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ABSTRACT

The destruction of magnetic surfaces in the’vicinity~of a
separatrix of a stellarator and a torsatron is analized. Un-
perturbed magnetic surfaces formed by a straight helical current
and a uniform magnetic field are assumed. Destruction of mag-
netic surfaces is attributed to perturbations of magnetic fields,
which are assume& to be brought from toroidal effectsvof magnétic
fields or discrete structure of magnetic coils, reépectively. |
Analysis 1s based on "Stochasticity" and a spread of a stochastic

layer in the vieinity of the separatrix is calculated.



§.1 Introduction

In the confinement of the plasma with closed magnetic fields,
the effects of magnetic perturbations to equilibrium magnetic sur-
faces are important. Such magnetic surfaces are known to exist
exactly in cases of certain symmetry, for example, translational,
axtal or helical symmetry. However magnetic perturbations
which break this symmetry produce magnetic islands and then de-
stroy equilibrium magnetic surfaces in certain circumstances.
. The destruction of equilibrium magnetic surfaces is discussed by.

Rosenbluth et al.l) on the basis of overlapping of adjacent 1is-

lands. . This phenomena surely occur in the vicinity of the sep-
aratrix of magnetié fields. Similar and detailed discussions
have been also given in references.2_7) Particularly a linear

stellarator has a helical symmetry, so equilibrium magnetic sur-
faces exist and the destruction of magnetic surfaces due to the
toroidal effects is analized near the magnetic axis by Filonenko,

Sagdeev and Zaslavsky.z)

In this paper, we consider the system which has a separatrix
formed by a straight helical coil and a uniform magnetic field.
The toroidal effects of helical coils and the effects of discrete
structure of toroidal coils are taken account of. Analysis is

8)

based on "Stochasticity" ’, and a spread of a stochastic layer in

the vicinity of the separatrix, in which equilibrium magnetic sur-
faces are destroyed, is calculated in the case of a stellarator

and torsatron.

In a linear stellarator,equationsfbr the magnetic lines of



force are given and action-angle variables are introduced, so
these equations are transformed to é simpler canonical form. The
- magnetic perturbations act as external forces on these canonical
equations for the magnetic lines of force, and resonate with the
rotational transform of the unperturbed magnetic fields in cer-
tain circumstances. The, condition for this resonance is ob-
tained and formation of magnetic islands around each resonance is
analized. Finally, the stochastic'condition is studied and

the stochastic layer is calculated.

§.2 Unperturbed System

We consider an unperturbed system constituted of a straight
helical coil of 1 turns with a constant pitch Lh (=2n/a) and
an external uniform magnetic field B, (Fig.1). A field of
this kind exhibits helical symmetry, so equilibrium magnetic sur-
faces are performed ;‘1n the cylindrical coordinates (r,é¢,Z) nor-
malized by 1/a,the magnetic field depends only on the coordinates
rand 6 = ¢ + . The magnetic field oﬁ’this system is express—~

ed by the scalar potential:

@ = B, C + kzlbk T, (ke ) sin 7k8 ’ (2.1)

where _IZk(Zkr) is the modified Bessel function of the first kind

and Bo-= Bto + Bho'

by a straight helical coil are given by

The magnetic fields Bho and bk formed
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~ where o0 = %1 , the uﬁper sign 1is refered to a torsatron and the

lower sign to a stellarator , r, and I are a radius and a cur-
rent of a straight helical coil respectively, ‘Klk(lkr) is the

modified Bessel function of the second kind, and the prime denotes

a derivative with respect to its argument. Then we obtain the

. components of the unperturbed magnetic field in the following form:

0 _ 3% _ r.!
B, = 5.= z)lg kb, I, (lkr) sin 1k8 ,
0 193¢ _ Ly,
Bo} = L5 = 7 % kbk IZk( lkr ) cos 1k R (2.3)

0_ 23
B, = a-=B,+1 ;26 kb, I, (lkr) cos 1k8

and the magnetic lines of force are given by
0 dr _ B 0

Bc dt ™ r ’
(2.4)

0 _do .0
B, r g = By *7 ’

Following to the scheme employed in ref.8 , we will intro-

duce a new variable ¢ by the relation

B, '
dt = ——= dt (2.5)



then the eq.(2.4) of the magnetic lines of force is rewritten in
the following form ! -

dr Bro \ !

