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Abstract
Theory of the far-nonequilibrium transport of plasmas is described. Analytic as well as
simulation studies are developed. The subcritical nature of turbulence and the mechanism
for self-sustaining are discussed. The transport coefficient is obtained. The pressure
gradient is introduced as an order parameter, and the bifurcation from the collisional
transport to the turbulent one is shown. The generation of the electric field and its influence
on the turbulent transport are analyzed. The bifurcation of the radial electric field structure is
addressed. The hysteresis appears in the flux-gradient relation. This bifurcatioh causes the
multifold states in the plasma structure, driving the transition in transport coefficient or the
self-generating oscillations in the flux. Structural formation and dynamics of plasma profiles

are explained.
This is an invited paper for International Conference on Plasma Physics (Nagoya, 1996)
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I. Introduction

Recently, progress has been made in the transport and structural formation in
plasmas. Experimental observations have shown characteristic features of plasmas as the
far-nonequilibrium system. Namely; (1) The relation between the "gradient" and "flux” is
not linear; as is shown in Fig.1. The heat flux across the magnetic surface nonlinearly
grows as the temperature gradient increases. (2) The interference between various fluxes
and gradient takes place; the off-diagonal elements exist in transport matrix. (The Curie's
law in transport is violated.) (3) The bifurcation of the structure appears; the two distinctive
gradients are realized for similar heat flux like L- and H-modes [1]. (4) The burst of plasma
flow is generated (e.g., ELMs, geosubstorm etc.) [2].

These transport phenomena have been thought to be caused by plasma instabilities.
The traditional method is the mixing-length argument based on the linear instabilities [3].
This method is useful in the case of supercritical turbulence. Although some nonlinear
simulations on ion dynamics, treating the ion-temperature-gradient mode [4], give
understanding of the ion energy transport [5}], tests have found difficulties in explaining the
experimental observations [6]. It has been widely known, however, that there is subcritical
turbulence in plasmas [7]. The plasma turbulence is self-sustained by the nonlinearity, for
which the theoretical method has been developed [8].

In this paper, essential characteristics of the confined plasma as the nonlinear
nonequilibrium media are discussed. The turbulent transport and structural transition are
analyzed by analytic and simulational study. The gradient is found to work as the order
parameter.‘ The gradient-flux relation is not only nonlinear but also multifold. The entropy
production rate is maximum for fixed profile. The transition in transport is caused by the
combined dynamics of the electromagnetic field and plasma. Hysteresis exists in the electric
field bifurcation, causing the transition as well as limit cycle oscillations. Global structural
formations are explained. Through these analyses, the impact of the plasma physics to the

modern science is illuminated.



2. Self-sustained Turbulence
2.1 Model and Renormalization

We start from the study of the transport caused by microscopic fluctuations. A small
region of the confined plasma is modelied by a slab, and local coordinates (x, ¥, ) are used.
(The x-axis is in the direction of gradient, and the z-axis is in the direction of main magnetic
field.) In plasmas of our interest, the ratio of the plasma pressure to the magnetic pressure,
B, is low, and the reduced set of equations [9] is used to describe the dynamics. The

equation of motion, Ohm's law and the energy conservation equation are given as

Ivie

+[o. Viel= v, J + (@xE}Vp + uVie, (1
%’f’.=_v“¢_§(%—{+[¢,1])+xcvy, (2)
P 4 [, pl= 2.9 2. 3)

where [f, g] = (VfxVg})b, (b = ByB,, Bo: main magnetic field), Q" average curvature of the
magnetic field, W: vector potential, & = (8/a), &: collisionless skin depth [10]. The
resistivity is neglected. The transport coefficients u, A, x, are for the collisional diffusion,
being the viscosity for the ion momentum, the current diffusivity and the thermal diffusivity,
respectively. Length and time are normalized to the plasma radius 2 and poloidal Alfven
transit time T,, = gR/v,. Pressure and potential are normalized to B2g%/2ep, and av,,By,
(¢ = a/R). The parallel mode number is given as &; = k,sx where s 1s the shear parameter
s=q~1 r(dg / dr) and q 1s the safety factor.

