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Abstract

Theory of the L-mode confinement in torecidal plasmas is
developed. The Prandtl number, the ratio between the ion
viscosity and the thermal conductivity is obtained for the
anomalous transport process which is caused by the self-sustained
turbulence in the toroidal plasma, It is found that the Prandtl
nunber is of order unity both for the ballooming mode turbulence
in tokamaks and for the interchange mcde turbulence in helical
system. The influence on the anomalous transport and fluctuation
level is evaluated, Hartmann number and magnetic Prandtl number

are also discussed.
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1. Introduction

Recently progress has been made in the understanding on the
anomalous transport phenomena in toroidal plasmas. One of the
characteristic features of the transport is that the energy
confinement time 7y decreases as the heating power P increasesl).
In order to explain this phenomena, a theory was developed on the
self-sustained turbulence, analyzing the plasma state im which
the anomalous transport and fluctuations enhamce each otherz'S).
In this new approach, it was found that the ratio between the
transport coefficients, such as a/% and a/% (a: the current-
diffusivity, %: the thermal conductivity, a: qﬁe ion viscosity),
are the key parameters to determine thé absolufe’values-of°the
anomalous transport coefficients {g, A, 2}. The coefficients
{u, 2,2} were derived for high temperature plasmas with the appro-
ximation that u/2=] and A/lz(ﬁ/a)z (6: the collisionless skin
depth, a: the plasma minor radius). The sslf-consistent determi-
nation of the ratio u/%x, i.e., the Prandtl number, is necessary.

The importance of the Prandtl number has also beer pointed
out. In tokamaks, various kind of the improved confinement
phenomena have been found. In these discharges, the energy
confinement time was found to be better than the value expected

for the L-mode plasmas4).

The mechanism of the pinch of the
plasma particles, and associated improved confinement have been
theoretically discussed5).

In this article, we develop the theory of the self-sustained

turbulence, and calculate the Prandtl number self-consistently.



The result is obtained both for tokamaks and helical plasmas. It

is confirwmed that the ratio u/x and {Q/ﬁ)zA/x are close to unity,
2. Analysis of Tokamak Plasma

Basic B s

We study the circular tokamak with the toroidal coordinates

(r,8,2). ZThe reduced éet of equationSS);is employed. The

transport coefficients, which are derived by renormalizing the

ballooning mode turbulence, were obtained in Ref.[3]. ; The

transport coefficients {a, A, 1} are calculated as
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where
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TLI]. = T(i)"'“kllz, le = T(1)+“ek1_§_2’ Tpl = T(l)+xk1L2: and T(I)
is defined by aYI/at = T(l)Yl. Parameters g& and Ai are defined
as gE=e2B2/m m: Alp1 =(B/mini)[V(2r0036/R)xZ]-Vpl. The suffix 1}

eri’
denotes the back-ground turbulence. In these equations follow-
ing notation 1s used: my is the ion mass, 0 is the ion
density, m_. is the electron mass, E is the electric field, B

e

is the main magnetic field, p is the plasma pressure, J is the
current and ¢ is the conductivity. The static potential is given
by ¢.

Using these renormalized transport coefficients, the set of
nodel equations for the nonlinear waves driven by the pressure
" gradient is given in the following forn.

Egquation of motion:
2 . _ n2 .
nimi{d(Vi¢)/dt uVié} = B Vhl + BVpxV(2rcos®/RY-& (8)

The Ohm’s law:
! 2
E+vxB = —J - AYLJ 7
S

and the energy balance equation




d 1 9
—p + —[$,pq] = 2V (8)
dt B 0 4

where the tilde denoting the test wave is suppressed. The

velocity is given as
v = -VéxB/B (9

where B is the unit vector im the direction of the main magnetic

field. The time derivative of the quantity Y, dY/dt, is given as
dY/dt = a¥/at + [¢0,Y}/B (10>
where the bracket [] denotes the Poisson’s bracket: [f,g] =
(VfxVe)-H. Since the nonlinear interaction through the ExB
nonlinearity is renormalized, the static component ¢ is used in
the Poisson bracket.
; Ball ) T : . i Di . Rel .
The ballooning transformation7) is employed as

$(r, 8, )= Eexp(-ime+inc)J¢(n)exp{imn-inqn}dn, (11)

