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Abstract

Ion cyclotron waves are treated with the use of equiva-
lent circuits, whose resonant frequency represents the dis-
persion relation. Convective energy losses and damping of
the waves are represented in terms of the circuit resist-
ances. The relation between the value of maximum loading
and the resonance width in coupling is discussed from the

equivalent circuit model.



1. Introduction

Theoretical analyses of the dispersion relation and
energy relations for the ion cyclotron waves have been

1)

systematically made in a previous report. In the analyses,
effects of finite electron mass were taken into consideration.
The energy flow and the damping of the wave were also ana-
lyzed.

In order to summarize these relations conveniently, here
an idea of equivalent circuit is introduced. 1In the circuit,
plasma parameters are expressed by Circuit constants which
are the inductance, capacitance, and resistance.

In the following consideration, we shall use the dis-
persion relation of ion cyclotron wave in a cold plasma of
single ion species. Energy losses due to collisions are
included as a correction to it.

In this report, we are concerning with the wave exci-
tation by an induction coil of Stix type, where the wave is
the axial symmetry mode. An equivalent circuit with the
excitation coil system is also introduced to give the plasma
loadings. 1In this case, it is necessary to consider the
coupling coefficient between the exciting system and the
wave.

Basic characteristics of the coupling resonance obtained
from the equivalent circuit model will be compared with the

experimental ones of the QP device.



2. Basic Concept of the Equivalent Circuit

Using the dielectric tensor, the electric induction D
in a plasma can be expressed in terms of the electric field

E:

. (1)

where the static magnetic field B0 is assumed to be in the 2z

direction and the wave vector k to be in the xz plane.

The electric induction D is expressed as

D = E+iﬂj, (2)

where j is the plasma current associated with the motion of

the charged particles in the plasma and may be given by

Sy = (g (oD Im ey ()8,
s W (- Wl
3y = g (-e) Y+ ey 1)}Ey, (3)

. w _
3, = {gop(e,-DIE,.

Thus, %?IE may be regarded as a specific conductivity of the
plasma.

An approximated dispersion relation for the Ll—mode,



which has been introduced in the previous report is

e, - N2 =0, (4)

where £
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and Hi is the ion plasma frequency, Qi is the ion cyclotron
frequency, k, is the wave number along the static magnetic
field, and c is the light speed. The equation (4) may be

rewritten in the following form with an introduction of an

artifical factor l:’;ﬂaj:
.14
JIREIE (L - Ly = o, (5)
t Nn

where a-l is an arbitrary constant which has the dimension

of length. From equation (5), we have

el G5 + Ay - L) - 0. (6)
QiY k"C lw(m)

This equation may be written as



iw(L + Lk) Tl 0, (7)
where
L = ——4“;‘ ,
I
i
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The equation (7) is the resonance condition of the circuit
shown in Fig.l. Thus the dispersion relatioﬁ can be repre-
sented by the equivalent ciréuit. Here we may note that
Eg. (6) is equivalent £o the wellknown Kirchhoff's second
law in an electric circuit which has no electro-motive force
in it.

The arbitrary constant o may be so chosen that the
voltage drops of circuit elements relate to electric fields

in the plasma in a simple way. Here we shall choose o as
OL=‘—2/ ‘ (8)

where A is the wavelength along the static magnetic field,
and £ is the length of the plasma column to which an equiv-

alent circuit is concerned. Then L, L and C are

k’

k23

L =——2' ’
T

L, = 25 (9)
C



C=_L

k29

Thus we have obtained some basic parameters of the
equivalent circuit. For a dissipative plasma, some resistances

should be added in the circuit.

3. Equivalent Circuit for Cold Plasma

More exactly, the dispersion relation for the Ll-mode

is given by

2 2
Eg‘(et - Nu) - EtN - 0’ (10)
and is written as
2
N_L .
%_ -1y %_(_5 = 0. (11)
t N" 21 NII

This equation is equivalent to the following relation:

. 1 _
lU)(L + Lk + LZ) + 1—6)-(—: = O, (12)
2
2 2 . N
where Lz = uLlL, Ll = ;7_:—I .