The Lagrangian nonlinearity is renormalized. (Detailed procedure is given in [10].)
We take a test mode (denoted by k). Taking direct interactions, the nonlinear term for the
test mode, [¢, Y], is written as [¢, ¥l=Ho_,, [¢,, 7]} (The suffix 1 indicates background
fluctuations k,.) Approximation [¢., [¢;, F]] = (8¢,/0r[62T/r2967 + |a¢,/re0[*6°¥/or?) is
used. Equations dV3¢/d1 = V| J + (Q'%xE)}Vp + (uy + Vi,



W01 =V 9 -E1aJ/ot + (Ahy + AJV2J and 8p/ot = (xn + XV 2p—[9. Pl is reduced from
Eqs.(1)-(3). (See [10] for expressions of {uy, Ay, xy}.) Parameter G, is defined as

G, = Q'dpy/dr, and pg1s the global pressure profile.

2.2 Dressed Test Mode

In the set of renormalized equations, each fluctuation mode is analyzed separately; the
nonlinear interactions with background fluctuations are given by the turbulent coefficients
{un> My» xn}- We call this analysis as "dressed test mode". The eigenvalue equation for

marginal stability is given as

k4G 0l =0 @

k22d 1 d k . k4 B
iqu)( )+(H- +”N) j.¢() (XC*'XN) 2

65 dk(;"c + }"N)k

(k% = k2 + k%) The coefficients {1y, Ay, Xy}, Which are determined, in principle depend on
the choice of the mode number. By noting this k-dependence, the spectrum of the
turbulence could be obtained [11]. We here present the approximate solution based on the

mean field approach, in which {uy, Ay, x,} are approximated as a single set of coefficients.

2.3 Steady State Turbulence: L-mode and H-mode

In the stationary state, relations My{iy+U)=0°, W,y + W. o) = P29
A = (8ap,, Xnlkn + %) = 0% and 7= 2|9, 2 + 2¢) " hold. Coefficients P and Q arc
related to Prandtl numbers, vary much more slowly than the turbulence level, and are close
to unity [12]. (Coefficient C = (Ekf /(Mo + Weod + GohB /iy + X Ty + wJ " is of order

unity.) The marginal stability condition was derived from Eq.(4) as
I = Gos by + 2"t + %™y + 0™ = 3k, ©

The eigenvalue 4k, takes the minimum value 3, for the least stable mode, where 3., is
g bJ E o,m

the critical Itoh number which is of the order of unity. In the strong turbulence limit,
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uy>>u, uy>>u, and xy >>%. EQ.(5) gives xy = I:22%Gi%2(8/a’P/yQ. The
coefficient P/ VQ Sf’f,, is close to unity, and the thermal transport coefficient in the L-mode

plasma y, has been estimated as

X = Gy’ 572 (d/a) (6)

This result is confirmed by the scale invariance method [13]. The transport coefficient is an

increasing function of the gradient. The typical mode number scales as k;~ Gj msawp/c.
The turbulent energy follows the relation (Wyy, ; ,) = Gi. The gradient parameter G,
characterizes this nonlinear nonequilibrium system. Contrary to the sysiems near the thermal
equilibrium, in which fluctuations are the thermal fluctuations [14], the enhanced
fluctuations are conirolied by the parameter G,. The nonlinear nature of the flux against the
gradient is derived.

In the presence of the inhomogeneous radial electric field, the similar argument has

been developed [15]. The result was obtained as

xp =(1 +0.52G; Twg;) IXL @)

where w; = Et 4/B. The fluctuation is reduced in the presence of the inhomogeneous radial

electric field [16] (see also review [17}).