I = -E;-:zi)ikskrw (lkr) sin 1k6 ,

0

T = B;( 7 -+BC)

L1
= 1+1(1+ _;ET) % KBy I, (lkr) cos k8
where B, = b, / B,. Eq. (2.6) has the obvious integral

k k 0

B = —g—- +r) By I, (Lkr) cos 1k (2.7)

k

so that using this integral ¥ we can obtain the equations of the

magnetic line of force in the following canonical form

dr’/s) _ wm
dt 8 ° (2.8)
do = —OH
at Y

Accordingly one can presume that H is the Hamiltonian of the mo-
tion and correspondingly r2/2 and 6 are the canonical varia-
bles. The}variable t plays the role of time. Since the
Hamiltonian H does not involve ¢ explicitely, that is a con-=
stant of motion. Namely, the value H(r,8) is constant aibng

the magnetic line of force or on a magnetic surface.

An introduction of the action-angle variables (&,n) by the‘

definition




. 2 -
- 1 2n r (0,H)
£ = anfo 7.4
_ (2.9)
n = 95(0,¢&)
o& 2
where the generating function S(6,&) is defined by
® »20,n) (2.10)
se,g) = [ A .
leads to a simpler form of the equations
as  _
a =9 >
(2.11)
g% = w(g) ,
where
wig) = HE - (2.12)
dg
The physical meanings of these quantities are clear : § represents

a magnetic surface , i.e., area enclosed by a magnetic surface,
and n 1is the angle of rotation of the magnetic line of force.
The quantity w(&) 1is the frequency of this rotation and related
to the"rotational transform", i.e., a rotational transform angle
d¢/dz is expressed in terms of the value w(g) and dn/d® by the

relation

(2.13)

@ |
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An altitude chart of E&(r,8) and n(r,0) , for example, in the case
of a stellarator with 11=2 , is given in Fig.2 and the frequency

w(g) 1is demonstrated in Fig.3.



§.3 Perturbations
Under the circumstance where a perturbation of magnetic
fields (eBZ) acts on the equilibrium system, the equation of mo-

tion (2.11) must be modified in the form

2 - (3.1)
& _ ¥ ar/a) , Mg o opg gy, |
at P - 26 dt
| (3.2)
g% = w(E) + 0(e)

where the small value € denotes a inverse aspect ratio in the

case of the perturbation due to toroidal effects and the ripple’

of toroidal magnetic fields in the case of effects of the discrete

"structure of toroidal coils. Since the r.h.s. of eq.(3.1) is
composed of the perturbation of magnetic fie}ds as a function of
(r,0,t), it needsto be expressed by the variables (&,n,t). It
is accomplished by eqs.(2.7) and (2.9) for the variables (r,8),

and the perturbation P(E?n,t) can be expressed in a Fourier se-

ries with respsct to n and ¢ 3

rEnt) = I T (Bexpl ifm'n- mo)]
) e

myn

(3.3)

where the value A is unity in the case of the perturbation due
to toroidal effects and Lh / L, in the case of effects of disf
crete structure of toroidal coils , Lt is the pitch length of |
toroidal coils. Using eq.(2.5), the variable ¢ can be written

in the following form :
g = [—=t-dt= QE)t+ t(E,n) (3.4)

=7 -




, for example, in the case of a stellarator with I1=2, the fre-
gquency (&) is given in Fig.l4 where the frequency w(g) is also
demonstrated. Finally the perturbation TI(¢,n,¢t) can be de-

duced in the following Fourier series

r,nt) = ] T () expl i(mn - mQE)®)] . (3.5)
myn 2 .

In due considerétién of the integral of eq.(3.2),
n =w(g) t + An + 0(e), the magnetic island contours are
‘formed on every magnetic surface. thé resonance condition
m w(g) - n XQ(E) = 0 1s satisfied. It is found that the

extent of the magnetic island is

11/2
erm.,n.(gj)l

m; ldw(E ) /dE|

(3.6)

>

or the frequency spread, corresponding to eq.(3.6), of the magne-
tic island is '

dw(g.)
| 2

Aw(E.) =

|,

2|ij,nj(5j)||dm(5j)/d€l 1772

]
LY

"3
(3.7)

where mj and Ej is denoted the harmonic number and its position

of the j-th resonance respectively, i.e., defined by the equation

m., wg.) - n.
] %7

]
On the other hand, the spacing of adjacent resonance is

Q(Ej) = 0 .

-8 -



ij,j_,_l = |m(gj) w(£j+1)|
(3.8)
nsAQE) ) Pipg MBS, ) |
- m; Mi+1 .