The resonance frequency w of the equivalent circuit is

2 1
0

uLy + 1 + Q




2 _ Y

where Q
0" % - 110°

This is also the frequency of resonace coupling of the

L.-mode for L, >> 1.

1 1
For the case that k,;> « and u = 0, the resonance
condition becomes w2=(LC)_l, then L and C are associated

with the cyclotron motion of the ions. For u = 0 and finite
value of k,, the inductance Lk appears, which corresponds to
the shift in coupling frequency of the wave from the cyclotron
frequency. Lk is then associated with the wave propagation.
Because LZ include u, this is associated with electron motion
along the z direction.

Here we shall consider energy relations in the case that
an induction coil of Stix type of length % is used to generate
an ion cyclotron wave. The excited wave propagates away along
the z direction, then, the stored energy in the excitation
region is lost by this energy flow whose group velocity is

Vg' The time constant T of this energy loss is given by

2
[ szz
T = stored energy _ .0 _ % (14)
2 energy flow rate Izzv | 3Vg’
9 z=g

where we have assumed that the excited wave amplitude is
proprtional to z under the induction coil. This energy loss
will result in some broadening of the coupling resonance.

The broadening Af2 in frequency will be



1 — g
2Af£ - 2wt 2me (15)
where V. = (1 - Qz)(%—).
g n

A more rigorous treatment of the broadening in coupling
resonance leads to a shape factor S which is given by (ref-
erence 1, equation, 55)

2{1 - cosAk,%}
S

 {Ak, )2

The half-width of the coupling resonance is given by
Ak,2 = 2.78. (16)

The corresponding broadening in frequency is

L duw -
bw = GE-bk, = V_OK, . (17)

Equation (17) may be written in the form:

We see that the both broadening coincide with a numerical
factor of about two.
To give this broadening, a resistance Rk should be

added in the equivalent circuit as shown in Fig.2. From

equation (18), the value of Rk should be



2x2.78 1

R ~n = £ "— , (19)
k chzk" d2
2. % %
where da = N .

2 2 2 2
1 -0 Q (uLl + QO)

4. Equivalent Circuit for Warm Plasma.

In case of a warm plasma, there are energy losses due
to cyclotron damping and collisional dampings. In order to
represent these energy losses, certain resistances should be
added in the equivalent circuit as is shown in Fig.3.

R rcyclotron damping.

This damping will be essential if the wave frequency is
very close to the ion cyclotron frequency. This is the case
of a magnetic beach. 1In a usual condition of wave excitation,
this damping may be ignored because the wave frequency is not
so close to the cyclotron frequency.

R; - damping due to ion-ion collisions.

The ion motions associated with the cyclotron wave are
disturbed by collisions with different ion species.
R ; damping due to electron-ion collision.

Because there is a large:plasma current along the z
direction, disturbance 6f the electron motion causes wave
damping. This may be regarded as a joule loss due to the

plasma current jz.



5. Equivalent Circuit with Exciting System

We shall here consider an equivalent circuit with
exciting system in which a Stix type induction coil is used,
being combined with a resonant capacitor. The equivalent
circuit in this case is shown in Fig.4. Where Le’ Ce’ and
Re refer respectively to the inductance, capacitance, and.
resistance of the exciting system. Lp, C.., and Rp are the

p
circuit constants associated with the ion cyclotron wave and

Lp=L+Lk+LZ,

Cp =C , (20)
R =R  +R+R + R .

P k Z c

The plasma loading of the exciting system may be expressed

by a figure of merit Q which is defined by

. (21)

In the case of cold plasmas, this Q has the following value
(reference 1, equation 62);

211 (kns)

= 2_2
Q = kuJLKl (k"S) {k"PKl (kP)} LlMe (22)
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4 2
oy z ( > 7)o (for uL; >> QO) '

where Il (x) and Kl (x) are modified Bessel functions, p is

the plasma radius, Ll is the ratio ki to k., Me is a factor

which depends on u, Ll’ and Qg, and is unity for u = 0.
Here we have used the boundary condition of Jl(co) = 0,
where Cq = kiP.