2.4 Subcritical Excitation

Equation (5) determines the fluctuation level and turbulent transport coefficient as a
function of the equilibrium pressure gradient, i.e., §(G,) and ¥(G,). The linear instability
condition is obtained as G, = G, with G, = J, Jn(samp/c]‘”'gxcué”x;%’{ from Eq.(5) by taking
Uy =Ay=xn=0 . By expanding Eq.(5) near G,=-G. , we have
¢ = —(3u2, 72PXGy/G, - 1), using the relations .= and W, /X, ~v/mJm; for collisional

diffusion (m,/m; : mass ratio). This is the backward bifurcation. Finite amplitude of ¢ is



expected below the critical pressure gradient, G, < G.. The branch of the large fluctuation
amplitude is obtained as Eq. (6). These two branches merge at a critical pressure gradient,

Go = G*,

Gp= G 3, M(2samp/c)4/3x§f3 . (8)

Figure 2 iflustrates the theoretical prediction of the fluctuation level as a function of the
pressure gradient, Go. Multifold forms of §(G,) and x(G,) are seen.

Anomalous transport is predicted to occur if G, exceeds the critical value G*, which
is smaller than the linear stability boundary G.  Normalized number
S = (g/5)*PGA Py u7 s compared to Rayleigh number in the Bernard cell problem
§Ra=Ag,d4VTv;1x;1 (d: distance of two plates, Agy. buoyancy by gravity). What is
noticeable for plasmas is that the dissipation, through the current diffusivity (i.e., the

electron viscosity), can enhance the driving force.

2.5 Maximum Entropy Production Rate

The entropy production rate g 18 known to be minimum in the non-equilibrium state
close to the thermal equilibrium [18]. This is also the case for the collisional transport in
plasmas [19]. However, the quantity g takes the maximum in the self-sustained turbulence.

From Egs.(1)-(3), we have an integral form as [20]

deo = ,ucf dvj Virp ]2+ ).cf dV]ViJ}2+ x.1 dv] letz =— (.Q’ + dpoldr)f dVg,

(o dissipation, g,: heat flux.) in the steady state. The entropy production rate per unit
volume, g = 0T ?, is expressed as p = -T2 (Q' + dpy/dr)g,. From Eq.(5), the heat flux
4, =—%~YPgis given in terms of the fluctuations as g, = - Ggfzs‘z(éfa)ZVpg‘Tsc(ky)“ Y2 The

entropy production rate is given as a functional of fluctuations, for fixed gradient, as



9 ={T72(Q +dpydr)y  d pydry(S, ! S )? (9)

The analysis has shown that the stationary turbulent state is determined by the least stable
mode and 3k} is minimized; o is maximized as the turbulence grows to the stationary
state. The production rate in turbulent transport is greater than that in the collisional
transport by factor of (1 + Qr(dpo/dr)_l)xLx;’ . The maximum entropy production rate is
also the characteristics that discriminate the nbnlinear non-equilibrium transport from the
linear one. The division of the dissipated energy between electrons and ions was found to

be nearly equal {21].

2.6 Nonlinear Simulation

Direct nonlinear simulation of the basic set of equations (1)-(3) was performed [20].
The two-dimensional turbulence has been calculated in a system of the size |x|< L, and
|yi<L,. Parameters in the normalized form are: , = x, = 0.2(c/aw,)’, u,, = 0.0l(c/aw,)’,
5= 0.5, Ly = 40{c/an,) and L, = 6.4n{c/aw,). For this set of parameters, the linear stability
boundary is given as G, ~ 04, i.e., I, = 04. The periodicity condition is taken in the y-
direction, and M=64 modes are taken in ky-space (ky ,;, = 10/64 and &, .5, = 10). The 3W/o1
term in the Ohm's law Eq.(2) is neglected to illuminate the nonlinear mechanism of the
instability. The back-ground modification, 1.e., the change of the ky=0 component, is
omitted.