If the frequency spacing of the resonances lsmuch smaller than %
the extent of the magnetic island so that several harmonics of

the perturbation simultaneously occur in resonance

bolty) 2> 805, g41 ;) (3.9)

then the magnetic line of force will oscillate as though a " ran-

dom force " is acting on it. This speclal type of trajectory
i1s known as " stochasticity " and may be evaluated by a stochastic
parameter K = | Aw /8w | . A condition X = 1 gives a sto-

chastic boundary and the region enclosed by this boundary ( X > 1)

forms the stochastic layer.
Due to the toroidal effects of this system, the perturba-
tion of magnetic field is generated. The magnitude of this

perturbation is with an accuracy of the order =»r/R

1 _ r . » 1

€B, = - - g b, sin 1k6 cos (8-z) [kl I (Lkr) + 2 Ilk(Zkr)],
1 r bk .

€B, = - % I, (lkr)[sin(6-z) sin 1k8 - lkcos(8-z)coslkd],
¢ 2R k » :
1 r 3

€eB, = - _) [B,+ 2 tkb, I,, (1kr) cos1k8] cos (6-C), (3.10)
C 7 i 0 P k" 1lk



where R 1is the major radius normalized by 1/a. The pertur-

bation T(g&,n,t) 1is written in the following form :
1

I(g,n,t) = - ——— [ v (&) cosQ(E)t + vy_(&n)sinQ(E)t] , (3.11)
2Rw(E)

where

Y,(8sn) = F,(&,m) cos[e-r(g;h)] + Fz(é;n) sin [e-r(é,n)],

YS(E,n) = Fl(E,n) sin[e-T(é,n)] - FZ(E,n) coé[e—r(i,n)],

Fl(E;n) = r{g Bk[IZk(Zkr) - 3lkr I[k(lkr)].sin.lke + " (3.12)
+ 7{( 1kB, I, (1kr) cos 1k I B [(1+ ;17') I, (imr)-
- 4Zmr.I5n(Zmr)] sin im@ },

Fo(E,n) = ]2< LkB, I, (Lkr) sin1ke gnsm I, (lmr) sinime.

The r.h.s. of eq.(3.12) is numerically transformed to the variables
(£,n) using eqs.(2.7) and (2.9). Note that the perturbation

of the order r/R has only the fundamental mode ( n = 1 ) with
respect to t. Then the magnitude of the perturbation is writ-

ten in the following form :

1 2 2 1/2
IT (g)] = —2— 62 (8) + G2 (&)]
m 8R w(E) Im am
p 7 an
G = i
1m (&) - g Ly, (&sn) cosmn + y_(g,n) sinmn 1 dn, (3.13)
' 1 am
Gy (E) = - £ [y,(&,n) sinmn - Y, (E,n) cosmn ] dn
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On the other hand, the discrete structure of toroidal coils
brings a ripple of magnetic fields (eBl). The ripple of the
magnetic fields near the axis of toroidal coils may be approxi-

mately written by

1 1
B =
Er EeBto ktr sinktc,
.1"
83; - o, (3.14)
831 = €R k
z = +o ©OS tc 5

where € stands for the ripple of the magnetic field on the axis

of the coil, kt is the ratio of the pltch length of helical coils

( Iy ) to the pitch length of toroidal coils ( L, ).  Using this
expression (3.14), the perturbation F(E,n,t)?is written in the form,

corresponding to the previous procedure,

. € Bio o ¢ t
T(E,n,t) = 5 (E) —EZ- [YG(E,H) cosktﬂ(E)t + Y (E,n) sink Q(E)t],
(3.15)
where

vice,n) = FPee,n) sink.tie.n) gt '
el(&s 108 nk, t(g,n) - Fo(g,n) cosktr.(a,n) R

yice.n = FE(E,n) cosk,t(E,n) + Fb(
g' > 1'% t sN/) + FolE,n) Sinktl‘(i,n) R (3.16)

t 1 2 1

Fl(E,n) = > kt r° [1 + 1(1 + ;E)g kBk.IZk(Zkr) cos 1k0] ,

£ .
| Fz(s,n) = Zr'ékﬂk I/ ( lkr ) sin ke

The r.h.s. of eq.(3.16) is expressed by the variables (E,n)

- 11 =



same as the previous procedure. Then the magnitude of the per-

turbation is written in the following form :

2 2 1/2
It (e)| = & (6% () + gt ¢
m dw(E) Im 2m £)1] 3

am '
. , | (3.17)
Glm(E) = - g [YG(E,H) cosmn + Y:(E,n).sinmn ] dn ,

) 2T

t .
¢y (8) = % f [yltg,n) sinmn - y%(E,n) cosmn 1 an

Together with the relation eq.(3.7) these egs.(3.13) or
(3.17) form: a basis of the calculation of the frequency spread
Aw(E), and finally together with eq.(3.8), make it possible to
find out a stochastic layer near a separatrix of a stellarator.

