different s.
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*
Fig.1l3 Potentials U on the meridian plane at
¢ =0 for s = 10 and N = 12, 24. These configu-
rations are used in the experiment of Caulked
Cusp Torus.
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Fig.l4 Bird's eye view of the magnetic pressure
in the case that s = 10 and N = 24.
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4.2 Potnetial U

The potential U changes its value as the parameters s
and N vary. Figure 13 gives the dependence of U on N for
s = 10, where cases N = 12 and 24 were used in the experi-

ment of Caulked Cusp Torus.7)

Another examples used in the
Heliotron-P experiment has been shown in Figs. 7 and 8.
4.3 Condition of min-B in the minor-radial direction

A bird's eye view of the distribution of magnetic pres-
sure is presented in Fig.l4 in the case s = 10 and N = 24.
We can see there is formed a complete well of magnetic pres-
sure (i.e. minimum B). Experimentally it was shown that
this condition is important to suppress the major-radial

7)

expansion of high B plasma. If the magnetic pressure in-
creases outward from the minor axis at the midplane between
neighbouring rings, a well of minimum B is realized. From
Fig.15, we can choose the appropriate parameters to have’

the well. The well can be formed with smaller number of

rings as the aspect ratio becomes smaller.
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Appendix

The magnetic field generated by a ring current (BRr’

BRG’ BR¢) is given by
_ ad 0 1 . L2 0 _
BRr = cosf-sin¢ Bz + Q[pcos@ cos¢ + rsin 6]Bp, (A-1)
= —einf.si o 4+ Lr_ssing- ino - 0 (A=
BRB = -sinf.sin¢ BZ + 2[ psinb-cos¢ + rsinb cose]BO,(A 2)
B. = cos¢ B’ - [psin¢]B’ (A-3)
Ro z [ oM
where
p = R + rcosb® , (A-4)
% = [p? + rkin?0]}2 (A-5)
K 2
uOI(R + rcosf)singé v 1 - -
B! = k[-K(k) + ——= E(k)], (A-6)
0 Amva 237 1- k2 -
p Iva 2
B = ——— kikkx) + 22—+ h - Liroor, -
Z 4,”2'3/5 a l — k2
k? = 4a%/{(a + )% + (R + rcosB)?sin?¢}, (A-8)

and K(k) and E(k) are Complete Elliptic Integrals of First
and Second kind, respectively.

When N rings are located along the minor axis of the
torus at regular intervals, the field by the ring currents

at any spatial point (r, 6, ¢) is

N-1

- _ > _.z.l _
By = nio BR(r, b, ¢ Nn) . (A-9)
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Thus, the magnetic field in our case is expressed by

B =B + 0 e (A-10)
= P Y e ’ -—
N 1l + 1écose ¢

where B, is the toroidal magnetic field on the minor axis.
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