Nonlinear excitation was confirmed in the simulation. Figure 3(a) shows the time
evolution of the fluctuation amplitude as a function of time for the case of G,=0.5. In the
small amplitude limit, the perturbation grows following the linear growth rate y; ~0.77.
However, when the amplitude exceeds a threshold value, < W, > ~ 10 4(c/awp)2, the growth
rate starts to increase. (<W,>=1;'% f dx|V,¢(xk,) B, is the square of the average fluctuation
velocity.) Inthe time range of 35 < 1 < 50, the growth rate becomes larger as the amplitude
increases. This i1s the nonlinear destabilization through the electron dynamics. When

amplitude becomes much larger, the growth rate starts to decrease, showing the saturation.
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(The dashed line shows the case in which the ¢,/ term in Eq.(2) i1s omitted.) The threshold
of nonlinear excitation, < Wy, >~ 10" 4(c/au)p)2 18 in the range of the theoretical prediction

The fluctuation level is illustrated as a function of the gradient parameter in Fig.3(b).
We see that the steady state turbulence is realized even below the critical pressure gradient
against the linear instability, G, =~ 0.4. The cnitical amplitude for the nonlinear excitation 1s
much smaller than the saturation level itself. The simulation demonstrates clearly the
subcritical nature of the plasma turbulence. Itis also emphasized that the fluctuation level is

insensitive to the linear growth rate.

3. Bifurcation and Transition
3.1 L-H Transition

The spontaneous establishment of steep gradient at edge was found in the ASDEX
experiment, and is called as H-mode [1]. The mechanism of the transition has been
proposed in the form of the radial electric field bifurcation [22]. The problem of the electric
field and transport is a typical example for the global self-sustaining siructure.

The generation and bifurcation of the radial electric field have been investigated [17].

If one writes the equation, for singly charged 10ns, one has

eese” !y E, = DmP— Tl T 177" T4 piC- 1 (10)

The terms on the night hand side are ( see, e.g. [17, 22-25]); (1) I'g*}" (bipolar part of the
anomalous cross field flux), (i) T (loss cone loss of ions ), (iii) 1“‘:-” (bulk viscosity coupled
to the magnetic field inhomogeneity), (iv) vy (Reynolds stress in the global flow), (v)
¥, 1Y (collisional fluxes) and (vi) T'¥* (ion loss by the charge exchange), respectively.
Bifurcations of the hard transition type have been found from Eq.(10) [22,23]. As
the parameter &, (p{n/n + agI'/T}) increases, the electric field shows the bifurcation from

the branch with weak electric field to the one with strong field. The neutral density or the

viscosity plays the role of controlling parameter that modifies the bifurcation.
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Cusp-type catastrophe is constructed as Figure 4. The rapid change of E, was confirmed at
the transition [26], and the nonlinear dependence of the radial current on E, was observed
[27]. Numerical simulation has shown that as the fluctuations develop, a zonal flow is

generated (See references in [17]).

3.2 Interface and Meso-phase

The spatial structure has vital importance, because the inhomogeneity of the radial
electric field reduces the transport as in Eq.(7). The interface at the spatial discontinuity in
media which has multiple states (the L- and H-phases in this case) is studied. As plasma
parameters gradually change with radius, there could appear an interface, across which the
different branches of the solution touch. The two branches are connected by a layer of finite
width due to the viscosity. This layer is called a meso-phase. The layer was found to be
thermodynamically stable in the case of neoclassical theory [28]. For the parameter g, that
represents the variable in the abscissa of Fig.4, we have Ad{g) = L ):“ {TIX:g]-TiX;gldx =0
at the interface (X and Xj are the solution X[g] on the upper branch and lower branch,
respectively). This relation is the counterpart of the Maxwell's construction (Maxwell's
Rule of Equal Areas) at the phase transition in the thermodynamics [29]. The thickness of
the interface layer is evaluated as 6~ \/m , where p,, is the squeezed poloidal gyro-
radius, and the viscosity . 1s given by Eq.(7). The transport coefficient 11, depends on the
sharpness of the gradient. If the viscosity is reduced, the interface becomes thinner, and as a
consequence, the viscosity is further reduced. This system thus 'self-organizes' the thin

transport barrier via the interactions of the electric field and the transport coefficient.