These will be discussed in section 4.

§.4 Stochastic Layer

'In the unperturbed system, magnetic fields are expressed
as a function of a normalized radius of helical coil r, and a nor-
malized helical field Bl . A typical value of r, is unity.
In eq.(2.7) the higher harmonics of helical field are considered
up to tenth, corresponding to 20° width in the azimuthal direction
of helicai coils. The stochastic layer is calculated for the
case of a stellarstor or a torsatron. In a latter case, heli-
cal coils produce a toroidal magnetic field, and auxiliary toroi-
"dal magnetic field is applied in the opposite direction (torsatron

I) or in the same direction (torsatron II) to it. One can nu-

- 12 -



merically calculate the stochastic parameter X as a function of §
using eqgs.(3.7) and (3.8). Where, magnitudes of perturbations
are calculated by means of eqs.(3.13) or (3.17) numerically‘for
the case of toroidal effects or the discrete structure of toroidal
cO0ils, respectively.

In the case of toroidal effects of magnetic fields, the sp-
read of magnetic islands due to the lowest mode of magnetic per-
turbations is very large, i.e., the stqchastic parameter KX 1is
much larger than unity, so the outer region of its resonant hagne-
tic surface is destroyed. ' Accordingly the region between this |
resonant magnetic surface, which is shown in Fig.5(a) and (b), and
separatrix can be considered as a'stochastic region. A torsatron
II type has much widef stochstic regions than other two types.

The typical value of 81 is 0.1 ~ 1.0 1in a present stellarator.
Suppose a system with 'Z=2 and 61=0.8 » for example, one can see
in Fig.5(a) that the stochastic layer occupies the areav.4.oz '6f
the separatrix area for a torsatron II type, and 1.5% for a stel-
larator and/or a torsatron I type. | .v

The stochastic layer due to the effects of‘the discrete
structure of toroidal coils is also calculated for a value A = 2

and A = 5. Results are shown in Fig.6(a) and (b) in the case

of a stellarator. It is npoted the ripple of magnetic fields €
is 10'3 for the typical case. The stochastic layer of a

torsatron II type is extended much more than that of other two
types in same measure with toroidal effects. Suppose 81 = 0.4
s E = 10"3 and A = 5§ , for example, one can see that only a

- 13 -



small area v 0.16% of the separatrix area are destroyed for a
stellarator and/or torsatron I type in the case of 1 = 2 and the
‘area ~0.10% is dgstrdyed in the case of 1 = 3.

Our analysis is limited in the case of the vacuum magnetic
fields. - Effects of the plasma in the separatrix region are fu-

~ ture problems.
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Figure captions
PFlg.1l. An illustration of the unperturbed system: a stellarator

constituted of a straight helical coil of 1=2 turns with

a constant pitch Lh and a uniform magnetic field Bto

Magnetic surfaces are also illustrated.

Fig.2.. Altitude chart of £&(r,6) and n(r,0) in the case of a

stellarator with 1=2. The line &=0.251 1is the separa-
trix.
Fig.3. - The frequency of rotation of a magnetic line of force as

va function of & , in the case of a stellarator with 1=2.
Fig.l. The frequency of rotation of a magnetic perturbation as
a function of & , in the case of a stellarator with 1=2.
The frequency w(&) is also demonstrated.
Fig.S._ A stochastic layer due to toroidal effects of magnetic

fields in the case of a stellarator and a torsatron II with

(a) 1=2 and (b) 1=3. A value Cr denotes a resonant
magnetic surfacekand gs refers a separatrix. A param-
eter 61 is defined by bJ/BO and independent of pertur-
bations.

Fig.6, A stochastic layer attributed to a discrete structure of

toroidal coils in the case of a stellarator with (a) 1=2
and (b) 1=3. The stochastic region is obtained for a
value A=2 and &5 and a ripple e=10"° for a typical

value.
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