(g is the safety factor) since we are interested in the

microscopic modes. The dispersion relation, which is derived



from the partial differential equations (8)-(8), is reduced to

the ordinary differential equation asg)

d F dé alktcosnt(s7-asiny)sinnie
—_——
d7 ¥+EF+AF2 dn F+XF

- (T+¥F)F¢ = 0. (12)

In writing Eq.(I12), we use the normalization: r/a -» 7, t/zAp - t,
xzyp/a® > % wry /al e i o7y segeiad 5 178, Az, /uget o A,
TrApa%. Notation is employed as: Tpp = a/ﬁaEEEI/Bp, 5 - n2q2/3,
A = in4q4, X = inzqz, M = ﬁnzqz. Other notation is standard:
Bp=Br/qR, e=r/R, R is the major radius, 8 is the pressure divided
by the magnetic pressure (B=p0n(Te+Ti)/B2), T is the growth rate,
s is the shear parameter, s = r(dq/dr)/q, F=1+(sn-asin®)?, & is
the average well, k=-(r/R)(1-1/q¢2), « denotes the normalized
pressure gradient, a=q28'/e and g8 =dg/dr.

Equation (I12) constitutes the nonlinear dispersion relation.
Since the nonlinear interactions are renormalized in the
coefficients, u, x and x, the marginal stability coadition (1=0)
gives the relation between the renormalized transport in the
stationary state. From Eq.(12) with 7=0 for the least stable
node, % was expressed in terms of the Prandtl numbers a/% and

ﬁe/i as2:3) (note the relation i = (ﬁ/a)zﬁe)

2 - £0s) 1ed/2(8/2)% (/%) /AT, (18)




By the spirit of the mean field approach,

we substitute the

parameters of the least stable mode in the numerator and

denominators in the renormalized tranmsport coefficients {(1)-(3).

.Since the term |k11¢1|2k112/[252K1] is common to all

coefficients, we have the estimates
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node is substituted iz the fluctuation

side of Egs. (14) and (15).

In the self-

holds. The relations 7,; = pleZ, Tip =

hold., VWith the help of the ballooning

normalization, we have
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(Note the relation kILzéFnzqz.) The mode number n is set to be
that for the least stable mode, and the average <{(--+> is defined

as

-1
Coved = I---¢(n)2dn [J¢(n)2dn } (18)

where &(%) is the eigenfunction of Eq.{12) with ¥=0 for the

least stable mode. The parallel derivative is evaluated as

-1
lasan|? = J(a¢/an)2dn [J¢2dn] (19)

Substituting Egs. (16) and (17) into Egs. {(14) and (15), we have

He m ol {ktcosn+(sn-asinn)sian}>

— = —i 1+ 3 1 ] (20)
n g a%<F2>(nq)

and
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Y | (21)
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The normalized Zmode number N is introducedz'S'S) as N4 =
() za/e). By using N and Eq.(13), Egs.(20) and (21) are

rewritten as
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In the case that the magnetic shear is not strong, i.e.,
1 >> s-o the mode is driven by the normal curvature. In this
case the eigen mode structure &(7) is approximated by the
gaussian form as®) a(m) - exp(-ﬂzfﬂgz).

For this mede structure, we have

{{k+tcosnt(sm-asiny)sinny}> (1/2+a—s-3sz)
3 = 1 - 5 (24>
{F<> 47?0
and
la/am|2 = 1/my? (25)

In the weak shear limit, the least stable mode satisfies
N4=1/2, N2f=1, and 302 = 8/8. Using these numbers, and

substituting Bgs.{(24) and (25) into Egs.(22) and (23), we have



po/m = 1.5 (26)

and

e o= 1.3, (27)

2.4 Case of Geodesic-Curvature-Driven Mode

When the shear is strong, the driving mechanism by the
geodesic curvature overcomes that by the normal curvature. VWhen
o 1s much smaller than s, the averages are estimated for the

gaussian form of ¢(7w) = exp('ﬂz/ﬂoz) as
H{rtcosnt+{sn-asiny)sing)) = ¢ + (1+sv02/4)exp("ngz/8} (28)
and <F3> = 1+ 3520274 + 9stngt/16 + 15587,8/64 in the lov a
limit,
¥e estimate the Prandtl number for the case of s~i.- The
eigenvalue eguation (12) was solved numericallyg). The least
stable mode was given and satisfies

N =~ §.187. (29)

The coefficient 1/f was given as 1/f ~ 2.5. The solution &(®w) is

illustrated in Fig.i. ¥e have the fitting

7?0 =~ 1.8 (30D

10




Using this solution, we have

{{ktcosnt(sn-asinny)sinn}> = 0.31

<F3> =~4.1x10% and

<lasam|?> = 0.08.