3.3 Dithering ELMs

The system of dynamical equations for the plasma parameters, radial electric field and
transport coefficient is formulated as the time-dependent Ginzburg-Landau (TDGL) type. A
limit cycle oscillation, 1.e., the sequence of the transitions and back transitions, is predicted

[30]. The parameter g, which controls the transport, was chosen as g = p D, L, 'v;{p72 and
P g po 5
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the current (right hand side of Eq.{(10)) is modelled by a quadratic equation of E,. Figure 5
illustrates the limit cycle oscillation seen in the flux out of the plasma. The H-phase and L-
phase are realized one by one; in each of the stages, the radial profile of the transport
coefficient is one of those. This is the self-organized oscillation generated by the hysteresis
and hard transition in the plasma transport and electric field generation. Under a constant
supply of plasma from core, the oscillation is possible near the threshold condition of the L-
H transition. Small and frequent ELMs are observed experimentally near the threshold
power for the L-H transition [2], and are called as dithering EL.Ms. These oscillations can
also be found in the zero-dimensional models (e.g., [30,24]). The appearance of this

oscillation is studied under the slow time evolution of the global plasma parameter [31].

As the plasma parameters reach the threshold conditions, the oscillation amplitude
jumps abruptly from zero to finite value and from finite amplitude to zero. The bifurcation to
ELMs is stronger than those in Hopf-bifurcation. This feature 1s characteristic of the hard

type of bifurcation which contains a hysteresis.

4, Structural Formation
4.1 L-mode Plasma

In the nonlinear-nonequilibrium systems, like the confined plasmas, the turbulent
transport coefficient is dependent on the structure itseif. As a result of the structure-
dependence of the transport, there appear vartous structures. The self-sustained structure is
analyzed by the turbulent transport theory.

The method of Chapter 2 has been applied to tokamaks, for which many data on the

plasma profiles are available. The formula was given as [32]

X8 = Crp @S (s,0) ' (-RBY? (c/(up)z v, R (11)



where f{s,a) = (1 + x)>%/ 27 - 25-’5[1 - 25"+ 35'2(1+K]], K is the average good curvature and
§'=s—a, a=-Rg?B. By choosing the numerical constant Crg as Crp = 10, the L-mode
and the improved confinement were simulated.

Transport simulation, in which the temperature and current profiles are solved for given
density profile, was performed for the OH heating and additional heating. In both cases, the
thermal conductivity increases near the plasma edge. The shapes of the electron temperature
profile are similar in OH and additional heating cases, to recovering the profile resilience.
Dependence of the energy confinement time on various parameters reproduces experimental

observations [33].

5.2 Internal Transport Barrier

In addition to the electric field bifurcation, there is another mechanism to generate the
transport barrier. The form Eq.(11) shows that strongly-reduced magnetic shear can make
the transport coefficient smaller [34]. The effect of the reduced shear on the linear stability
was pointed out in [35], followed by recent theoretical work. Equation (11) shows that the
nonlinear instability and turbulence are suppressed by the reduced magnetic shear, s < 0.3,

An example of this result is shown in Fig.6. The transport barrier could be
established either at the edge or in the core. The model was also applied to the High-Bp
mode or PEP-mode. When the plasma beta exceeds the threshold value, i.e., B, > 1, the
internal transport barrier is shown to appear. The Shafranov shift and the Bootstrap current
are large if the pressure gradient becomes steeper, and reduce the anomalous transport
coefficient to generate the internal transport barrier. The increment in sheared rotation can
then further reduce the transport coefficients, which in turn strengthens the improvement.
Through this link of the mutual interactions, the internal transport barrier was predicted to be
established, besides the edge transport barrier. This structural formation has strong impact

on the perspective of the igniting plasmas [36].

4.3 Peaked Profile Mode



The structure formation of the plasma can also be observed in the density profile.
The peaking of the plasma density is modelled in combination with the radial electric field
[37]. Density peaking without a central particle source is an example of the interface of
various kinds of fluxes. The possibility is pointed out that the peaked profile of the radial
electric field, which is generated by the peaked density, enhances the inward pinch through
the anomalous viscosity. A reduced neutral density is essential for it, because the neutrals
tend to reduce the radial electric field. This is compared with the nature of the Improved
Ohmic Confinement (I0C) which is realized by shutting-off the gas puff. The evolution

associated with co-and counter NBI heating was simulated [38].