6. Summary and Characteristics of the Equivalent Circuit

Relation between plasma parameters and circuit para-
meters are summarized in Table 1. Numerical values for the
QP plasma are also given in the table.

In the following, we shall consider some basic charac-
teristics of the equivalent circuit. The broadening Aft

given by the total resistance Rp is

Af
£ _ 1
—£ = 1 ucr
£ 2 P
R+R
2
-1 8 E@k-e?) + rafa-a1 ,  (@23)
i o
2 1202
where Qm =1 uLlQ

Thus there are two components, one is proportional to

(1—92) and the other is proportional to (Qi - Qz)or plasma

- 11 -



density. In case of cold plasmas p=0, we see that Aft is
proportional to the plasma density, while the maximum loading
is independent of the density.

The integral intensity of the coupling resonance is

1.2
. - ()
P. (w)dw=0. P k20 e aavmo. P. K2, (24)
P2 e R B s B L
- - (1-0°) +(5—
20,

where Qq Q, are Q factors of the primary and the secondary
circuits, P1 is the power dissipation in the primary circuit,
and KC is the coupling constant between the primary and the
secondary circuits. Here we have assumed that the capacitance
in the exciting circuit is always so adjusted as to satisfy
the resonance condition with a given Pl‘ Thus the integral
is independent of the value of Q, and is proportional to

the plasma density. The concept of integral intensity is

quite similar to that of gain-bandwidth productz)

3)

in an
amplifier circuit, or spectroscopic stability of spectral
line in optics.

Assuming the invariance of the integral intensity, we

obtain the maximum loading P, for a generarized case. That

is

- 12 -



n PC { e} } ’ (25)

where Pg is the maximum loading for a cold plasma with d2=l.
The dependence of Afz and P2 on Q© is shown in Fig.5, where
Afz is the dominant term in Aft. Experimental loading
characteristics obtained by using the QP plasma are shown in
Fig.6. We see that experimental results coincide with the
theoretical prediction qualitatively. Quantitatively,

however, there are some discrepancies between the two. In
actual plasmas, there exists some inhomogeneity in the

density profile across the plasma column, though we have
assumed the homogeneous profile with a sharp boundary in the
denstiy profile at the convenience of the theoretical analyses.
This inhomogeneity will cause broadening whose order of
magnitude is comparable with the original one. If this

inhomogeneous effect is taken into consideration, observed

characteristics of the loading is considered to be reasonable.

7. Conclusion

The dispersion relation of ion cyclotron waves are
represented by the resonance frequency of an equiValent
circuit, in which ionvmotions are expressed by a combination
of inductance and capacitance. Effect of wave propagation

on resonance frequency is represented by an inductance Lk'

- 13 -



Effect of finite electron mass is also taken into consideration
and is represented by Lz in the equivalent circuit. The
energy relations such as wave energy being propagated away
along the z direction are considered in association with
resistances in the circuit. The values of the risistances
aré calculated from the coupling effeciency of the exciting
system and damping of the wave. Though, the equivalent
circuit, thus obtained is an approximate one, it sill be
usefull to understand the behavior of plasma loading in
experiments. As an example, loading characteristics obtained
"in the QP experiments are presented with the connection of

the equivalent circuit.

- 14 -



Figure Captions

Fig.l. Equivalent circuit for an ion cyclotron wave in a
homogeneous cold plasma whose dispersion relation
is approximated to N% - € = 0.

Fig.2. Equivalent circuit for an ion cyclotron wave in a
cold plasma which is excited by an induction coil of
length &. The resistance Rk represents the energy
loss due to wave propagation.

Fig.3. Equivalent circuit for a warm plasma. The resistances
Rc, R, and RZ represent the energy losses due to
cyclotron damping, ion-ion collision damping, and
electron-ion collision damping of the wave respec-
tively.

Fig.4. Equivalent circuit for an exciting system of ion
cyclotron waves.

Fig.5. The dependences of the broadening Afg and the value
of maximum loading against Q. Where Afz associated
with the wave propagation may be regarded as the
total broadening Aft, because this is the dominante
broadening.

Fig.6. Experimental results obtained by the QP plasma.

The broadening and the maximum loading are protted

against Q.
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Fig. 4
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