Substituting these nupbers, we have

no/u = 1.03

and

x/n o=~ 1,23

From Egs, (28), {27), (33%) and (34D,

mate formula p/x=1 and pe/uzl are valid both for the weak and

strong shear cases.

2.5 Fluctyation Amplitude

Equation (1) denotes the relation between the fluctuation
amplitude and the transport coefficient.

coefficient is given, the expected fluctuation level is derived

(31)

(32)

(38>

(34)

we see that the approxi-

¥hen the transport

from this relation. Employing the newly obtained Prandtl

11



aumbers, we estimate the level of fluctuations.
In the framework of the ballooning transformation, the

ternm K1 in the denominator is given as
K, = sk HCGRg/? + (/2 - 1) (35)
Substifuting this relation into Eqg. (1) with #=0, we have

il (36)
u -
2B2u{ (g /)24 (%/R)2-1)

The fluctuation amplitude is given as

ed/T = /2{(ig/@) 2+ (%/i)2-1)[eBn/T] (37)
Substituting the relations Egs. (26), (27), (33) and (34), we have
ed/T = 2.48 {eBu/T] (38)

for the weak shear case and
ed/T = 1.8 [eBur/T] (88)
for the high shear case (s=1).

The explicit formula of 2, Eq.(13), and Egs.(28) and (27)

gives

12



- 1.33al-9¢7 1 (5/0)2 (40)

PN
!

and

= al- 9 1(s/a)2 (41)

=
|

for the low shear case, The fluctuation amplitude of the
nonlinearly driven modes is predicted, for the low shear case, in

terms of the equilibrium plasma parameters as

ed/T = 2.48&1‘5f_1(eB62/rApT). (42)
This equation can be rewritten as

ee/T = 5a2/a,73;2(s) LR /1337257 1o/, (43)

(note that 8 = dp/d?). Dominant dependence is given by 6/R with

the geoneirical factors such as g, s and e.
3. Toroidal Helical Plasmas

In toroidal helical plasmas, such as the torsatron/Heliotron
devices, the configuration is characterized by the magnetigc hill.
In the system with magnetic hill, the interchange modes become
unstable, The theory for the self-sustained turbulence has alsoc

been developedz’S).

The renormalization similar to Egs. (1)-(3) has been

13



developed. With the same spirit of the mean field approximation,

we have the evaluation as

I H Dok o8
2.1 AQ_E%H (44)
r Ho ARk

and

u (v,/6)%k 2
S +._:£__m%£_} (45)
1 N‘ek_L

The notation D0 is introduced
Dy - -8 Qe /2 (46)

to denote the driving force due to the magnetic hill (@ is the
average magnetic curvature). Normalized value K is defined as ak.
The perpendicular wave number kK, is defined as kLZ = kB2 + kg,
where k is the radial wave number.

By use of the shear parameter, the parallel wave number k,
is given as skex/qR, where x is the distance from the mode
rational surface. Owing to the Fourier transformation frem x to
k, we have k,2/k 2 - (sky/aRk D% [d/dk |2,

As in the previous section, we introduce a normalization as

H o= (Dga/s2)(Ra/s2)"1/3 (47)

14



z = k/R (48)

o
I

R92/}202 (49)
and
kg = (sZ/a01/8 (50)

The ratios “e/“ and %/pm are then given as

O bl
= — 1+*——2——é—] (51)
R ﬁe <({(b+z%)°>
and
3 i b< [d/dz |%>
—x-[1+ 53 ] (52
h} i <(b+z%)°>
where the average <{+++> 18 defined by the integral
-1
(o> = j-*'¢(z)2dz [I¢(z)2dz ] (53)

and ¢{z) is the eigenfunction of the least stable mode.
Fith the normalization, the eigenmode equation was given

asd)

15



d%¢/dz2 + [(H-b2) - 28/bleCz) = 0. (54)

For a convenience, we rewrite Eq.(54) as

d2e/dy2 + 6[ 1 - ¥% leCy) = 0. (55)

by using the notation y = [b(H-b2)17 /62 and ¢ - bl/g(H-b2)4/3.