5. Further Problems

Although progress has been made, there remain couple of fundamental problems.

The transport coefficients like (11) is given in terms of the local parameter. The
variation propagates in the radial direction with the time scale of the confinement time. In
addition to this kind of slow propagation of change, there is the possibility of a fast
propagation of change takes place (e.g., after the L.-H transition, the pellet injection,
sawtooth, X-events, etc.). The radial transmission of turbulence itself was studied by the
method of TSDIA [39]. In order to study this kind of fast propagation, models have been
proposed, based on an avalanche of bifurcation or on dynamics near marginal stability or
dynamics of global modes [40]. This area clearly demands future intensive study.

The magnetic perturbation is important if the magnetic braiding takes place. In the
braided magnetic surfaces, electrons are subject to the faster loss [41]. This selective loss of
electron momentum then induces the stronger self-sustained turbulence [42]. (Note that
Eq.(6) is in proportion to Myx). The nonlinear simulation has also supported the stronger
turbulence in the presence of the magnetic braiding [43]. The magnetic stochasticity onsets
if the level of turbulence exceeds the threshold level. This nature of discontinuity explains
the abrupt occurrence of events at the beta-limit. One of the example is the Giant ELMs

(type-1 ELM [2]). Itis shown that, if the pressure gradient reaches the critical value,



a = a, ~ /2, the bifurcation in turbulent transport takes place. This is the turbulence-
turbulence transition, and is associated with the hysteresis [44]. This hysteresis can lead to
the limit cycle oscillation, accompanied by the bursts of the turbulence and plasma fluxes.
When a transition takes place at a certain radius, the resultant large heat flux induces the
transition at the neighbouring surfaces. The avalanche of transitions occurs. The

propagation of avalanche is analyzed {45].

6 Summary

Essential feature of the nonlinear nonequilibrium transport in confined plasmas is
illustrated. The "gradient" is taken into as the order parameter, and the fluctuation level,
correlation length and transport coefficients are expressed in terms of the gradient. The self-
sustained turbulence occurs as a subcritical turbulence. The transition from the linear-
nonequilibrium transport 1s shown, and the maximum entropy production rate is illustrated.
Difference is stressed from the diffusion which is generated by the thermal fluctuations. The
electric field bifurcation is explained. The gradient-flux relation not only has nonlinearity but
also is multifold. Mechanisms causing the plasma structure, e.g., transport barriers, are
discussed. The hysteresis provides the self-generated oscillation of the structure, being
accompanied by the bursts of plasma flow. These resuit provide a prototypical view for the
far nonequilibrium systems.

The understanding of the turbulent transport and structural transition in plasmas was

advanced, but much theoretical efforts are required to fully understand the nature of plasmas.
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Figure Captions

Fig.1 Heat flux as a function of the temperature gradient.

Fig.2 yyand§ (normalizedtoy,) vs Go (normalized to (saw,/c}**¥27.)

Fig.3 Temporal evolution of the fluctuation amplitude < W, > as a function of time (a).

Fluctuation level vs G, (b). Fluctuations grow in regions (1)-(3). Subcritical appearance of

the turbulence is explicitly shown. (From [20])

Fig.4 Relation between gradient and flux. The cusp-type bifurcation with hard transition

is summarnzed.

Fig.5 Periodic formation and destruction of the edge transport barrier. Spatio-temporal
evolution of effective diffusivity is shown. Periodic bursts of the outflow takes place. Here,

length and time are normalized to p,, and pf,/DL, respectively. (Quoted from [30].)

Fig.6 Radial profile (pressure, current and ) with internal transport barrier. (a=1m,R=

3m, B = 3T, n(0) = 5 x 10"°m~3, I, =IMA, and P = 20 MW). (Quoted from [34].)
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