The solution of Eq. (55) is given in Fig. 2.

For the least stable mode, H and b was given ag3)

H=1.86 | (56)
and

b = 0.43. (57)

From the numerical calculation, the eigenfunction &{(y) is
obtained. The average <+++> is performed using the

eigenfunction. We have the estimates 1/<(b+zz)3> =~ 6.1 and

-1
<ldsay 2> = J(d¢/dy)2dy [j¢2dy] ~ 0.86 (58)

Substituting these numbers, we have

pe/p ~ 2.3 (58)

18




and

/p o= 2.0 (60

This result also confirms that the Prandtl numbers are close to
unity for the self-sustained turbulence in the toroidal helical

plasmas.
4 Hartmann Number and Magnetic Prandtl Number

Using the results on the anomalous transport coefficient,
the Hartmann numberg) is calculated, which is an important

10)

parameter for the global instabilities Hartmann number Mis

defined as # = BLJG?minin, where L is the typical scale length.
Substituting plasma minor radius into L, we have the relation ﬂ@

= (qR/a)z(a/ﬁ). Using the formula of Eq.(40)., we have

M= (qR/8) [afa‘?’/z]l/? (81)

for the L-mode plasma. The dependence on the plasma parameter is

explicitly rewritten as
M“ qu"181/4n'1/2a3/2 (62)
The Hartmann number does not depend on the plasma temperature.

It is in contrast to the classical estimation where the

dependence u«T_llz gave the dependence MT. Because the

17



viscosity is enhanced by the anomalous transport but the
conductivity is not, the Hartmann number is smaller than the
neoclassical estimate.

The other important parameter is the magnetic Prandtl
number, Py=wmyop, which may have a key role in the dynamo
nechanism. It has been conjectured that the condition Py>1 may be
related to the generation of dynamo effectll). The magnetic
Prandtl number is rewritten as Py-i&. Substituting Eg.(40), we
find that PM is an increasing function of the plasma beta value.
In the L-mode plasnas, Py depends strongly on the plasaa

temperature, as
3
PH«T . (63)

Py can exceed unity for the parameter of present day experiments,
For the plasma of T~lkeV, kgo 1s in the range of m308/m2. The

viscosity is estimated as [~l0 mz/s. The magnetic Prandtl number
can easily be of the order of 100. The implication of this high

magnetic Prandtl number reguires future studies.
5. Summary and Discussion

In this article, the Prandtl number for the torcidal plasma
is obtained. The ratio between the transport coefficients, which
are obtained by renormalizing fluctuations, are calculated for
the least stablie mode. The result showed that pe/p and %/p remain

close to unity (1~2) for both tokamaks and toroidal helical

18



plasmas. This confirmed the validity of the approximate estimate
Hg/n ~ 1 and %/p ~ |, which vere used in the analysis of the L-
Bode plasma.

The analysis is also extended to estimate the fluctuation
level of the self-sustained turbulence, As in the case of the
thermal conductivity, the theoretical prediction on the
fluctuation level is also affected by a numerical factor of order
unity compared to the results in Refs.[2,31. TFor the fuiure
comparison of the theoretical prediction with the experimental
results, the Prandtl numbers can be used.

It is noted that the present theory is developed in the
framework of the one point renormalization and mean field
approach., The uncertainty in the numerical coefficients of order
unity still exists., The numerical simulation would be necessary
to obtain the accurate numerical factor for the transport

coefficient and the Prandtl numbers.
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Figure Caption

Fig.!l

Fig.2

Mode structure of the least stable mode for the
ballooning mode in tokamaks. Parameters: n=28, s=1,

q=3, £=1/8, a=0.0258, a=%=109, 3=10710 and 1/4=0.

Mode structure for the interchange mode in forsatron/

Heliotron plasmas,
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